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We focus on the origin of the transverse polarization of Λ hyperon produced in the proton-
proton collision which has been a mystery in high energy hadron reactions over the past half
century. There are two different perturbative QCD frameworks for the description of the origin
with respect to the size of the transverse momentum of the produced hyperon 𝑃ℎ𝑇 , transverse-
momentum-dependent(TMD) factorization in small 𝑃ℎ𝑇 and the collinear twist-3 factorization
in high 𝑃ℎ𝑇 . We can consider the intermediate region of 𝑃ℎ𝑇 where both frameworks are valid
in semi-inclusive deep inelastic scattering and it was once shown that the TMD Boer-Mulders
effect and the twist-3 distribution effect from the initial state proton give consistent cross section
formulas in this region. We will here show that the consistency can be also found between the TMD
polarizing fragmentation and the twist-3 fragmentation contributions generated by the polarized
hyperon. This result supports the idea that the two frameworks describe a unique origin of the
transverse polarization in different kinematic regions.
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1. Introduction

Large single transverse-spin asymmetries(SSAs) were first observed in the pion production
and the transversely polarized Λ hyperon production in the late 70s. The asymmetries in those
processes reach a couple of ten percent in the large rapidity region, which is much larger than
what was expected by the parton model calculation. The understanding of their origins has been a
challenging problem in high energy QCD physics since those first observations. We focus on the
origin of the hyperon polarization in semi-inclusive deep inelastic scattering(SIDIS) in this study.

Much experimental data has been accumulated in the past couple decades. Two perturbative
QCD frameworks have been well developed as successful frameworks in describing those data.
One is the collinear twist-3 factorization framework which is valid when the transverse momentum
of a produced hadron 𝑃ℎ𝑇 is much larger than ΛQCD, i.e., ΛQCD ≪ 𝑃ℎ𝑇 . In this framework, the
twist-3 multiparton correlation play a role in generating the large SSAs. The other is the transverse
momentum dependent(TMD) factorization framework that covers the description of the large SSAs
when 𝑃ℎ𝑇 is much smaller than 𝑄 which is the typical hard scale in a process. The intrinsic
transverse momenta of partons inside the hadrons cause the large SSAs in this framework. It has
been shown that the two frameworks match consistently in the intermediate region of 𝑃ℎ𝑇 , i.e.,
Λ𝑄𝐶𝐷 ≪ 𝑃ℎ𝑇 ≪ 𝑄, in the pion production in SIDIS[1–3]. In the case of the transversely polarized
lambda production, the consistency between the two frameworks has been only established in the
Boer-Mulders type contribution from the initial proton[4]. The differential cross section for the
twist-3 fragmentation contribution was derived in [5, 6] recently at the leading order (LO) with
respect to the QCD coupling constant , which enabled the study of the consistency between the TMD
polarizing fragmentation and the twist-3 fragmentation contributions generated by the polarized
hyperon. We will here show that the consistency between those two types of contributions in the
intermediate region of 𝑃ℎ𝑇 .

2. Differential cross sections in intermediate transverse momentum region

In the transversely polarized hyperon production, 𝑒(ℓ) + 𝑝(𝑝) → 𝑒(ℓ′) + Λ↑ (𝑃ℎ, 𝑆⊥) + 𝑋 , the
differential cross section was derived within the collinear twist-3 factorization formalism,

𝑑6𝜎

𝑑𝑥𝑏 𝑗𝑑𝑄
2𝑑𝑧 𝑓 𝑑𝑞

2
𝑇
𝑑𝜙𝑑𝜒

= F1 sinΦ𝑆 + F2 sinΦ𝑆 cos(𝜙 − 𝜒) + F3 sinΦ𝑆 cos 2(𝜙 − 𝜒)

+ F4 cosΦ𝑆 sin(𝜙 − 𝜒) + F5 cosΦ𝑆 sin 2(𝜙 − 𝜒), (1)

where 𝑄2 = −𝑞2 = −(ℓ − ℓ′)2, 𝑥𝑏 𝑗 = 𝑄2/(2𝑝 · 𝑞), 𝑧 𝑓 = 𝑝 · 𝑃ℎ/(𝑝 · 𝑞) and 𝑞𝑇 = 𝑃ℎ𝑇/𝑧 𝑓 . Φ𝑆 is
the azimuthal angle of the transverse spin vector ®𝑆⊥. 𝜙 and 𝜒 are, respectively, azimuthal angles
of the lepton plane and the hadron plane. The explicit forms of F1,2,3,4,5 are given in [5, 6]. The
twist-3 cross section is valid as long as Λ𝑄𝐶𝐷 ≪ 𝑃ℎ𝑇 is satisfied. In the intermediate region
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Λ𝑄𝐶𝐷 ≪ 𝑃ℎ𝑇 ≪ 𝑄, the contribution from F1 becomes dominant and it is reduced to

F1 =
−4𝛼𝑠𝑀ℎ𝜎0

4𝜋3𝑞3
𝑇

[
𝑓1(𝑥𝑏 𝑗)

∫
𝑑𝑧

𝑧

(
𝐴 − 1

4
𝐵

)
+ 𝐶𝐹𝐷

⊥(1)
1𝑇 (𝑧 𝑓 )

∫
𝑑𝑥

𝑥
𝑓1(𝑥)

1 + 𝑥2

(1 − 𝑥)+

+2𝐶𝐹 𝑓1(𝑥𝑏 𝑗)𝐷⊥(1)
1𝑇 (𝑧 𝑓 ) ln

𝑄2

𝑞2
𝑇

]
, (2)

where 𝑀ℎ is the hyperon mass, 𝛼𝑠 = 𝑔2/(4𝜋) is the strong coupling constant, 𝐶𝐹 = (𝑁2 − 1)/(2𝑁)
and 𝜎0 = 𝛼2

𝑒𝑚(1 − 𝑦 + 𝑦2/2)/𝑄4 with the DIS inelasticity parameter 𝑦 = 𝑝 · 𝑞/(𝑝 · ℓ). The 𝑓1(𝑥) is
the unpolarized twist-2 PDF. 𝐴 and 𝐵 are given by

𝐴 =
𝐷𝑇 (𝑧)

𝑧

(
−𝐶𝐹 (1 + 2𝑧) − 1

2𝑁
1 + 𝑧2

𝑧

)
+

(
𝜕

𝜕 (1/𝑧)
𝐷

⊥(1)
1𝑇 (𝑧)
𝑧

) (
− 1

2𝑁
1 + 𝑧2

𝑧

)
+ 𝐷

⊥(1)
1𝑇 (𝑧)

(
𝐶𝐹

𝑧(1 + 𝑧)
(1 − 𝑧)+

)
+

∫
𝑑

(
1
𝑧′

)
1/𝑧

1/𝑧 − 1/𝑧′ℑ𝐷𝐹𝑇 (𝑧, 𝑧′)
{

1
1/𝑧′

1
2𝑁

2 − 𝑧

𝑧
+ 1

1/𝑧′ − 1/𝑧 𝑓

(
𝐶𝐹 + 1

2𝑁

)
(1 + 𝑧)

}
+

∫
𝑑

(
1
𝑧′

)
1/𝑧

1/𝑧 − 1/𝑧′ℑ𝐺𝐹𝑇 (𝑧, 𝑧′)
{

1
1/𝑧′

1
2𝑁

− 1
1/𝑧′ − 1/𝑧 𝑓

(
𝐶𝐹 + 1

2𝑁

)
(1 − 𝑧)

}
, (3)

and

𝐵 = 2𝐶𝐹 𝑧
2
[
(1 − 𝑧) (−2 + 𝑧2)

𝑧2 𝐺
(1)
𝑇

(𝑧) − 2
(1 − 𝑧)

𝑧
Δ𝐻

(1)
𝑇

(𝑧) +
∫

𝑑

(
1
𝑧′

)
1

1/𝑧 − 1/𝑧′
(1 − 𝑧)
𝑧2

×ℑ
{
4(2 − 3𝑧 + 𝑧2)𝑁1

(
1
𝑧′
,
1
𝑧

)
+ 2(2 − 3𝑧)𝑁2

(
1
𝑧′
,
1
𝑧

)
− 2(2 − 3𝑧 + 2𝑧2)𝑁2

(
1
𝑧
− 1
𝑧′
,
1
𝑧

)}
+
∫

𝑑

(
1
𝑧′

)
1
𝑧

(
1

1/𝑧 − 1/𝑧′

)2 (1 − 𝑧)
𝑧2

×ℑ
{
(4 − 4𝑧 + 𝑧2)𝑁1

(
1
𝑧′
,
1
𝑧

)
+ (4 − 4𝑧 + 𝑧2)𝑁2

(
1
𝑧′
,
1
𝑧

)
− 2(2 − 2𝑧 + 𝑧2)𝑁2

(
1
𝑧
− 1
𝑧′
,
1
𝑧

)}
+
∫

𝑑

(
1
𝑧′

)
1

1/𝑧 − 1/𝑧′
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1
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1
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1
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+
∫
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)
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(
1
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,
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(
1
𝑧′
,
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)
+ 2(2 − 2𝑧 + 𝑧2)𝑂2

(
1
𝑧
− 1
𝑧′
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)}
+ 1
𝐶𝐹

∫
𝑑

(
1
𝑧′

)
ℑ𝐷𝐹𝑇

(
1
𝑧′
,

1
𝑧′

− 1
𝑧
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×
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−4

(1 − 𝑧)
𝑧2 (2 − 3𝑧 + 𝑧2) + 1

𝑁

1
𝑧

1
1/𝑧 − 1/𝑧′

−1
𝑧
(2 − 𝑧) + 1

𝑁

1
1 − 𝑧 𝑓 /𝑧′

(−𝑧) (−2 + 𝑧)
}

+ 1
𝐶𝐹

∫
𝑑

(
1
𝑧′

)
ℑ𝐺𝐹𝑇

(
1
𝑧′
,

1
𝑧′

− 1
𝑧

) {
1
𝑁

1/𝑧
1/𝑧 − 1/𝑧′ +

1
𝑁

1
1 − 𝑧 𝑓 /𝑧′

(−𝑧2)
}]

, (4)
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DT , D
⊥(1)
1T D̂FT , ĜFT Ĝ

(1)
T , ∆Ĥ

(1)
T

N̂1,2, Ô1,2 D̃FT , G̃FT

Figure 1: Feynman diagrams contributing to the polarizing FF 𝐷⊥
1𝑇 in 𝑞𝑇 ≫ ΛQCD. The mirror diagrams

should be also included. Each upper blob denotes the corresponding twist-3 FFs. The white lower blobs
represent all of the possible diagrams.

where 𝑧 = 𝑧 𝑓 /𝑧. The definitions of all the twist-3 collinear FFs are introduced in [7, 8]. On the
other hand, the polarizing FF 𝐷⊥

1𝑇 contribution in the TMD factorization formalism is given by
[9, 10]

𝑑6𝜎

𝑑𝑥𝑏 𝑗𝑑𝑄
2𝑑𝑧 𝑓 𝑑𝑞

2
𝑇
𝑑𝜙𝑑𝜒

= −𝑧2
𝑓𝜎0 sinΦ𝑆

∫
𝑑2®𝑘⊥𝑑2 ®𝑝⊥𝑑2 ®𝜆⊥𝛿2( ®𝑘⊥ − ®𝑝⊥ + ®𝜆⊥ − ®𝑃ℎ𝑇/𝑧 𝑓 )

×
®𝑝2
⊥

𝑞𝑇𝑀ℎ

𝑓1(𝑥𝑏 𝑗 , 𝑘2
⊥)𝐷⊥

1𝑇 (𝑧 𝑓 , 𝑧
2
𝑓 𝑝

2
⊥)𝑆−1(𝜆2

⊥)𝐻 (𝑄2), (5)

where 𝑓1(𝑥𝑏 𝑗 , 𝑘2
⊥), 𝑆(𝜆2

⊥) and 𝐻 (𝑄2) are the unpolarized TMD PDF, the soft factor and the hard
factor, respectively. If the transverse components are large, Λ𝑄𝐶𝐷 ≪, 𝑘⊥, 𝑝⊥, 𝜆⊥, TMD functions
can be expressed in terms of the collinear functions[1],

𝑓1(𝑥𝑏 𝑗 , ®𝑘2
⊥) =

𝛼𝑠𝐶𝐹

2𝜋2®𝑘2
⊥

∫
𝑑𝑥

𝑥
𝑓1(𝑥)

[
1 + 𝑥2

(1 − 𝑥)+
+ 𝛿(1 − 𝑥)

(
ln

𝑥2
𝑏 𝑗
𝜁2

®𝑘2
⊥

− 1

)]
,

𝑆−1( ®𝜆2
⊥) = − 𝛼𝑠𝐶𝐹

2𝜋2 ®𝜆2
⊥
(ln 𝜌2 − 2), (6)

where 𝜁2 = (2𝑣 · 𝑝)2/𝑣2 and 𝜌2 = (2𝑣 · 𝑣̃)2/(𝑣2𝑣̃2) with non-lightlike vectors 𝑣 and 𝑣̃ to regulate the
light cone singularities. The hard factor takes the form of 𝐻 (𝑄2) = 1+O(𝛼𝑠). The 𝑃ℎ𝑇 -dependence
of the polarizing FF 𝐷⊥

1𝑇 (𝑧 𝑓 , 𝑃ℎ𝑇 ) can be obtained by the perturbative calculation of the diagrams
shown in Fig. 1, which gives the factorized expression for 𝐷⊥

1𝑇 (𝑧 𝑓 , 𝑃ℎ𝑇 ) in terms of the collinear
twist-3 FFs as

𝐷⊥
1𝑇 (𝑧 𝑓 , 𝑃

2
ℎ𝑇 ) =

𝛼𝑠

2𝜋2

2𝑀2
ℎ
𝑧2
𝑓

𝑃4
ℎ𝑇

[∫
𝑑𝑧

𝑧

(
𝐴 − 1

4
𝐵

)
+ 𝐶𝐹𝐷

⊥(1)
1𝑇 (𝑧 𝑓 )

(
ln

𝜁2

𝑃2
ℎ𝑇

− 1

)]
, (7)

where 𝜁2 = (2𝑃ℎ · 𝑣̃)2/𝑣̃2, 𝐴 and 𝐵 are, respectively, given in (3) and (4). It is critically important
that 𝐷⊥

1𝑇 is written in terms of 𝐴 and 𝐵 which appear in F1 in the collinear twist-3 factorization.
The cross section (5) receives the leading 𝛼1

𝑠-contribution from three integral regions

®𝑝⊥, ®𝜆⊥ ≪ ®𝑘⊥ ≃ ®𝑞𝑇 , ®𝑘⊥, ®𝜆⊥ ≪ ®𝑝⊥ ≃ ®𝑞𝑇 , ®𝑘⊥, ®𝑝⊥ ≪ ®𝜆⊥ ≃ ®𝑞𝑇 . (8)

Subsituting (6) and (7) into (5), one can finally confirm that the two approaches lead to the same
cross section in the intermediate region of the transverse momentum ΛQCD ≪ 𝑞𝑇 ≪ 𝑄.

4



P
o
S
(
D
I
S
2
0
2
4
)
2
3
3

Matching between TMD and twist-3 factorizations in the transversely polarized hyperon productionShinsuke
Yoshida

3. Summary

We have examined the consistency between the TMD factorization and the collinear twist-3
factorization for the hyperon transverse polarization in SIDIS with respect to the twist-3 quark and
gluon FF contributions. We have demonstrated that the collinear twist-3 cross section consistently
matches the TMD cross section in the intermediate region of the transverse momentum of the final
hyperon. This supports the idea that the two frameworks represent a unique QCD origin for the
transverse polarization of the hyperon.
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