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1. Introduction

QCD predictions for high-energy hadron-collider observables rely on the factorization theorem,
which encodes the hadron structure in terms of universal parton distribution functions (PDFs). The
scale evolution of PDFs, described in the DGLAP evolution equations [2–4], is governed by
splitting functions. Achieving high precision in the determination of PDFs and splitting functions
is very desirable for phenomenological applications. The current state-of-the-art calculation for
splitting functions extends to the four-loop order, with numerous partial results becoming available
recently [5–17]. These results have already been employed to derive approximate N3LO PDFs [18,
19].

The majority of partial results for four-loop splitting functions (for fixed Mellin moments or
specific colour structures) are extracted from the computation of off-shell operator matrix elements
(OMEs) to four-loop order. These OMEs are defined as the off-shell matrix elements with a single
twist-two quark or gluon operator insertion, and this approach has proven to be computationally
efficient in deriving splitting functions. However, under renormalization, the physical twist-two
operators mix with unknown gauge-variant (GV) operators. Besides performing the reductions
of four-loop integrals for off-shell OMEs with physical twist-two operator insertions, it is the
identification of these unknown GV operators or alternatively the determination of the corresponding
counterterm Feynman rules that still represents a major challenge in the calculation of the four-loop
splitting function. In the past, there have been substantial efforts in this area [20–25], but a complete
solution remained elusive. Recently, a method was proposed in [26] for constructing GV operators
with a fixed moment 𝑛, and this approach has subsequently been extended to determine the leading
GV operators and their corresponding Feynman rules for up to five legs with all-𝑛 dependence [27].
In [1], we introduced an alternative method that enables the determination of GV counterterm
Feynman rules with all-𝑛 dependence. This method has been successfully applied to renormalize
physical twist-two operators up to three-loop order [1] in a covariant gauge and to extract the 𝑁2

𝑓

contributions [9] to the four-loop pure-singlet splitting functions. In this talk, we further apply this
method to derive all leading GV counterterm Feynman rules for five external legs, which constitute
a key ingredient to the derivation of the full four-loop splitting functions.

In Section 2, we provide a brief review of the method described in [1]. Section 3 details the
derivations of the leading GV counterterm Feynman rules with five legs. Our results are presented
in Section 4. Finally, we conclude in Section 5.

2. Review of the method for deriving the GV counterterm Feynman rules

We focus on the renormalization of the physical twist-two operators in the flavor-singlet sector,
specifically

𝑂𝑞(𝑛) =
𝑖𝑛−1

2

[
�̄�𝑖1Δ · 𝛾(Δ · 𝐷 )𝑖1𝑖2(Δ · 𝐷)𝑖2𝑖3 · · · (Δ · 𝐷)𝑖𝑛−1𝑖𝑛

𝜓𝑖𝑛

]
,

𝑂𝑔(𝑛) = − 𝑖
𝑛−2

2

[
Δ𝜇1𝐺

𝜇1
𝑎1𝜇(Δ · 𝐷)𝑎1𝑎2

· · · (Δ · 𝐷)𝑎𝑛−2𝑎𝑛−1
Δ𝜇𝑛𝐺

𝜇𝑛𝜇
𝑎𝑛−1𝑎𝑛

]
. (1)

where 𝑛 denotes the Mellin moment (spin) of the operators and Δ is a light-like reference vector
with Δ2 = 0. As usual, the symbol 𝜓 represents the quark field and 𝐺 denotes gluon field strength
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tensor. The covariant derivative is given by 𝐷𝜇 = 𝜕𝜇 𝛿 − 𝑖𝑔𝑠𝑻
𝑎𝐴𝑎

𝜇, where 𝑻𝑎 are the generators of
the gauge group and 𝐴𝑎

𝜇 is the gauge field. As explained in [1, 28], a naive renormalization(
𝑂𝑞

𝑂𝑔

)R,naive

=

(
𝑍𝑞𝑞 𝑍𝑞𝑔

𝑍𝑔𝑞 𝑍𝑔𝑔

) (
𝑂𝑞

𝑂𝑔

)B

(2)

is not enough to renormalize the physical twist-two operators beyond one-loop order. Instead, the
renormalization should be extended to the following form:

©«
𝑂𝑞

𝑂𝑔

𝑂𝐴𝐵𝐶

ª®®¬
R

=
©«
𝑍𝑞𝑞 𝑍𝑞𝑔 𝑍𝑞𝐴

𝑍𝑔𝑞 𝑍𝑔𝑔 𝑍𝑔𝐴

0 0 𝑍𝐴𝐴

ª®®¬
©«

𝑂𝑞

𝑂𝑔

𝑂𝐴𝐵𝐶

ª®®¬
B

+
©«
[𝑍𝑂]GV

𝑞

[𝑍𝑂]GV
𝑔

[𝑍𝑂]GV
𝐴

ª®®¬
B

, (3)

where we use the shorthand notation𝑂𝐴𝐵𝐶 = 𝑂𝐴+𝑂𝐵+𝑂𝐶 , with𝑂𝐴, 𝑂𝐵, 𝑂𝐶 denoting the leading
GV twist-two operators involving all-gluon, quark-gluon, and ghost-gluon fields, respectively. At
higher orders of the strong coupling, three GV counterterms denoted as [𝑍𝑂]GV

𝑞 , [𝑍𝑂]GV
𝑔 , [𝑍𝑂]GV

𝐴

are required in addition to renormalize the physical operators. For the GV counterterms, 𝑍 and
𝑂 are combined as [𝑍𝑂] since it is in general not possible (and also not required in practice) to
separate the renormalization constants 𝑍 from their associated operators 𝑂 when retaining the all-𝑛
dependence in our approach.

One can formally expand the GV counterterms in the following form:

[𝑍𝑂]GV
𝑖 =

∞∑︁
𝑙=2

𝑎𝑙𝑠 [𝑍𝑂]GV, (𝑙)
𝑖

,with 𝑖 = 𝑞, 𝑔, 𝐴 , (4)

with 𝑎𝑠 = 𝛼𝑠/(4𝜋). The contributions from GV operators or counterterms start at different orders
of 𝑎𝑠,

𝑍𝑞𝐴 = O(𝑎2
𝑠), 𝑍𝑔𝐴 =O(𝑎𝑠), [𝑍𝑂]GV

𝑞 = O(𝑎3
𝑠), [𝑍𝑂]GV

𝑔 = O(𝑎2
𝑠),

𝑍𝐴𝐴 = O(𝑎0
𝑠), [𝑍𝑂]GV

𝐴 = O(𝑎𝑠) . (5)

An interesting observation in [1] is that the (counterterm) Feynman rules for the corresponding GV
operators can be extracted by inserting eq. (3) into matrix elements with more than two off-shell
external states, even without knowing the operators themselves. Without loss of generality, we will
consider the renormalization of the physical gluon operator:

𝑂R
𝑔 = 𝑍𝑔𝑞𝑂

B
𝑞 + 𝑍𝑔𝑔𝑂

B
𝑔 + 𝑍𝑔𝐴𝑂

B
𝐴𝐵𝐶 + [𝑍𝑂]GV

𝑔 . (6)

Since we are discussing the renormalization of a leading-twist operator, it suffices to consider
one-particle-irreducible (1PI) OMEs with all-off-shell external states composed of two particles of
type 𝑗 plus 𝑚 gluons,

⟨ 𝑗 |𝑂𝑔 | 𝑗 + 𝑚 𝑔⟩𝜇1 · · ·𝜇𝑚, R
1PI = 𝑍 𝑗(

√︁
𝑍𝑔)𝑚

[
⟨ 𝑗 |(𝑍𝑔𝑞𝑂𝑞 + 𝑍𝑔𝑔𝑂𝑔)| 𝑗 + 𝑚 𝑔⟩𝜇1 · · ·𝜇𝑚, B

1PI

]
+ 𝑍 𝑗(

√︁
𝑍𝑔)𝑚

[
𝑍𝑔𝐴 ⟨ 𝑗 |𝑂𝐴𝐵𝐶 | 𝑗 + 𝑚 𝑔⟩𝜇1 · · ·𝜇𝑚, B

1PI + ⟨ 𝑗 | [𝑍𝑂]GV
𝑔 | 𝑗 + 𝑚 𝑔⟩𝜇1 · · ·𝜇𝑚, B

1PI

]
, (7)
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Og Og Og

Figure 1: Sample 1-loop diagrams to determine the Feynman rules with 5 legs stemming from 𝑂𝐴, 𝑂𝐵, 𝑂𝐶

operators respectively. Here, all external states are off-shell, and all diagrams involve the insertion of the
physical gluon operator 𝑂𝑔.

where 𝑗 can be a quark(𝑞), gluon(𝑔), or ghost(𝑐) external state, and
√︁
𝑍 𝑗 is the corresponding wave

function renormalization constant. To continue, we expand the off-shell OMEs according to the
number of loops 𝑙 and legs 𝑚 + 2,

⟨ 𝑗 |𝑂 | 𝑗 + 𝑚 𝑔⟩𝜇1 · · ·𝜇𝑚 =
∞∑︁
𝑙=0

[
⟨ 𝑗 |𝑂 | 𝑗 + 𝑚 𝑔⟩𝜇1 · · ·𝜇𝑚, (𝑙), (𝑚)] 𝑎𝑙𝑠 𝑔𝑚𝑠 . (8)

Since the left-hand side of equation (7) is ultraviolet-renormalized and infrared finite (with all
external states being off-shell), the summation on the right-hand side of the equation must also
be free of poles in the dimensional regulator 𝜖 . This provides a method for deriving the GV
(counterterm) Feynman rules by computing the corresponding off-shell OMEs order by order in the
strong coupling. As an example, the two-ghost plus 𝑚-gluon Feynman rules for 𝑂𝐶 operator can
be written in the following compact form,

⟨𝑐 |𝑂𝐶 |𝑐 + 𝑚 𝑔⟩𝜇1 · · ·𝜇𝑚, (0), (𝑚) =
−1
𝑍

(1)
𝑔𝐴

[
⟨𝑐 |𝑂𝑔 |𝑐 + 𝑚 𝑔⟩𝜇1 · · ·𝜇𝑚, (1), (𝑚), B

1PI

]
div

. (9)

Here the subscript ’div’ is the pole part in 𝜖 , and 𝑍
(1)
𝑔𝐴

is the leading GV renormalization constant

𝑍
(1)
𝑔𝐴

=
1
𝜖

𝐶𝐴

𝑛(𝑛 − 1)
. (10)

Note that the above method is general and can be applied to extract (counterterm) Feynman rules
to any number of loops and legs. In the following, we focus on the determination of Feynman rules
with five legs for the leading GV operators, i.e. operators 𝑂𝐴 , 𝑂𝐵 , 𝑂𝐶 .

3. Computations of five-leg Feynman rules for operators 𝑂𝐴, 𝑂𝐵, 𝑂𝐶

To extract Feynman rules for operators 𝑂𝐴 , 𝑂𝐵 , 𝑂𝐶 , we can simply expand the eq. (7) to
one-loop order, where the two-loop GV counterterms are absent. In the following, we focus on the
case with five legs. Some example Feynman diagrams are shown in Fig. 1.

We consider the computations of one-loop all-off-shell five-particle scatterings with an insertion
of the operator 𝑂𝑔, involving 14 scales

𝑝2
1, 𝑝

2
2, 𝑝

2
3, 𝑝

2
4, 𝑝1 · 𝑝2, 𝑝1 · 𝑝3, 𝑝1 · 𝑝4, 𝑝2 · 𝑝3, 𝑝2 · 𝑝4, 𝑝3 · 𝑝4,Δ · 𝑝1,Δ · 𝑝2,Δ · 𝑝3,Δ · 𝑝4 . (11)
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Here, we eliminated 𝑝5 by momentum conservation

5∑︁
𝑖=1

𝑝𝑖 = 0 . (12)

To retain the all-𝑛 dependence for the off-shell OMEs, we employ the generating function
method introduced in [29, 30]. This method sums non-standard terms in the Feynman rules, such
as (Δ · 𝑝)𝑛−1 into linear propagators that depend on a tracing parameter, 𝑡. For example,

(Δ · 𝑝)𝑛−1 →
∞∑︁
𝑛=1

(Δ · 𝑝)𝑛−1𝑡𝑛 =
𝑡

1 − 𝑡Δ · 𝑝 . (13)

By working in 𝑡-space, we can perform standard IBP reductions [31, 32] and extract the desired
𝑛-space results in the final step by expanding the parameter 𝑡 around 𝑡 = 0.

It is highly non-trivial to directly compute the one-loop all-off-shell OMEs with 14 scales.
Luckily the computation can be greatly simplified by analyzing the structures of Feynman rules for
a twist-two operator. According to the dimensional analysis shown in [1], the Feynman rules for
operators 𝑂𝐵 and 𝑂𝐶 consist of one Lorentz tensor only[

⟨𝑐 |𝑂𝐶 |𝑐 + 𝑚 𝑔⟩𝜇1 · · ·𝜇𝑚, (0), (𝑚)] = 𝑐𝑚Δ
𝜇1Δ𝜇2 · · ·Δ𝜇𝑚 ,[

⟨𝑞 |𝑂𝐵 |𝑞 + 𝑚 𝑔⟩𝜇1 · · ·𝜇𝑚, (0), (𝑚)] = 𝑏𝑚Δ
𝜇1Δ𝜇2 · · ·Δ𝜇𝑚 , (14)

and the coefficients 𝑐𝑚 , 𝑏𝑚 are functions of Δ · 𝑝𝑖 only. The Feynman rule for operator 𝑂𝐴 with
five legs is composed of 31 tensor structures:[

⟨𝑔 |𝑂𝐴|𝑔𝑔𝑔𝑔⟩𝜇1𝜇2𝜇3𝜇4𝜇5, (0), (3)] = 𝑎1Δ
𝜇1Δ𝜇2Δ𝜇3Δ𝜇4Δ𝜇5

+ Δ𝜇1Δ𝜇2Δ𝜇3Δ𝜇4(𝑎2𝑝
𝜇5
1 + 𝑎3𝑝

𝜇5
2 + 𝑎4𝑝

𝜇5
3 + 𝑎5𝑝

𝜇5
4 )

+ Δ𝜇1Δ𝜇2Δ𝜇3Δ𝜇5(𝑎6𝑝
𝜇4
1 + 𝑎7𝑝

𝜇4
2 + 𝑎8𝑝

𝜇4
3 + 𝑎9𝑝

𝜇4
4 )

+ Δ𝜇1Δ𝜇2Δ𝜇4Δ𝜇5(𝑎10𝑝
𝜇3
1 + 𝑎11𝑝

𝜇3
2 + 𝑎12𝑝

𝜇3
3 + 𝑎13𝑝

𝜇3
4 )

+ Δ𝜇1Δ𝜇3Δ𝜇4Δ𝜇5(𝑎14𝑝
𝜇2
1 + 𝑎15𝑝

𝜇2
2 + 𝑎16𝑝

𝜇2
3 + 𝑎17𝑝

𝜇2
4 )

+ Δ𝜇2Δ𝜇3Δ𝜇4Δ𝜇5(𝑎18𝑝
𝜇1
1 + 𝑎19𝑝

𝜇1
2 + 𝑎20𝑝

𝜇1
3 + 𝑎21𝑝

𝜇1
4 )

+ 𝑎22Δ
𝜇1Δ𝜇2Δ𝜇3𝑔𝜇4𝜇5 + 𝑎23Δ

𝜇1Δ𝜇2Δ𝜇4𝑔𝜇3𝜇5 + 𝑎24Δ
𝜇1Δ𝜇2Δ𝜇5𝑔𝜇3𝜇4 + 𝑎25Δ

𝜇1Δ𝜇3Δ𝜇4𝑔𝜇2𝜇5

+ 𝑎26Δ
𝜇1Δ𝜇3Δ𝜇5𝑔𝜇2𝜇4 + 𝑎27Δ

𝜇1Δ𝜇4Δ𝜇5𝑔𝜇2𝜇3 + 𝑎28Δ
𝜇2Δ𝜇3Δ𝜇4𝑔𝜇1𝜇5

+ 𝑎29Δ
𝜇2Δ𝜇3Δ𝜇5𝑔𝜇1𝜇4 + 𝑎30Δ

𝜇2Δ𝜇4Δ𝜇5𝑔𝜇1𝜇3 + 𝑎31Δ
𝜇3Δ𝜇4Δ𝜇5𝑔𝜇1𝜇2 , (15)

where the coefficient 𝑎1 is linear in the Mandelstam variables 𝑝2
𝑖
, 𝑝𝑖 · 𝑝 𝑗 . Similarly to 𝑐𝑚 and 𝑑𝑚

in eq. (14), the coefficients 𝑎 𝑗 for 𝑗 ≥ 2 depend solely on Δ · 𝑝𝑖 .
Owing to these properties, the evaluation of the five-parton one-loop OME and the corre-

sponding IBP reduction can be performed by setting all Mandelstam variables to non-zero rational
numbers, which significantly simplifies the workflow. A single numerical sample is sufficient to
determine the Feynman rules involving quarks or ghosts, with an additional sample used for cross-
checking. In the case of the five-gluon Feynman rules, one numerical sample is also enough to fix
the unknown parameters, thanks to the symmetry constraints imposed by Bose statistics.
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Another simplification arises from the fact that the Feynman rules are contained in the 𝜖-
divergent part of the OMEs. Consequently, only the following two types of Feynman integrals
contribute:

𝐼1 = (𝜇2)𝜖
∫

𝑑𝑑𝑙

𝑖𝜋𝑑/2
1

(𝑙 − 𝑞1)2𝑙2
,

𝐼2 = (𝜇2)𝜖
∫

𝑑𝑑𝑙

𝑖𝜋𝑑/2
1

(𝑙 − 𝑞1)2𝑙2(1 − 𝑡Δ · (𝑙 + 𝑞2))
, (16)

where 𝑞1 , 𝑞2 are linear combinations of the momenta 𝑝1 , · · · , 𝑝4 and 𝜇 is the ’t Hooft mass.
These two master integrals can be solved to high orders in 𝜖 without much effort. Here, we only
need their single-pole terms:

𝐼1 =
1
𝜖

+ O(𝜖0) ,

𝐼2 =
1
𝜖

[
ln(1 − 𝑡Δ · 𝑞1 − 𝑡Δ · 𝑞2) − ln(1 − 𝑡Δ · 𝑞2)

−𝑡Δ · 𝑞1

]
+ O(𝜖0) . (17)

With these simplifications, the computational steps follow a standard chain, where several
packages are involved, including QGRAF [33], FORM [34], Apart [35], Kira [36], FiniteFlow [37],
MultivariateApart [38]. We obtain the 𝑡-space results for the single-pole contributions in 𝜖 of
one-loop off-shell OMEs. These results are then transformed back into 𝑛-space. Next, we perform
renormalization to one-loop order according to eq. (7), which provides us with the Feynman rules
with five legs for the operators 𝑂𝐴, 𝑂𝐵, 𝑂𝐶 .

4. Results

We are now ready to present the all-𝑛 Feynman rules for the 𝑂𝐵, 𝑂𝐶 , 𝑂𝐴 operators with 5
legs. The Feynman rules up to four legs within the same framework can be found in [1]. Using the
convention of all momenta flowing into the vertices, the results read

p1, i1 p2, i2

p3, µ3, a3 p5, µ5, a5p4, µ4, a4

→
−𝑔3

𝑠

4
1 + (−1)𝑛

2
/ΔΔ𝜇3Δ𝜇4Δ𝜇5 (𝑇𝑎)𝑖2𝑖1

𝑛−4∑︁
𝑗1=0

𝑗1∑︁
𝑗2=0

(
(Δ · 𝑝4) 𝑗2 (Δ · (𝑝4 + 𝑝5)) − 𝑗1+𝑛−4

×
[ (

5Tr(𝑇𝑎
𝐴𝑇

𝑎3
𝐴
𝑇
𝑎5
𝐴
𝑇
𝑎4
𝐴

) − 4Tr(𝑇𝑎
𝐴𝑇

𝑎3
𝐴
𝑇
𝑎4
𝐴
𝑇
𝑎5
𝐴

)
)
(−Δ · (𝑝1 + 𝑝2)) 𝑗1− 𝑗2

−
(
Tr(𝑇𝑎

𝐴𝑇
𝑎3
𝐴
𝑇
𝑎4
𝐴
𝑇
𝑎5
𝐴

) − 2Tr(𝑇𝑎
𝐴𝑇

𝑎3
𝐴
𝑇
𝑎5
𝐴
𝑇
𝑎4
𝐴

)
)
(−Δ · 𝑝3) 𝑗1− 𝑗2

] )
+ permutations of three gluons , (18)
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p1, a1 p2, a2

p3, µ3, a3 p5, µ5, a5p4, µ4, a4

→
[
𝑖𝑔3

𝑠

192
1 + (−1)𝑛

2
Δ𝜇3Δ𝜇4Δ𝜇5

{
3
2
( 𝑓11 − 2 𝑓12)

𝑛−3∑︁
𝑗1=0

(
(Δ · 𝑝4) 𝑗1 (−Δ · 𝑝3) − 𝑗1+𝑛−3

)
+ 12 𝑓8

𝑛−3∑︁
𝑗1=0

(
(Δ · 𝑝4) 𝑗1 (Δ · (−𝑝1 − 𝑝3)) − 𝑗1+𝑛−3

)
+ 4 (6 𝑓2 + 13 𝑓8 + 𝑓9)

𝑛−3∑︁
𝑗1=0

𝑗1∑︁
𝑗2=0

(
(Δ · (𝑝1 + 𝑝3)) 𝑗1− 𝑗2 (Δ · (−𝑝2 − 𝑝5)) 𝑗2 (−Δ · 𝑝2) − 𝑗1+𝑛−3

)
+ 4 (6 𝑓2 + 4 𝑓8 + 𝑓9)

𝑛−3∑︁
𝑗1=0

𝑗1∑︁
𝑗2=0

(
(Δ · 𝑝4) 𝑗1− 𝑗2 (Δ · (−𝑝2 − 𝑝5)) 𝑗2 (−Δ · 𝑝2) − 𝑗1+𝑛−3

)
− 3 (6 𝑓2 + 6 𝑓3 + 6 𝑓4 + 6 𝑓5 + 6 𝑓6 + 𝑓8 − 𝑓9 − 𝑓10)

×
𝑛−3∑︁
𝑗1=0

𝑗1∑︁
𝑗2=0

(
(−Δ · 𝑝3) 𝑗1− 𝑗2 (Δ · (−𝑝3 − 𝑝5)) 𝑗2 (Δ · (𝑝1 + 𝑝2)) − 𝑗1+𝑛−3

)
+ (−6 𝑓1 − 14 𝑓7 + 13 𝑓11) Δ · (𝑝1 − 𝑝2)

×
𝑛−4∑︁
𝑗1=0

𝑗1∑︁
𝑗2=0

(
(−Δ · 𝑝3) 𝑗1− 𝑗2 (−Δ · (𝑝3 + 𝑝5)) 𝑗2 (Δ · (𝑝1 + 𝑝2)) − 𝑗1+𝑛−4

)
− 4 (6 𝑓2 + 𝑓8 + 4 𝑓9)

𝑛−3∑︁
𝑗1=0

𝑗1∑︁
𝑗2=0

(
(−Δ · 𝑝4) 𝑗2 (Δ · (−𝑝4 − 𝑝5)) 𝑗1− 𝑗2 (Δ · 𝑝2) − 𝑗1+𝑛−3

)
+ (−6 𝑓1 + 𝑓7 + 4 𝑓11) Δ · (𝑝1 − 𝑝2)

×
𝑛−4∑︁
𝑗1=0

𝑗1∑︁
𝑗2=0

(
(−Δ · (𝑝3 + 𝑝4)) 𝑗1− 𝑗2 (Δ · 𝑝5) 𝑗2 (−Δ · 𝑝3) − 𝑗1+𝑛−4

)
+ 18 𝑓8

𝑛−3∑︁
𝑗1=0

(
(Δ · (𝑝2 + 𝑝5)) 𝑗1 (Δ · (−𝑝1 − 𝑝3)) − 𝑗1+𝑛−3

)
− 3𝑒1

𝑛−3∑︁
𝑗1=0

𝑗1∑︁
𝑗2=0

𝑗2∑︁
𝑗3=0

(
(Δ · 𝑝2) 𝑗1− 𝑗2 (−Δ · (𝑝1 + 𝑝3)) 𝑗2− 𝑗3 (Δ · (𝑝2 + 𝑝5)) 𝑗3 (−Δ · 𝑝1) − 𝑗1+𝑛−3

)
− 9 ( 𝑓7 − 2 𝑓9)

𝑛−3∑︁
𝑗1=0

(
(Δ · 𝑝5) 𝑗1 (Δ · (𝑝4 + 𝑝5)) − 𝑗1+𝑛−3

) }
+ (𝑝1 ↔ 𝑝2, 𝑎1 ↔ 𝑎2)

]
+ permutations of three gluons , (19)
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p1, µ1, a1 p2, µ2, a2

p3, µ3, a3 p5, µ5, a5p4, µ4, a4

→ 𝑖𝑔3
𝑠

1 + (−1)𝑛

2

{
− 1

16
(2 𝑓8 − 𝑓9) Δ𝜇1Δ𝜇2Δ𝜇3𝑔𝜇4𝜇5

[
𝑛−3∑︁
𝑗1=0

(
(−Δ · 𝑝3) 𝑗1 (Δ · 𝑝1) − 𝑗1+𝑛−3

)
+ 6

𝑛−3∑︁
𝑗1=0

(
(Δ · (𝑝1 + 𝑝3)) 𝑗1 (Δ · 𝑝1) − 𝑗1+𝑛−3

) ]
+

1
48

Δ𝜇2Δ𝜇4Δ𝜇5
(
2𝑔𝜇1𝜇3Δ · 𝑝1 + Δ𝜇3 𝑝

𝜇1
1 − 4Δ𝜇1 𝑝

𝜇3
1

)
×

[
(6 𝑓2 + 13 𝑓8 + 𝑓9)

𝑛−4∑︁
𝑗1=0

𝑗1∑︁
𝑗2=0

(
(Δ · (𝑝1 + 𝑝3)) 𝑗1− 𝑗2 (Δ · (−𝑝2 − 𝑝5)) 𝑗2 (−Δ · 𝑝2) − 𝑗1+𝑛−4

)
+ (6 𝑓2 + 4 𝑓8 + 𝑓9)

𝑛−4∑︁
𝑗1=0

𝑗1∑︁
𝑗2=0

(
(Δ · 𝑝4) 𝑗1− 𝑗2 (Δ · (−𝑝2 − 𝑝5)) 𝑗2 (−Δ · 𝑝2) − 𝑗1+𝑛−4

) ]
− 1

64
𝑒1Δ

𝜇3Δ𝜇4Δ𝜇5
(
Δ𝜇2 𝑝

𝜇1
1 − Δ𝜇1 𝑝

𝜇2
2

)
×

𝑛−4∑︁
𝑗1=0

𝑗1∑︁
𝑗2=0

𝑗2∑︁
𝑗3=0

(
(Δ · 𝑝2) 𝑗1− 𝑗2 (Δ · (−𝑝1 − 𝑝3)) 𝑗2− 𝑗3 (Δ · (𝑝2 + 𝑝5)) 𝑗3 (−Δ · 𝑝1) − 𝑗1+𝑛−4

)
+ Δ𝜇1Δ𝜇2Δ𝜇3Δ𝜇4Δ𝜇5

[ (
1

192
𝑝3 · 𝑝3(−3𝑒1 − 𝑒2) +

1
384

𝑝4 · 𝑝4(𝑒1 + 𝑒3) − 1
64

𝑒1𝑝1 · 𝑝1

)
×

𝑛−5∑︁
𝑗1=0

𝑗1∑︁
𝑗2=0

𝑗2∑︁
𝑗3=0

(
(Δ · 𝑝2) 𝑗1− 𝑗2 (Δ · (−𝑝1 − 𝑝3)) 𝑗2− 𝑗3 (Δ · (𝑝2 + 𝑝5)) 𝑗3 (−Δ · 𝑝1) − 𝑗1+𝑛−5

)
+ (𝑝1 ↔ 𝑝2, 𝑝3 ↔ 𝑝5, 𝑎1 ↔ 𝑎2, 𝑎3 ↔ 𝑎5)

]}
+ permutations of five gluons , (20)

where we have defined the following linearly independent color structures for operators 𝑂𝐴 and
𝑂𝐶 :

𝑓1 = 𝑑
𝑎3𝑎4𝑎5𝑎1𝑎2
4 𝑓

, 𝑓2 = 𝑑
𝑎2𝑎4𝑎5𝑎1𝑎3
4 𝑓

, 𝑓3 = 𝑑
𝑎2𝑎3𝑎4𝑎1𝑎5
4 𝑓

,

𝑓4 = 𝑑
𝑎1𝑎4𝑎5𝑎2𝑎3
4 𝑓

, 𝑓5 = 𝑑
𝑎1𝑎3𝑎4𝑎2𝑎5
4 𝑓

, 𝑓6 = 𝑑
𝑎1𝑎2𝑎4𝑎3𝑎5
4 𝑓

,

𝑓7 = 𝑓 𝑎𝑎4𝑎5 𝑓 𝑎𝑏𝑎3 𝑓 𝑏𝑎1𝑎2 , 𝑓8 = 𝑓 𝑎𝑎2𝑎5 𝑓 𝑎𝑏𝑎4 𝑓 𝑏𝑎1𝑎3 , 𝑓9 = 𝑓 𝑎𝑎4𝑎5 𝑓 𝑎𝑏𝑎2 𝑓 𝑏𝑎1𝑎3 ,

𝑓10 = 𝑓 𝑎𝑎2𝑎3 𝑓 𝑎𝑏𝑎5 𝑓 𝑏𝑎1𝑎4 , 𝑓11 = 𝑓 𝑎𝑎1𝑎2 𝑓 𝑎𝑏𝑎5 𝑓 𝑏𝑎3𝑎4 , 𝑓12 = 𝑓 𝑎𝑎1𝑎5 𝑓 𝑎𝑏𝑎2 𝑓 𝑏𝑎3𝑎4 (21)

and

𝑒1 = 6 𝑓1 − 6 𝑓2 + 6 𝑓3 − 6 𝑓4 + 6 𝑓5 + 6 𝑓6 − 13 𝑓8 − 𝑓9 + 𝑓10 − 𝑓11,

𝑒2 = 4 (6 𝑓2 + 13 𝑓8 + 𝑓9) ,
𝑒3 = 4 (6 𝑓2 − 6 𝑓5 − 𝑓8 + 𝑓9 + 𝑓11 − 𝑓12) . (22)
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In the above equations, 𝑑𝑎1𝑎2𝑎3𝑎4𝑎5
4 𝑓

is defined as

𝑑
𝑎1𝑎2𝑎3𝑎4𝑎5
4 𝑓

=
1

4! 𝐶𝐴

[
Tr

(
𝑇𝑎
𝐴𝑇

𝑎1
𝐴
𝑇
𝑎2
𝐴
𝑇
𝑎3
𝐴

)
+ symmetric permutations

]
𝑓 𝑎𝑎4𝑎5 , (23)

where (𝑇𝑎
𝐴

)𝑏𝑐 = −𝑖 𝑓 𝑎𝑏𝑐 and 𝐶𝐴 comes from eq. (10). The color structures 𝑑𝑎𝑏𝑐𝑑𝑒4 𝑓
only contribute

to five-loop splitting functions. The above Feynman rules with five legs were also derived very
recently [27] within a different framework. The results here are presented in a different form, and
we leave a detailed comparison to the future.

5. Conclusions

In the renormalization of off-shell operator matrix elements with a twist-two operator insertion,
the physical operators 𝑂𝑞, 𝑂𝑔 mix with generally unknown gauge-variant (GV) operators. In [1],
we introduced a framework to systematically derive the counterterm Feynman rules associated with
these GV operators for arbitrary spin 𝑛. In this work, we further apply this method to determine
the Feynman rules for the leading GV operators with up to five legs. We obtained and presented
these results in a compact form in equations (18), (19) and (20), which represent the main findings
of this talk. To compute the counterterms for four-loop splitting functions, we will need to insert
these Feynman rules into two-point off-shell matrix elements for up to three loops, which will be
addressed in a future publication.
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