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The formalism of short-distance factorization, conveyed through the pseudo-distribution approach,
connects space-like and light-cone correlators and thus allows for the extraction in lattice QCD
of a number of parton distributions. We compute the 𝑡-dependent parton distribution function
of valence quarks in a 𝜂𝑐-meson. After reviewing the main ideas behind the pseudo-distribution
formalism, and relying on the analytic structure of Ioffe-time distributions, we come up with a
proposal for a model-independent extraction of 𝑡-dependent parton distribution functions. We
present results for the 𝜂𝑐-meson Ioffe time valence 𝑡-dependent parton distribution function at a
renormalization scale of 3 GeV.
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1. Introduction

Pseudoscalar mesons are bound states of quarks and gluons as well as Nambu-Goldstone modes
associated to the dynamical breakdown of chiral symmetry. This characteristic makes them an ideal
laboratory to study fundamental phenomena such as the emergence of hadron mass. In this sense,
exploring the structure of pseudoscalar mesons becomes an interesting research subject, motivating
the work presented in this proceeding.

We focus on the case of the 𝜂𝑐-meson, which is a 𝐽
𝑃
= 0− state arising from a pair 𝑐𝑐 of

valence quarks and thus constitutes a good framework for the study of quark-mass effects in the
emergence of hadronic mater. In the pursuit of this objective we seek for a window to the internal
structure of the 𝜂𝑐-meson. Here the different parton distributions are of special relevance. In this
work we target the leading-twist 𝑡-dependent parton distribution function (tPDF) of quarks within
an 𝜂𝑐 state [1, 2]:

𝑞𝜂𝑐
(𝑥, 𝑡, 𝜇2) = 1

2

∫ ∞

−∞

𝑑𝜈

2𝜋𝜈
𝑒
−𝑖𝜈𝑥 ⟨𝜂𝑐 (𝑝 + Δ⊥) |𝑐(0)/𝑧[0; 𝑧]𝑐(𝑧) |𝜂𝑐 (𝑝 − Δ⊥)⟩, (1)

where 𝜈 = −𝑝 · 𝑧, often dubbed Ioffe time; 𝑧𝜇 = (𝑧3
, 0, 0, 𝑧3) and 2Δ𝜇

⊥ = (0,Δ1
,Δ

2
, 0). The straight

Wilson line [0; 𝑧] renders the quantity invariant under gauge transformations.
As it is apparent from Eq. (1), these objects arise from the generalized parton distributions

(GPDs) when the momentum transfer between hadron states is restricted to occur on the plane
transverse to the direction joining quark fields. Thus, they are much simpler than GPDs, simplifying
their calculation; but they still draw an exhaustive picture of hadron’s inside, providing access to
standard PDFs and electromagnetic form factors or allowing to perform hadron tomography [3].

The main goal of this proceeding is to obtain the tPDF of quarks within an 𝜂𝑐-meson Eq. (1),
laying the groundwork for a study of quark-mass effects in the emergence of hadron structure. Being
non-perturbative objects, we work in the framework of lattice QCD (LQCD), aiming at the ab-initio
evaluation of tPDFs. We start summarizing the formalism allowing to extract tPDFs from LQCD
calculations (Sec. 2). Finally, in Sec. 3, we describe our numerical calculation and its results.

2. Methodology

As all parton distributions, tPDFs are defined from matrix elements of non-local operators
involving a light-like separation between fields, c.f. Eq. (1). For a long time, this feature constituted
the main challenge for their direct evaluation in Euclidean setups such as LQCD. Many efforts were
devoted to circumvent this issue, crystallizing in a number of successful strategies (see e.g. [4]).
We choose the pseudo-distribution approach [5] where a generalization of the matrix element in
Eq. (1) to spacelike 𝑧 is considered

2𝜈𝑀𝜂𝑐
(𝑝,Δ⊥, 𝑧) = ⟨𝜂𝑐 (𝑝out) |𝑐(0)/𝑧[0; 𝑧]𝑐(𝑧) |𝜂𝑐 (𝑝in)⟩

= 2𝜈M𝜂𝑐
(𝜈, 𝑡, 𝑧2) + (Δ⊥ · 𝑧)G𝜂𝑐

(𝜈, 𝑡, 𝑧2) + 𝑧
2Z𝜂𝑐

(𝜈, 𝑡, 𝑧2),
(2)

where we label 𝑝out = 𝑝 + Δ⊥ and 𝑝in = 𝑝 − Δ⊥.
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This matrix element shows UV divergences originated by the space-like Wilson line which can
be absorbed by a multiplicative renormalization factor depending solely on the quark-antiquark sepa-
ration [6]. We shall then consider its renormalized counterpart, 𝑀 (𝑝, Δ⊥, 𝑧)

��
R = 𝑍

−1(𝑧)𝑀 (𝑝,Δ⊥, 𝑧),
and explore its small-𝑧2 behavior. To this end we employ a light-cone operator product expansion:

2𝜈𝑀𝜂𝑐
(𝑝,Δ⊥, 𝑧)

���
R

𝑧
2→0−−−−→

∑︁
𝑖

∞∑︁
𝑛=0

𝐶
(𝑖) ,MS
𝑛 (𝑧2

, 𝜇
2)⟨𝜂𝑐 (𝑝out) |O

{𝑧𝜇1 · · ·𝜇𝑛 }
(𝑖) (0) |𝜂𝑐 (𝑝in)⟩MS

𝑛∏
𝑘=1

𝑧𝜇𝑘
+ h.t.

(3)
where 𝑖 labels the different twist-two operators O {𝑧𝜇1 · · ·𝜇𝑛 } ≡ O {𝜇𝜇1 · · ·𝜇𝑛 }𝑧𝜇 [2] and “h.t.” denotes
higher-twist contributions. The subscript MS indicates that the divergences developed by the Wilson
coefficients 𝐶𝑛 as 𝑧 approaches the light-front are handled in the corresponding scheme.

We now consider the Lorentz covariant decomposition of the matrix elements of twist-two
operators. For definiteness, we focus on operators of quark-type1 only, writing

2𝜈𝑀𝜂𝑐
(𝑝,Δ⊥, 𝑧)

���
R

𝑧
2→0−−−−→ 2𝜈

∞∑︁
𝑛=0

𝐶
MS
𝑛 (𝑧2

, 𝜇
2) (1+𝑧2

𝑓𝑛 (𝜈, 𝑡, 𝑧
2))𝑎MS

𝑛 (𝑡, 𝜇2) (2𝜈)𝑛+O(𝑧2)+ h.t. (4)

where 𝑎𝑛 represent Lorentz invariant amplitudes arising in the decomposition of the matrix elements
of twist-two operators; 𝑓𝑛 are given functions of a purely kinematic origin and the extra O(𝑧2) terms
weight coefficients other than 𝑎𝑛. Owing to the previous expansion, the light-front contribution
given by the renormalized matrix element is found to read

𝑞𝜂𝑐
(𝜈, 𝑡, 𝑧2) ≡ M𝜂𝑐

(𝜈, 𝑡, 𝑧2)
���
R

=

∞∑︁
𝑛=0

𝐶
MS
𝑛 (𝑧2

, 𝜇
2)𝑎MS

𝑛 (𝑡, 𝜇2) (2𝜈)𝑛 + · · ·

=

∫ 1

0
𝑑𝑤 C(𝑤, 𝑧2

, 𝜇
2)𝑞𝜂𝑐

(𝑤𝜈, 𝑡, 𝜇2) + · · ·

(5)

where the ellipses labels terms proportional to 𝑧
2 and 𝑞𝜂𝑐

(𝜈, 𝑡, 𝜇2) is the Ioffe time tPDF [5, 7]

𝑞𝜂𝑐
(𝜈, 𝑡, 𝜇2) =

∫ 1

−1
𝑑𝑥𝑒

𝑖𝜈𝑥
𝑞𝜂𝑐

(𝑥, 𝑡, 𝜇2). (6)

The left-hand side of the matching relation Eq. (5), the pseudo-distribution [5], can be realized
as the extension off the light-front for standard Ioffe time distributions and, importantly, can be
computed for space-like separations. The matching kernel C can be computed in perturbation
theory [5]. Exploiting the matching relation Eq. (5) in combination with lattice data for the
pseudo-tPDF allows therefore to extract the desired tPDF.

There is, however, one further difficulty: the matching kernel acts on light-cone distributions
and “push” them off the light-front while they are the pseudo-distributions which might be obtained
from LQCD. Attempting at the inversion of such relation would introduce further complications at
the time that it would require the introduction of Ansätze allowing to incorporate a discrete set of
data points into an integral relation. Our proposal is then to proceed directly in Ioffe time space

1This can be achieved using combinations with definite quantum numbers, 𝐶-odd, for the matrix element. As a result,
the valence sector of the hadrons is accessed. However, trying to simplify the discussion, we do not go through this point.
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and express both, pseudo-distributions and light-cone distributions, as power series in the Ioffe time
variable:

𝑞𝜂𝑐
(𝜈, 𝑡, 𝑧2) =

∞∑︁
𝑘=0

𝑎̃𝑘 (𝑡, 𝑧
2)𝜈𝑛, 𝑞𝜂𝑐

(𝜈, 𝑡, 𝜇2) =
∞∑︁
𝑘=0

𝑎𝑘 (𝑡, 𝜇
2)𝜈𝑛. (7)

In fact, because pseudo- and light-cone distributions are defined as Fourier transforms of
distributions with compact support 𝑥 ∈ [−1, 1] [8], they can be shown to be analytic functions in
the Ioffe time variable2 (see e.g. Ch. 7 in [10]). In this sense, the parametrizations suggested in
Eq. (7) are strictly model independent and indicate that 𝑥-space distributions must be represented
as power series in the Dirac delta distribution and its derivatives [11]. Furthermore, when plugged
into the matching relation Eq. (5), the cumbersome convolution reduces to a product

𝑎̃𝑘 (𝑡, 𝑧
2) = 𝑐𝑘 (𝑧

2
, 𝜇

2)𝑎𝑘 (𝑡, 𝜇
2), 𝑐𝑘 (𝑧

2
, 𝜇

2) =
∫ 1

0
𝑑𝑤𝑤

𝑘C(𝑤, 𝑧2
, 𝜇

2), (8)

which allows to connect pseudo-distribution coefficients to light-cone ones, as required in practice.
We can now define a strategy allowing a model-independent extraction of tPDFs –and, with minor
modifications any other parton distribution– from LQCD:

• Fit pseudo-distribution data to a power-series

𝑞
data
𝜂𝑐

(𝜈, 𝑡, 𝑧2) =
𝑁∑︁
𝑘=0

(1 + 𝑧
2
𝐵𝑘)𝐴𝑘 (𝑡, 𝑧

2)𝜈𝑛. (9)

where we also take into account target-mass corrections through an additional fitting coeffi-
cient, 𝐵, which effectively takes into account the corresponding behavior, Eq. (4).

• Match the extracted coefficients, 𝑎̃𝑘 (𝑡, 𝑧
2) = 𝐴𝑘 (𝑡, 𝑧

2)
���
Cont.

to the light-front as 𝑎𝑘 (𝑡, 𝜇
2) =

𝑎̃𝑘 (𝑡, 𝑧
2)/𝑐𝑘 (𝑧

2
, 𝜇

2).

• Reconstruct the light-cone MS Ioffe time distribution.

3. Lattice calculation

With a roadmap for the extraction of tPDFs from a LQCD calculation, we are left with the task
of generating the necessary data for the pseudo-tPDF. To this end we dispose a numerical setup
relying on a set of 𝑁 𝑓 = 2 ensembles generated by the CLS effort [12] (see Tab. 1). We arrange
a kinematic configuration with hadron momenta 𝑝

𝜇

in = (𝐸in, 𝒑⊥, 𝑝
3), 𝑝𝜇

out = (𝐸in,− 𝒑⊥, 𝑝
3), and

𝑧
𝜇
= (0, 0, 0, 𝑧3). Thereupon, using the sequential propagator technique, we evaluate

𝐶
𝑠𝑠

′

3 ( ®𝑝in, ®𝑝out, 𝑡src, 𝜏) =
∑︁
®𝑥,®𝑧

𝑒
−𝑖 ®𝑝in · ®𝑥𝑒−𝑖

®Δ⊥ · ®𝑧 ⟨̂𝜂𝑠𝑐 (®𝑥, 𝑡src)𝑐(®𝑧Δ®𝑧 , 𝜏)𝛾
0 [®𝑧Δ®𝑧; ®𝑧]𝜏𝑐(®𝑧, 𝜏)𝜂̂

𝑠
′

𝑐 (®0, 0)⟩ (10)

where ®𝑧Δ®𝑧 = ®𝑧 + Δ®𝑧, and 𝑠, 𝑠′ label different smearing levels. We focus on the gamma structure 𝛾
0

which, in the kinematic setup employed and, according to the Lorentz covariant decomposition in
Eq. (2), yields access to the desired amplitude, M.

2To the best of our knowledge there is only evidence, e.g. [9], of parton distributions to be tempered distributions.
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id 𝛽 𝑎 [fm] 𝐿/𝑎 𝑎𝑚𝜋 𝑚𝜋 [MeV] 𝑚𝜋𝐿 𝜅c 𝜅𝑙

A5 5.2 0.0755(9)(7) 32 0.1265(8) 331 4.0 0.12531 0.13594

E5 5.3 0.0658(7)(7) 32 0.1458(3) 437 4.7 0.12724 0.13625
F7 48 0.0885(3) 265 4.3 0.12713 0.13638

N6 5.5 0.0486(4)(5) 48 0.0838(2) 340 4.0 0.13026 0.13667

Table 1: Set of CLS ensembles used in this proceeding. From left to right: ensemble label, bare strong
coupling, lattice spacing [12], spatial extent of the lattice (𝑇 = 2𝐿), approximate value of the pion mass [13],
the proxy of finite-volume effects 𝑚𝜋𝐿, the value of 𝜅c [14] and 𝜅𝑢 = 𝜅𝑑 = 𝜅𝑙 .

For this calculation we use quark all-to-all propagators with wall sources diluted in spin. We use
one interpolator for the 𝜂𝑐 state, 𝜂̂𝑐 = 𝑐𝛾5𝑐, and four different APE-blocking Gaussian smearings.
The solution of the corresponding generalized eigenvalue problem (GEVP) is used to project the
correlation function to a realistic ground-state. Furthermore, we use twisted boundary conditions
and we do not consider quark-disconnected diagrams.

Using this setup, data for the necessary three-point functions, Eq. (10), are generated on
spacetime separations 𝑧 ∈ [0, 9] in units of the lattice spacing. The desired amplitude is then
extracted from plateau fits to the ratios

𝐶
P
3 ( ®𝑝in, ®𝑝out, 𝑡src, 𝜏)√︃

𝐶
P
2 ( ®𝑝out, 𝑡src)𝐶

P
2 ( ®𝑝in, 𝑡src)

√√
𝐶

P
2 ( ®𝑝in, 𝑡src − 𝜏)𝐶P

2 ( ®𝑝out, 𝜏)
𝐶

P
2 ( ®𝑝out, 𝑡src − 𝜏)𝐶P

2 ( ®𝑝in, 𝜏)
(𝑡src−𝜏 )>>0
−−−−−−−−−→

2𝜈M𝜂𝑐
(𝜈, 𝑡, 𝑧2)

4
√︁
𝐸 ( ®𝑝in)𝐸 ( ®𝑝out)

(11)

where the superscript P indicate correlation functions projected according to the solution of a GEVP.
The optimal fit range is identified using the Akaike information criterion and model averaging [15].
Finally, following the suggestion of [5], the renormalization program is carried out in the form

𝑞𝜂𝑐
(𝜈, 𝑡, 𝑧2) =

M𝜂𝑐
(𝜈, 𝑡, 𝑧)

M𝜂𝑐
(0, 0, 𝑧)

M𝜂𝑐
(0, 0, 0)

M𝜂𝑐
(𝜈, 𝑡, 0) (12)

which, in addition, imposes the expected normalization for the pseudo-tPDF.
As a result of this procedure, the pseudo-tPDF data are obtained. For illustration, results for

the real part of the pseudo-tPDF in the limit of no momentum transfer and all considered ensembles
are shown in Fig. 1, left panel. Notably, the signal-to-noise ratio shown by the data remains under
control over the entire range of Ioffe times and, as expected, all data-points tend to a universal line.

With reasonable pseudo-tPDF data, we can develop the program of Sec. 2 and extract the
desired tPDF. We thus follow that strategy and perform a combined fit to all data points using the
functional form in Eq. (9). Note that the real part of the pseudo-tPDF is associated to the valence
component, which is even in 𝜈. We thus retain only even powers of Ioffe time. Furthermore, with
the aim of handling the continuum limit extrapolation, we split the fit coefficients as

𝐴𝑘 (𝑡, 𝑧
2) = 𝐴𝑘 (𝑡, 𝑧

2)
���
Cont.

+ 𝑎𝐿𝑘 (𝑡, 𝑧
2) = 𝑎̃𝑘 (𝑡, 𝑧

2) + 𝑎𝐿𝑘 (𝑡, 𝑧
2) (13)

where 𝐿𝑘 are coefficient functions casting the lattice spacing dependence of the fit coefficients 𝐴𝑘 .
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Figure 1: Left panel: LQCD data for the valence contribution to the pseudo-tPDF (real part of the
pseudo-tPDF) at 𝑡 = 0 GeV2 together with their best fit. Right panel: Comparison between the continuum
extrapolation of the LQCD valence pseudo-PDF, gray band, and its light-cone limit, red band.

The resulting fit is shown in the left panel of Fig. 1. When five powers of 𝜈 are retained,
we obtain a 𝜒

2/dof = 95.29/114. If the quality of the fit remains satisfactory, we find the two
higher-order coefficients (𝑘 = 6, 8) to be compatible with zero. This observation can be understood
by noting that, in practice, the hierarchy of coefficients in the series expansion probes regions of
increasing Ioffe time; and that data from the ensemble N6, which introduces a third lattice spacing,
reaches up to 𝜈 ≃ 3.5. As a consequence, the continuum extrapolation of the coefficients sensible
to the region of larger Ioffe time becomes unreliable. This is also the reason why the continuum
limit results shown in the right panel of Fig. 1 are restricted to a region 𝜈 ≤ 3.

4. Summary and conclusions

In this proceeding we compute the 𝜂𝑐-meson tPDF on a lattice QCD setup. We employ the
pseudo-distribution approach and propose the description of both, pseudo and light-cone distribu-
tions, as power series in Ioffe time. This idea is model-independent and arises from the formal
definition of these distributions. We illustrate the procedure using a set of CLS of ensembles,
describing the path towards the generation of pseudo-tPDF data and extracting the companion
light-cone distribution. We present results for the valence-quark contribution to the Ioffe-time
distribution at a renormalization scale of 3 GeV.
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