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Describing the incoherent exclusive diffraction
t-spectrum with hotspot evolution
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We present a model of proton geometry where the number and size of gluon density hotspots in the
proton’s thickness function evolves with the resolution scale of the event, given by the Mandelstam
𝑡 variable in exclusive diffractive 𝑒𝑝 collisions. We use the impact-parameter dependent saturation
dipole model bSat (IPsat), as well as its linearised (non-saturated) version bNonSat. In the latter
the proton thickness has a clear interpretation as a thickness and in the former it is directly
related to the saturation scale. The resulting phenomenological model for the splitting of hotspots,
making full use of earlier experimental and phenomenological studies, is able to describe the
entire incoherent 𝑡-spectrum for 1.1 < |𝑡 | < 25 GeV2 with a single phenomenological parameter.
As such, this is a useful model for investigating saturation physics at large 𝑡 at future colliders such
as the EIC, LHeC, or 𝜇IC for both proton and nuclear targets.
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Exclusive diffractive processes in Deep Inelastic Scattering (DIS) are the only processes which
offer direct access to the Mandelstam 𝑡-spectrum in both 𝑒𝑝 and 𝑒A collisions. This gives us
access to the transverse spatial gluon structure of the proton or nucleus, via a Fourier transform
from Δ =

√
−𝑡 to impact parameter 𝑏. Furthermore, as diffraction at small values of the Bjorken

𝑥 variable is mediated by (at least) two gluons in the perturbative regime, these processes are also
an excellent probe for the saturated gluon regime. At small 𝑥 the dipole picture becomes relevant,
where the virtual photon fluctuates into a quark-antiquark pair, which interacts with the target after
which the dipole recombines into a vector meson final state. In the dipole model we can model
the 𝑏-dependence of the target’s gluonic wavefunction as a thickness function 𝑇 (®𝑏). However, it is
only at leading twist, which is relevant outside of the saturated regime, that the thickness function
can be interpreted as the target’s thickness at a given impact parameter. In the all twist saturation
model it may instead be interpreted in terms of the saturation scale such that 𝑄𝑆 (𝑥, ®𝑏, ®𝑟) ∼ 𝑇 (®𝑏).

At large |𝑡 | the spectrum is dominated by incoherent scattering, where the target gets excited
in the interaction with the dipole and subsequently fragments. In the Good-Walker picture, the
incoherent cross-section is given by the fluctuations in the gluon wave-function. These fluctuations
are probed at an area resolution given by 1/𝑡, which means that the large |𝑡 | part of the spectrum is
sensitive to small length scale fluctuation, and vice versa.

In order to model proton dissociation at HERA, Mäntysaari and Schenke (MS)[1, 2] devel-
oped a hotspot model of the proton’s wave-function. In this model, the proton’s wavefunction
is concentrated in three hotspots whose positions fluctuate event by event. While successful, the
model is firmly non-perturbative and thus cannot be applied for |𝑡 | ≳ 1GeV2. In an attempt to
understand what kind of thickness function may be able to describe the large part of the 𝑡-spectrum,
we extended the hotspot-model by adding hotspots within hotspots [3]. We found that a self-similar
pattern emerged, and that the entire spectrum could be well described up to |𝑡 | ≤ 25GeV2. While
this approach gave insights into the proton’s thickness function it required many, albeit highly
correlated, parameters to describe the measurements.

In this paper, we present a hotspot evolution model which takes the MS hotspots model as an
initial state and evolves it by letting the hotspots split into smaller hotspot based on the resolution
scale. The resulting model only has one extra parameter and is able to describe the entire 𝑡-spectrum.

1. The Colour Dipole Model

In the colour dipole model, the amplitude is expressed as a convolution of the three processes:
the splitting of the virtual photon into a quark-antiquark dipole, the interaction between the dipole
and the target, and the recombination of the dipole into the final state vector meson [4]:

A𝛾∗𝑝→𝐽/Ψ𝑝

𝑇,𝐿
(𝑥𝐼𝑃, 𝑄2,𝚫) = 𝑖

∫
d2r

∫
d2b

∫
d𝑧
4𝜋

(Ψ∗Ψ𝑉 )𝑇,𝐿 (𝑄2, r, 𝑧)𝑒−𝑖 [b−( 1
2 −z)r].𝚫 d𝜎𝑞�̄�

d2b
(b, r, 𝑥𝐼𝑃)

where 𝑇 and 𝐿 denote the polarizations of the virtual photon, r is the size of the dipole, and b is the
impact parameter. The variable 𝑧 is the momentum fraction taken by the quark. The term (Ψ∗Ψ𝑉 )
is the wave-function overlap between the virtual photon and the produced vector meson. We use the
boosted Gaussian wave function for 𝐽/𝜓 with parameter values from [5]. The dipole cross section,
𝑑𝜎𝑞�̄�

𝑑2b (b, r, 𝑥𝐼𝑃), characterizes the strong interaction between the dipole.
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We consider here the saturated bSat, and non-saturated bNonSat versions of the dipole cross-
section. The bSat model is given by: [4]:

d𝜎𝑞�̄�

d2b
(b, r, 𝑥𝐼𝑃) = 2

[
1 − 𝑒−Ω(𝑥𝐼𝑃 ,t,b) ] = 2

[
1 − 𝑒

− 𝜋2
2𝑁𝐶

r2𝛼𝑠 (𝜇2 )𝑥𝐼𝑃𝑔 (𝑥𝐼𝑃 ,𝜇2 )𝑇𝑝 (b) ] (1)

where Ω is the opacity. This defines the saturation scale 𝑄𝑆 (𝑟, 𝑥𝐼𝑃, b) = 2/𝑟𝑆 (𝑟, 𝑥𝐼𝑃, b) where 𝑟𝑆

is the value of 𝑟 which solves Ω(𝑥𝐼𝑃, t, b) = 1/2. Note that 𝑄2
𝑆
∼ 𝑇𝑝 (𝑏). The strong coupling

𝛼𝑠 and gluon density are evaluated at 𝜇2 = 𝜇2
0 + 𝐶

𝑟2 and the gluon density at the initial scale 𝜇0

is parametrised as 𝑥𝑔(𝑥, 𝜇2
0) = 𝐴𝑔𝑥

−𝜆𝑔 (1 − 𝑥)6, where the parameters 𝐴𝑔, 𝜆𝑔, 𝐶, and 𝑚 𝑓 are
determined through fits to inclusive DIS reduced cross section measurements [6].

The linearised dipole cross section, the bNonSat model, is given by:

d𝜎𝑞�̄�

d2b
(b, r, 𝑥𝐼𝑃) =

𝜋2

𝑁𝐶

r2𝛼𝑠 (𝜇2)𝑥𝐼𝑃𝑔(𝑥𝐼𝑃 , 𝜇2)𝑇𝑝 (b) (2)

which does not include any saturation effects and gives only the leading twist contribution. Currently,
both models effectively describe HERA 𝐹2 and exclusive data [5, 8], while the studies of exclusive
vector meson production in ultra-peripheral collisions of lead nuclei at the LHC exhibit a clear
preference for the bSat model [6]. The exclusive cross section receives large corrections from the
real part of the amplitude and from the skewedness of the two-gluon exchange (discussed in detail
in [2, 7]).

In the Good-Walker picture, the incoherent cross-section is given by:

d𝜎incoherent

d𝑡
=

1
16𝜋

(〈��A(𝑥P, 𝑄2,Δ)
��2〉

Ω̂
−
��〈A(𝑥P, 𝑄2,Δ)

〉
Ω̂

��2) (3)

where Ω̂ denotes an initial state gluon configuration.

The Hotspot model

In the hotspot model, the proton is characterized by a lumpy configuration consisting of hotspots
of gluonic density at small-𝑥. The gluon density within these hotspots is assumed to be isotropic
and smooth, implying a single relevant scale corresponding to the hotspot width for incoherent
diffraction. In the independent scattering approximation, the transverse profile of the proton in the
hotspot model is given by [2]:

𝑇𝑝 (b) =
1

𝑁ℎ𝑠

𝑁ℎ𝑠∑︁
𝑖=1

𝑇ℎ𝑠 (b-b𝑖), with 𝑇ℎ𝑠 (b) =
1

2𝜋𝐵ℎ𝑠

exp
[
− b2

2𝐵ℎ𝑠

]
(4)

Here, 𝑁ℎ𝑠 is set to 3, and b𝑖 represents the locations of hotspots, sampled from a normalised
Gaussian of width 𝐵𝑞𝑐. The width of the hotspots is 𝐵ℎ𝑠. The parameters 𝐵𝑞𝑐 and 𝐵ℎ𝑠 govern the
degree of fluctuations in the proton wave function, and their values are constrained by both coherent
and incoherent data. It should be noted that since the saturation scale 𝑄2

𝑆
∼ 𝑇 (b), the saturation

scale is larger in the hotspots, and that for some configurations of hotspots we may get a rather large
saturation scale compared to what is possible for a spherical proton.
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2. The Hotspot Evolution model

A measurement at a certain Mandelstam variable 𝑡 at small 𝑥 constitute a measurement of the
combined gluonic wave function at an areal resolution 1/|𝑡 |. Therefore, the measurement causes
the gluon wave function to collapse into an area 𝐵 ∼ 1/|𝑡 |. At larger |𝑡 | we would therefore measure
a smaller area of the gluon wave-function. This manifests as a splitting of a hotspot existing at one
|𝑡 | into two hotspots at larger |𝑡 |. In order to capture this resolution picture of the proton’s gluonic
substructure, we suggest the following hotspot evolution process: We let the MS hotspot model act
as an initial state for the evolution at |𝑡 | ≤ |𝑡0 |, then we evolve the initial state by probabilistically
splitting the hotspots based on the resolution for |𝑡 | > |𝑡0 |. For this one needs to define a splitting
function. We know from the self-similarity found in [3] that the hotspot structure should scale with
ln |𝑡 |. We are using the following hotspot evolution model:

dPsplit

d𝑡
=

𝛼

|𝑡 |
𝑡 − 𝑡0

𝑡
,

dP
d𝑡

=
𝛼

𝑡

𝑡 − 𝑡0

𝑡
exp

[
− 𝛼

(
𝑡0

𝑡
− ln

𝑡0

𝑡
− 1

)]
(5)

where 𝑡0 is the initial scale and 𝛼 is the evolution parameter which is determined by fits to the
measured 𝑡-spectrum. Here, the splitting probability at 𝑡 is multiplied by the probability of having
no splittings between 𝑡0 and 𝑡. The algorithm for the evolution of the initial state is as follows: 1.
Offspring hotspots 𝑖 and 𝑗 are created at distance 𝑑𝑖 𝑗 = |b𝑖 − b 𝑗 | sampled from the parent hotspot
with widths 𝐵𝑖, 𝑗 = 1

|𝑡 | GeV−2, where the 𝑡 value is sampled from eq.(5). 2. We impose probe
and geometry resolution criteria by demanding that 𝑑𝑖 𝑗 > 2

√︁
𝐵𝑖, 𝑗 . If this is not the case, the two

offspring hotspots cannot be resolved by the probe and therefore, the splitting is rejected. This
results in an effective hotspot repulsion. The total thickness function of the proton is calculated as:

𝑇𝑝 (b) =
1

𝑁ℎ𝑠

𝑁ℎ𝑠∑︁
𝑖=1

𝑇𝑖 (b-b𝑖) (6)

where 𝑁ℎ𝑠 is the total number of resolved hotspots at that scale. We make sure that the total
normalisation of this thickness function is conserved throughout the evolution. In the limit of large
momentum transfers our model approaches the the color glass condensate description of the proton
initial state where its structure is characterized by point-like color charges superimposed on the
geometric hotspot structure [9]. The hotspot evolution adds a transition from the large hotspots to
the limit of pointlike sources. To compute cross sections, we generate 800 proton configurations
from our model. This model contains several different kinds of event-by-event fluctuations, namely
hotspot width, hotspot number, and normalization fluctuations. For the bSat model we use a
modified profile for hotspots which was proposed in [3], in order to retain the coherent cross section
while introducing fluctuations.

3. Results

In fig. 1 we show the resulting hotspot evolution models, both for bSat and bNonSat, compared
to the measured 𝑡-spectrum at for 𝐽/𝜓 photoproduction at HERA. We let |𝑡0 | = 1.1GeV2, and have
checked that the result is not sensitive to this choice for 0.8 < |𝑡 | < 1.2GeV2. We use 𝛼 = 18.5. We
see that there is no discernible saturation effects in the HERA data.
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4. Discussion and Conclusions
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Figure 1: The resulting 𝑡-spectrum from hotspot evolution
in the bSat and bNonSat models, compared to measurements
from the H1[10] and ZEUS [11] experiments.

We have presented a model for the
proton geometry which computes the in-
coherent cross section for vector me-
son production at large |𝑡 |. The re-
sulting model is consistent with previ-
ous observations that the 𝑒𝑝 𝑡-spectrum
can be described with a self-similar
gluon wave-function of the proton[3],
and that the small 𝑥 partons are maxi-
mally entangled[12, 13]. It has also been
observed that extra sources of fluctua-
tions are needed to describe the exclusive
diffractive data [14]. Our model naturally
introduces several such sources: In the
number of hotspots, and in their sizes and
normalisations. As the thickness func-
tion is directly related to the saturation
scale in the bSat model, this naturally
leads to event-by-event fluctuations in the
saturation scale. The model only has one
extra parameter 𝛼 for describing the en-
tire spectrum 1 < |𝑡 | < 25GeV2. The
only further assumptions is that of the
Gaussian shape of hotspots. It would be desirable as a future project to calculate these splitting
functions as well as the hotspot shapes from first principle, which may be possible since the evo-
lution is within the perturbative realm of QCD. Such a first principle evolution model would then
be used to restrict the parameters of the initial state hotspot model, such as the number of hotspots,
and their widths and shapes.

We noted that there are no discernible difference between the saturated and non-saturated
dipole models in their description of the measured data. This situation is expected to improve in
the 𝑒A collisions planned at the electron-ion collider (EIC) [15, 16]. The EIC has the potential to
measure the large |𝑡 | spectrum in 𝑒Pb collisions. It will be an important future study to extend these
results to 𝑒A collisions at the EIC and as well as the LHeC [17] and a future Muon Ion Collider
[18, 19]. An important check of the universality of our (as well as any other) approach is to confront
it with data at different 𝑄2 as well as different final states, such as 𝜌-, 𝜙-, and Υ-mesons. Currently
there are no measurements of these processes at large |𝑡 |, which is also a situation that the EIC will
remedy.

5



P
o
S
(
D
I
S
2
0
2
4
)
0
8
9

Describing the incoherent exclusive diffraction t-spectrum with hotspot evolution Tobias Toll

References

[1] H. Mäntysaari and B. Schenke, Revealing proton shape fluctuations with incoherent
diffraction at high energy, Phys. Rev. D94 (2016) 034042 [1607.01711].

[2] H. Mäntysaari and B. Schenke, Evidence of strong proton shape fluctuations from incoherent
diffraction, Phys. Rev. Lett. 117 (2016) 052301 [1603.04349].

[3] A. Kumar and T. Toll, Investigating the structure of gluon fluctuations in the proton with
incoherent diffraction at HERA, 2106.12855.

[4] H. Kowalski and D. Teaney, An Impact parameter dipole saturation model, Phys. Rev. D68
(2003) 114005 [hep-ph/0304189].

[5] H. Mäntysaari and P. Zurita, In depth analysis of the combined HERA data in the dipole
models with and without saturation, Phys. Rev. D98 (2018) 036002 [1804.05311].

[6] B. Sambasivam, T. Toll and T. Ullrich, Investigating saturation effects in ultraperipheral
collisions at the LHC with the color dipole model, Phys. Lett. B 803 (2020) 135277
[1910.02899].

[7] H. Kowalski, L. Motyka and G. Watt, Exclusive diffractive processes at HERA within the
dipole picture, Phys. Rev. D74 (2006) 074016 [hep-ph/0606272].

[8] A.H. Rezaeian, M. Siddikov, M. Van de Klundert and R. Venugopalan, Analysis of combined
HERA data in the Impact-Parameter dependent Saturation model, Phys. Rev. D87 (2013)
034002 [1212.2974].

[9] H. Mäntysaari, Review of proton and nuclear shape fluctuations at high energy, Rept. Prog.
Phys. 83 (2020) 082201 [2001.10705].

[10] H1 collaboration, Diffractive photoproduction of 𝐽/𝜓 mesons with large momentum transfer
at HERA, Phys. Lett. B 568 (2003) 205 [hep-ex/0306013].

[11] ZEUS collaboration, Measurement of J/psi photoproduction at large momentum transfer at
HERA, JHEP 05 (2010) 085 [0910.1235].

[12] D.E. Kharzeev and E.M. Levin, Deep inelastic scattering as a probe of entanglement, Phys.
Rev. D 95 (2017) 114008 [1702.03489].

[13] M. Hentschinski, D.E. Kharzeev, K. Kutak and Z. Tu, Probing the Onset of Maximal
Entanglement inside the Proton in Diffractive Deep Inelastic Scattering, Phys. Rev. Lett. 131
(2023) 241901 [2305.03069].

[14] S. Demirci, T. Lappi and S. Schlichting, Proton hot spots and exclusive vector meson
production, Phys. Rev. D 106 (2022) 074025 [2206.05207].

[15] A. Accardi et al., Electron Ion Collider: The Next QCD Frontier: Understanding the glue
that binds us all, Eur. Phys. J. A 52 (2016) 268 [1212.1701].

6

https://doi.org/10.1103/PhysRevD.94.034042
https://arxiv.org/abs/1607.01711
https://doi.org/10.1103/PhysRevLett.117.052301
https://arxiv.org/abs/1603.04349
https://arxiv.org/abs/2106.12855
https://doi.org/10.1103/PhysRevD.68.114005
https://doi.org/10.1103/PhysRevD.68.114005
https://arxiv.org/abs/hep-ph/0304189
https://doi.org/10.1103/PhysRevD.98.036002
https://arxiv.org/abs/1804.05311
https://doi.org/10.1016/j.physletb.2020.135277
https://arxiv.org/abs/1910.02899
https://doi.org/10.1103/PhysRevD.74.074016
https://arxiv.org/abs/hep-ph/0606272
https://doi.org/10.1103/PhysRevD.87.034002
https://doi.org/10.1103/PhysRevD.87.034002
https://arxiv.org/abs/1212.2974
https://doi.org/10.1088/1361-6633/aba347
https://doi.org/10.1088/1361-6633/aba347
https://arxiv.org/abs/2001.10705
https://doi.org/10.1016/j.physletb.2003.06.056
https://arxiv.org/abs/hep-ex/0306013
https://doi.org/10.1007/JHEP05(2010)085
https://arxiv.org/abs/0910.1235
https://doi.org/10.1103/PhysRevD.95.114008
https://doi.org/10.1103/PhysRevD.95.114008
https://arxiv.org/abs/1702.03489
https://doi.org/10.1103/PhysRevLett.131.241901
https://doi.org/10.1103/PhysRevLett.131.241901
https://arxiv.org/abs/2305.03069
https://doi.org/10.1103/PhysRevD.106.074025
https://arxiv.org/abs/2206.05207
https://doi.org/10.1140/epja/i2016-16268-9
https://arxiv.org/abs/1212.1701


P
o
S
(
D
I
S
2
0
2
4
)
0
8
9

Describing the incoherent exclusive diffraction t-spectrum with hotspot evolution Tobias Toll

[16] R. Abdul Khalek et al., Science Requirements and Detector Concepts for the Electron-Ion
Collider: EIC Yellow Report, 2103.05419.

[17] LHeC, FCC-he Study Group collaboration, The Large Hadron–Electron Collider at the
HL-LHC, J. Phys. G 48 (2021) 110501 [2007.14491].

[18] D. Acosta and W. Li, A muon–ion collider at BNL: The future QCD frontier and path to a
new energy frontier of 𝜇+𝜇− colliders, Nucl. Instrum. Meth. A 1027 (2022) 166334
[2107.02073].

[19] D. Acosta, E. Barberis, N. Hurley, W. Li, O. Miguel Colin, Y. Wang et al., The potential of a
TeV-scale muon-ion collider, JINST 18 (2023) P09025 [2203.06258].

[20] F. Salazar, B. Schenke and A. Soto-Ontoso, Accessing subnuclear fluctuations and
saturation with multiplicity dependent J/𝜓 production in p+p and p+Pb collisions, Phys.
Lett. B 827 (2022) 136952 [2112.04611].

[21] A. Kumar and T. Toll, Energy dependence of the proton geometry in exclusive vector meson
production, 2202.06631.

7

https://arxiv.org/abs/2103.05419
https://doi.org/10.1088/1361-6471/abf3ba
https://arxiv.org/abs/2007.14491
https://doi.org/10.1016/j.nima.2022.166334
https://arxiv.org/abs/2107.02073
https://doi.org/10.1088/1748-0221/18/09/P09025
https://arxiv.org/abs/2203.06258
https://doi.org/10.1016/j.physletb.2022.136952
https://doi.org/10.1016/j.physletb.2022.136952
https://arxiv.org/abs/2112.04611
https://arxiv.org/abs/2202.06631

	The Colour Dipole Model
	The Hotspot Evolution model
	Results
	Discussion and Conclusions

