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We present the first lattice QCD calculation of the rapidity anomalous dimension of transverse-
momentum-dependent distributions (TMDs), i.e. the Collins-Soper (CS) kernel, employing the
recently proposed Coulomb-gauge-fixed quasi-TMD formalism as well as a chiral-symmetry pre-
serving lattice discretization.

This unitary lattice calculation is conducted using the domain wall fermion discretization scheme,
a fine lattice spacing of approximately 0.08 fm, and physical values for light and strange quark
masses. The CS kernel is determined analyzing the ratios of pion quasi-TMD wave functions
(quasi-TMDWFs) at next-to-leading logarithmic (NLL) perturbative accuracy.

Thanks to the absence of Wilson-lines, the Coulomb-gauge-fixed quasi-TMDWF demonstrates a
remarkably slower decay of signals with increasing quark separations. This allows us to access the
non-perturbative CS kernel up to transverse separations of 1 fm. For small transverse separations,
our results agree well with perturbative predictions. At larger transverse separations, our non-

perturbative CS kernel clearly favors certain global fits.
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1. Introduction

The Collins-Soper kernel, describing the rapidity scale evolution of transverse-momentum-
dependent distributions (TMDs), is essential in interpreting experimental data of TMD measure-
ments across different energy scales and connecting them to theory predictions. While the CS kernel
can be extracted through global analysis of semi-inclusive deep inelastic scattering and Drell-Yan
processes, parameterizing these often introduces model dependencies, particularly at low trans-
verse momenta. Therefore, model-independent, first-principle calculations via lattice Quantum
Chromodynamics are highly desirable.

Light-cone correlations, such as TMDs, can be accessed in lattice QCD through the framework
of Large-Momentum Effective Theory (LaMET) [1, 2]. TMDs defined on the light-cone are related
to quasi-TMDs in the large momentum and 1 — oo limit through perturbative factorization [3, 4].
The quasi-TMDs involve matrix elements of equal-time gauge-invariant operators

o (b; ) =1/?(2)er (g,—g,n)w(—g), (1)
with b = (b, b,) and W+, a staple-shaped Wilson-line of length 21 + b,.

Despite many advancements, lattice QCD calculations of TMDs remain challenging. A large
momentum P, is required to suppress power corrections, which requires fine lattice spacings and
incurs large numerical costs. Furthermore, the space-like Wilson-line introduces a signal-to-noise
ratio that decays exponentially with the total length of the Wilson-line, making it particularly difficult
to complement phenomenological analyses in the large b, region. Complicated behavior of the
Wilson-line under renormalization only exacerbates these problems.

Recently, a new approach for Parton physics calculations based on Coulomb-gauge-fixed oper-
ators has been proposed [5, 6] which eliminates the need for Wilson-lines and thereby simplifying
lattice calculations significantly. In the Coulomb-gauge-fixed approach, quasi-TMDs defined via
matrix elements of the form

osvw=s 3o

; 2

V-A=0

subject to the Coulomb gauge condition but without the presence of a Wilson-line, are studied. It
has been shown that these quasi-TMDs can be related to the light-cone TMDs in physical gauge [6].

The Collins-Soper kernel does not depend on the external states and can therefore be extracted,
for example, via the pion quasi-TMD wavefunction, defined as the Fourier transform of

(i)r(bJ_’ bz’ PZ’ ,Ll) = <Q|Or(b)|ﬂ+>PZ>v (3)

with momentum P = (0,0, P;). The pion quasi-TMDWF can be related to the light-cone TMDWF
o(x, by, ¢, 1) via
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where H(x, X, P,, ) is a matching kernel that can be computed from perturbation theory [6],
S,(b, u) is the reduced soft function and ym(b 1, () is the Collins-Soper kernel.

We will use this relation to extract the Collins-Soper kernel through the ratios of quasi-TMDWFs
at different momenta in the next sections.

2. Quasi-TMDWF

We compute the bare matrix elements of the pion quasi-TMDWF via the two-point correlation
functions

Cro(tss b1, by, P;) = (Or(b, P, 1)1 (yo, 0)), )
Crrlts, P;) = (n(P, 1)1 (yo, 0)), (©6)

which we compute with both quasi-TMD operator cases (1) and (2). yo denotes the source position,
ts is the time separation and we chose I' = y,ys because it does not suffer from operator mixings
due to chiral symmetry breaking. We utilize the 641 gauge field ensemble generated by the RBC
and UKQCD collaborations which uses 2+1-flavor Domain wall fermions on a N} X N; X Ls =
643 x 128 x 12 lattice with physical quark masses and a lattice spacing of a = 0.0836 fm. In total,
64 gauge field configurations were analyzed. In order to obtain the gauge invariant matrix elements
we use staple shaped Wilson-lines with = 12a and employ Wilson flow with a flow time ¢ = 1.0
to enhance signal-to-noise ratio. For more details on the computational setup, we refer to [7].
We form the ratios

—lCﬂ-O(ts’ bJ_’ bZ’ PZ)
Cﬂ'ﬂ'(tS;PZ) '

R(ts, bJ_’ bZ! PZ) = (7)

which give access to the bare matrix element ¢5 (b, b,, P,, a) in the t; — oo limit. We fit the data
with a two-state fit and then form renormalization group invariant ratios

Q;gl(bJ_, bZ’PZ’ n, CZ) (ﬁgG(bls bZ’PZ> a)
égl(bb(),oa’]’a) ’ ﬁgG(bl,O,O,a) '

In the Coulomb-gauge-fixed case, the bare matrix elements pick up an overall wave function

&G (by, by, P,) = and ®“%(by,b,, P,) = ®)

renormalization factor that is independent of b, and b,. In the gauge-invariant case, however, the
Wilson-line requires the removal of additional pinch pole singularities, linear divergences and cusp
divergences, which depend on the total length of the Wilson-line, 2 + b, and are cancelled in
equation (8).

We show the results for the renormalized matrix elements for the largest available momentum
P, = 1.85 GeV and b, = 2a, 6a,8a as a function of b, in Figure 1. In the Coulomb-gauge-fixed
case, we maintain a good signal up to the highest b, values, whereas the signal-to-noise ratio
deteriorates quickly in the gauge-invariant case as seen most prominently in the b, = 8a data points
(green) in Figure 1. Furthermore, the imaginary part of the renormalized quasi-TMDWF matrix
elements remains zero within errors in the Coulomb-gauge-fixed case while the gauge-invariant
case shows non-zero values. Additionally, the real part of the matrix elements approach zero as b,
is increased, a fact that we exploit to perform the Fourier transform to x-space after interpolating
our quasi-TMDWF matrix elements with first-order splines.
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Figure 1: Real (left) and imaginary (right) parts of the renormalized quasi-TMDWF matrix elements at
b, = 2a,6a,8a with momentum n, = 8 for the Coulomb-gauge-fixed (filled squares) and gauge invariant
case (open circles).
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Figure 2: Left: x-space quasi-TMDWF matrix elements determined via the Coulomb-gauge-fixed method
at momenta n, € [4,8] and transverse separations b, = 10a. Right: Collins-Soper kernel estimators
IMS(x, b, Py, Py, p) derived from ratios of the quasi-TMDWFs.

As seen in Figure 2 (left), we find reasonable signal-to-noise ratios up to b, = 10a although
the noise does increase with increasing momentum. Furthermore, the quasi-TMDWFs shrink into
the physical x € [0, 1] region as the momentum is increased, consistent with the expectations from
LaMET that the quasi-TMDWF approaches the light-cone TMDWF in the large momentum limit.

3. The Collins-Soper kernel

We define estimators for the CS kernel via a ratio of quasi-TMDWFs at two finite momenta P,
and P»,

+6yMS(x, g, Py, Py). )

~MS 1 d)x’b , P>
yMS(x’ b_]_, Pl, P2, l,[) = [ ( 1 )

nj|—<
ln(PZ/Pl) (D('x’bJ_,Pl)

We applied the perturbative corrections & ym derived from next-to-leading logarithm matching
kernels for the Coulomb-gauge-fixed case as only one-loop non-cusp computations are available.
The MS-scale has been set to u = 2 GeV. In Fig.2 (right), we show the estimators obtained from
(9) for the Coulomb-gauge-fixed case and various pairs of momenta n; and n; in x-space. Robust
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plateaus are found in the moderate x-region even up to the largest b, used. The estimators seem to
diverge in the end-point regions of small and large x, signaling a breakdown of factorization. The
length of these plateaus, however, increases with increasing momentum.

No momentum dependence is found in the case of large b, , indicating well suppressed power
corrections even in the presence of larger statistical uncertainties at large momentum.

Finally, we average over the estimator ?m(x, by, u, Py, Py) within x € [xp, 1 — xp] and varying
n and ny pairs, considering only pairs with n, —n; = 1. xg is determined by requiring 2xoP,b, > 1
and 2xoP, > 0.7 GeV. Averages over x and different n; /n; pairs are carried out for each bootstrap
sample of gauge field configurations and the results are quoted from the median and 68% confidence
limit of the bootstrap sample distribution. The full results for the Collins-Soper kernel determined
with the Coulomb-gauge-fixed method are shown in Figure 3 as black points and black patches,
showing the results when excluding or including n;/n, = 6/7 and 7/8, respectively. Results for
the gauge-invariant approach are shown via blue points and patches and are consistent with the
Coulomb-gauge-fixed method at small b, though results beyond b, = 4a are excluded due to too

large noise.
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Figure 3: The CS kernel as a function of transverse separation b, . Results from the CG quasi-TMDWFs are
shown as black points and patches. The results from the GI quasi-TMDWFs are shown as blue points and
patches. Phenomenological parameterizations of experimental data are shown in colored bands, including
data from MAP24[11], ART23[8], IFY23[9] and HSO24[10]. Furthermore, perturbative results up to N 3LL
are shown.

4. Conclusion

We performed the first lattice QCD calculation of the Collins-Soper kernel using the recently
proposed Coulomb-gauge-fixed quasi-TMD method with Domain-Wall fermions and physical quark
masses. We find the Coulomb-gauge-fixed method to produce significantly better signal-to-noise
ratios compared to the gauge-invariant method, allowing us to extend our calculations of the Collins-
Soper kernel to large values of b, . Additionally, our results agree well with the established gauge-
invariant method as well as recent phenomenological parameterizations of experimental data and we
are able to reproduce the linear b, -dependence found in the phenomenological parameterizations.
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