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1. Introduction

This paper studies an inference methodology which is widely used in the high-energy physics
community, the Monte Carlo (MC) replica method. This method has been deployed in various fits
of the Wilson coefficients in the Standard Model Effective Field Theory (SMEFT) such as [1, 2],
and to fits of the parton distribution functions (PDFs), which parametrise hadron structure, such as
[3, 4] (and, indeed, in simultaneous extractions of PDFs and SMEFT Wilson coefficients [5]).

The aim of this work is to provide a rigorous mathematical derivation of the Monte Carlo
replica method, and to compare its results with those obtained from a Bayesian approach. We
will show that the Monte Carlo replica method is typically inequivalent to the Bayesian method.
We will also provide a numerical benchmark of the Monte Carlo replica method in the context of
SMEFT Wilson coefficient fits, and show that the Monte Carlo replica method can lead to biased
and underestimated uncertainties in the parameter estimates.

2. The mathematics of the Monte Carlo replica method

In order to fix notation for the discussion of the Monte Carlo replica method in the sequel, let us
suppose that experimental data comprising Ng,¢ datapoints is distributed according to a multivariate
normal distribution:!

d ~ N(t(c), %), ey

where X is an Nqye X Ngqe €xperimental covariance matrix (of which we assume perfect knowledge),
and t : RVemm 5 RNax j5 2 smooth theory prediction function, taking as argument a vector of
Nparam unknown theory parameters ¢ € RNwram - Given an observation dg of the experimental data,
our aim is to recover a reliable estimate of the region in which c lies.

In the Monte Carlo replica method, we begin by introducing the pseudodata distribution d,, ~
N (dyp, X), which is intended to approximate the actual distribution from which the measurement
dy was drawn. We then define the corresponding ‘best-fit parameter’ values to be those which
minimise the y2-statistic evaluated on the pseudodata:?

cp(dy) = arg min)(ﬁp (c) = argmin (d,, - t(c))TE_l(dp —t(c)), 2)
Cc c
essentially defining ¢, (d,,) as a function of a random variable d,,. The distribution of the Monte

Carlo replicas ¢, (d),) is now usually interpreted in the same way as the Bayesian posterior, in
particular, by performing a change of variables we can write its distribution to be proportional to

ple) o« / dd, 6(c—cp(d,))exp —%(dp —-dp)"z7'(d, - dy)]. (3)

In principle, other distributions could be considered, however, in the high-energy physics literature the multivariate
normal is often used when applying the Monte Carlo replica method.

2This equation does not necessarily hold exactly in practice; often, numerical implementations of the Monte Carlo
replica method also use a random training-validation split when finding the minimum, together with a cross-validation

stopping.
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The above distribution, which is in general non-tractable, will be compared against the Bayesian
posterior which is proportional to

p(cldo) o p(c) - p(dole) = p(c) exp —%(do —1(c))" =7 (do - t(0)) | - “

In the following section, we shall give the explicit form of the Monte Carlo posterior for a
relevant toy model and compare it to the Bayesian one. A more detailed derivation and additional
examples can be found in [6].

2.1 Toy example: quadratic theory

We present a toy model so as to illustrate more concretely the ideas discussed in the previous
section. The example will also help clarify the numerical results presented in the next section.

Consider t(c) = tg + tjnC + tquadcz, a quadratic theory in one parameter, with #guaq > 0, and a
single datapoint measurement d, with variance 0. In this case, the Jacobian matrix is:

ot
% = lfin + 2thuada )

which has full rank unless ¢ = —tji,/2tquaa- By explicitly solving the delta function in Eq. (3) and
taking into account the degenerate solution at —#ji, /2¢quad, We can write the Monte Carlo posterior
as

Imin
1 (dy —1(c))? fin 1 (do —d,)?
2|2thuad + tlinl exp (—5%) +0 (C + tl—d) / ddp exp (—E%) . (6)
qua

—00

Importantly, this demonstrates a singular behaviour of the Monte Carlo posterior at the point
¢ = —tjin/2tquad- Indeed, this can result in a significant bias in the central value and a significant
underestimation of the uncertainties for the parameter c, since the posterior is highly concentrated
around ¢ = —t}jn/2fquad. This phenomenon is showcased in the phenomenologically relevant case
of the SMEFT in the next section.

3. Applications to high energy physics

In this section, we apply the mathematical discussion from Section 2 to a phenomenological
example in high-energy physics. In particular, we contrast the Bayesian and Monte Carlo posteriors
in the case of fits of SMEFT Wilson coefficients. Note that a more detailed discussion and the same
exercise in the context of uncertainty estimation for the PDFs of the proton is discussed in Sect. (3)
of [6].

SMEFT fits The Standard Model Effective Field Theory (SMEFT) treats the SM as a low-energy
effective limit of an ultraviolet theory. As such, it extends the SM Lagrangian by a series of
non-renormalisable operators built from the SM fields and respecting the SM symmetries:

Lsmerr = Lsm + Z Z S d (7
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where A is some characteristic energy scale of New Physics , and the sum over d is a sum over
the dimension of the operators. At each dimension d, there are N, independent operators, O((;),
indexed by i = 1, ..., N4, with corresponding couplings cg). The couplings cg) are called Wilson
coefficients, and parametrise deviations from the SM.

Cross-section predictions from the dimension-six SMEFT generically take the form:

t(C) = tsm + tiinC + tquad(c ® C), (8)

where tsy is a Ngy X 1 vector of SM predictions, tji, is an Nga X Nop matrix of linear SMEFT
predictions (with No, the number of SMEFT operators in the fit), and tquaq is an Ngae X ng matrix
of quadratic SMEFT predictions. Importantly, this is a non-linear theory, and as we saw in the
example of Sect. 2.1 this can lead to discrepancies between the Monte Carlo posterior and the
Bayesian posterior (unless a specific highly non-trivial prior is chosen). The quadratic behaviour
of the SMEFT theory predictions additionally implies that there may be delta function singularities
as we saw in Example 2 of Sect. 2.1.

We perform an analysis of the 175 measurements used in the simultaneous PDF and SMEFT fit
of Ref. [7], encompassing 7, t7 + X, single top, single top +X, t7tf, ttbb and top decay observables.
These observables will be used to determine the posterior distributions of 25 Wilson coefficients
of the dimension-6 SMEFT, the notation for which can be found in Table B.1 of [7]. The SMEFiT
code [1] is used to compare the Nested Sampling and Monte Carlo replica methodologies due to
the availability of both methodologies in the public code.

In Fig. 1 we compare the Bayesian and Monte Carlo posteriors for some of the fitted Wilson
coefficients. For c;z, in particular, we observe a narrow constraint for the Monte Carlo replica
method due to a spiked distribution, which showcases the delta function behaviour discussed in
Sect. 2.1. Similarly spiked behaviour is observed in the posterior distributions of the four-fermion
operators, in particular cl,’ql and cfl 4> While the posterior distributions of c}ﬁ and cit are found to
be highly skewed and non-Gaussian relative to the Bayesian posteriors. Finally, we observe that for
¢:G, both methodologies obtain Gaussian-like posterior distributions of similar widths; however the
Monte Carlo replica method shifts the distribution in the positive direction, leading to a stronger
pull from the SM than that obtained with Nested Sampling.
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Figure 1: Selection of SMEFT posteriors showcasing significant differences in the results obtained by Nested
Sampling and the Monte Carlo replica method.
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4. Conclusions

For the first time, this work explored the mathematical foundations of the Monte Carlo replica
method beyond linear models.

In Sect. 2, we outline the main steps for the calculation of the Monte Carlo ‘posterior’ distribu-
tion and show that in general it does not agree with the Bayesian method. Some of the behaviour of
the Monte Carlo replica posterior has been understood (particularly the delta function singularities
that can appear in the posterior), but for the most part it remains intractably difficult to manipulate
and requires a numerical analysis.

In Sect. 3, we provided a benchmark of the Bayesian method against the Monte Carlo replica
method in the context of a fit of the SMEFT Wilson coefficients in the top sector and found poor
agreement between the implied parameter bounds.

We believe that further efforts should be dedicated towards the development of a fully Bayesian
approach in non-linear inverse problem in high energy physics, a notable example of which could
be that of PDF fitting, especially if fit simultaneously in combination with EFT coefficients. This
work offers a compelling motivation for such a programme.
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