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Theoretical investigation of photoelectron angular
distribution in an XUV-pump XUV-probe scheme in
C III ion
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The angular distributions of photoelectrons in a pump-probe scheme using linearly polarized XUV
radiation for measuring the lifetime of odd singlet excited states of C III are theoretically inves-
tigated via density matrix formalism. The structure calculations have been performed within the
Dirac-Fock-Slater model-potential method in conjunction with the distorted wave approximation
for continuum states. General analytical expressions are provided for the angular distributions
of photoelectrons in terms of statistical tensors. We show that the alignment build-up in the
intermediate states drastically increases the anisotropies in the angular distributions of photoelec-
trons due to the fourth-order Legendre polynomial contributions caused by 𝜖𝑑 electrons forming
coupled states of total angular momentum 𝐽 = 2. These calculations may be useful for a better
understanding of pump-probe results.
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The angular distribution of photoelectrons from C III Cristian Iorga

1. Introduction

The lifetime measurement of ultra-short-lived energy levels belonging to highly charged heavy
Be-like ions has been proposed via an XUV pump-XUV probe scheme [1]. The ions, in their ground
state 1𝑠22𝑠2 1𝑆𝑒0 , are excited to the desired level 1𝑠22𝑠𝑛𝑝 1𝑃𝑜1 with 𝑛 = 2 − 5 using the linearly
polarized pumping pulse, followed by a controlled temporal delay during which they undergo
radiative decay. In the probing stage, the resulting ionic ensemble interacts with a secondary
linearly polarized pulse and, depending on the photon energy, is either excited to a higher bound
level or ionized. By measuring the population of 1𝑠22𝑠𝑛𝑝 1𝑃𝑜1 levels for different temporal delays,
the decay curve can be determined. In a previous paper [2], we showed that the anisotropies in
the fluorescence angular distributions are strongly enhanced by the alignment of the intermediate
state created by the linearly polarized pumping pulse. By choosing the quantization axis along the
electric field of the linearly polarized pump and probe pulses, we obtained an enhanced asymmetry
parameter corresponding to the second-order Legendre polynomial as well as a new contribution
of fourth-order in the fluorescence angular distribution. However, since the analysis was performed
within the electric dipole approximation, the fourth-order contributions are automatically neglected,
as they require quadrupole (or higher) transitions, which are significantly weaker.

If the probing pulse has high enough photon energy to ionize the excited Be-like ions, the
second- and fourth-order Legendre polynomial contributions will manifest in the angular distribution
of photoelectrons. In contrast to fluorescence, where the rank-four statistical tensor of the excited
bound state couples to the photon density matrix only via weak higher-order multipole transitions
(𝐿 ≥ 2), the rank-four tensor of the ionized state arises from electron 𝑑 waves or higher (𝑙 ≥ 2)
generated in strong, non-negligible bound–free transitions.

Photoionization of Be-like ions just above the first threshold from 1𝑠22𝑠𝑛𝑝 1𝑃𝑜1 leads to Li-like
state 1𝑠22𝑠 2𝑆𝑒1/2 coupled with 𝜖 𝑠 or 𝜖𝑑 electronic orbitals to form states of total angular momentum
𝐽 = 0, 1, 2 as per the electric dipole selection rules [3]. The key difference compared to the angular
distribution of fluorescence is that the 𝑛𝑝 − 𝜖𝑑 transition is quite prominent leading to enhanced
fourth-order Legendre polynomial contributions [4] in the photoelectron angular distribution.

This paper is structured as follows. The next section contains the general density matrix
analytical calculation where we determine the angular distribution of photoelectrons based on the
statistical tensors approach. The third section provides explicit results for the photoionization of
Be-like 𝐶 𝐼𝐼 𝐼 ion from 1𝑠22𝑠𝑛𝑝 1𝑃𝑜1 levels. The fourth section gives the concluding remarks.

2. Density matrix approach

We consider the pump (photoexcitation)-probe (photoionization) scheme [1] in the following.
The incoherent pumping of an atomic system by linearly polarized light leads to an ensemble of
excited ions described by the density matrix [2]:

𝜌̂𝑏 =
∑︁
𝑘=0,2

〈
𝑇
†
𝑘0(𝛼𝑏𝐽𝑏)

〉
𝑇𝑘0(𝛼𝑏𝐽𝑏) (1)

where the statistical tensor was previously deduced in equation A26 of an earlier work [2]. The
𝑘 = 2 contribution corresponds to the existence of a non-zero alignment in the bound states given by
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A2(𝛼𝑏𝐽𝑏) =
〈
𝑇
†
20(𝛼𝑏𝐽𝑏)

〉
/
〈
𝑇
†
00(𝛼𝑏𝐽𝑏)

〉
. During the delay stage, the interaction with the vacuum

electromagnetic field fluctuations leads to radiative decay Γ𝑏 of the bound states. Assuming a
photon beam 𝜌̂𝛾2 of same linear polarization as the pumping pulse acts on the ensemble of excited
atoms, the density matrix describing the system prior to the interaction is given by [2]:

𝜌̂𝑑 = 𝑒−Γ𝑏𝑇𝑑 𝜌̂𝑏 ⊗ 𝜌̂𝛾2 (2)

We now extend the statistical tensor approach [4, 5] to relativistic continuum states. Only direct
channels are considered. The ionized states are described in the spherical basis |𝛼𝑡𝐽𝑡 , 𝜖 𝜅; 𝐽𝑀⟩ where
𝛼𝑡𝐽𝑡 is the "threshold" state containing 𝑁 − 1 electrons, 𝜖𝜅 is the photoelectron of energy 𝜖 and
relativistic angular momentum 𝜅 = (𝑙 − 𝑗) (2 𝑗 + 1), and 𝐽 is the total angular momentum of the
system with projection 𝑀 . The statistical tensors corresponding to the ionized states are given by:〈
𝑇
†
𝐾𝑄

(𝜖 ′𝜅′𝐽′; 𝜖𝜅𝐽)
〉
=
∑︁
𝑀′𝑀

(−1)𝐽 ′−𝑀′

(
𝐽′ 𝐽 𝐾

𝑀 ′−𝑀−𝑄

)√︁
[𝐾] ⟨𝛼𝑡𝐽𝑡 , 𝜖 ′𝜅′; 𝐽′𝑀 ′ | 𝜌̂𝑑 (𝛿𝑡2) |𝛼𝑡𝐽𝑡 , 𝜖 𝜅; 𝐽𝑀⟩ (3)

where we only considered the first ionization threshold and 𝜌̂𝑑 (𝛿𝑡2) = Û(𝛿𝑡2) 𝜌̂𝑑Û†(𝛿𝑡2). By using
angular momentum algebra and Wigner 3 𝑗 symbol sum rules [4, 5], we arrive at:〈

𝑇
†
𝐾𝑄

(𝜖 ′𝜅′𝐽′; 𝜖𝜅𝐽)
〉
= 𝑒−Γ𝑏𝑇𝑑

2𝜋𝑒2ℏ2𝜔𝜖 ′𝑏𝜔𝜖 𝑏
ℏ𝜔2𝑉

C 𝜖 ′ 𝜖𝑏𝑏

∑︁
𝑘=0,2

〈
𝑇
†
𝑘0(𝛼𝑏𝐽𝑏)

〉 〈
𝛼𝑡𝐽𝑡 , 𝜖

′𝜅′; 𝐽′ ∥ 𝑟1 ∥ 𝛼𝑏𝐽𝑏
〉

×
〈
𝛼𝑡𝐽𝑡 , 𝜖 𝜅; 𝐽 ∥ 𝑟1 ∥ 𝛼𝑏𝐽𝑏

〉∗ √︁[𝑘, 𝐾] (−1)𝐾+1
𝑀𝑖𝑛[𝐾+𝑘,2]∑︁

𝑘𝛾2=𝑀𝑎𝑥 [ |𝐾−𝑘 | ,0]
[𝑘𝛾2]

(
𝐾𝑘𝑘𝛾2

0 0 0

) (
𝑘𝛾211
0 00

) 
𝐽 1 𝐽𝑏

𝐽′ 1 𝐽𝑏

𝐾𝑘𝛾2 𝑘

 𝛿𝑄,0
(4)

The final ensemble is then given by the density matrix:

𝜌̂ 𝑓 =
∑︁

𝐾=0,2,4

∫
𝑑𝜖

∫
𝑑𝜖 ′

∑︁
𝜅𝐽,𝜅 ′𝐽 ′

〈
𝑇
†
𝐾0(𝜖𝜅𝐽, 𝜖

′𝜅′𝐽′)
〉
𝑇𝐾0(𝜖𝜅𝐽, 𝜖 ′𝜅′𝐽′) (5)

containing𝐶 𝐼𝑉 ions with their corresponding photoelectrons. The photoelectrons’ reduced density
matrix is extracted by taking the trace over all available 𝐶 𝐼𝑉 ion states:

𝜌̂𝑝𝑒 =
∑︁
𝛼𝑡 𝐽𝑡𝑀𝑡

〈
𝛼𝑡𝐽𝑡𝑀𝑡 | 𝜌̂ 𝑓 |𝛼𝑡𝐽𝑡𝑀𝑡

〉
(6)

Performing the angular couplings and connecting the spherical channels to the plane wave expansion
leads to the angular distribution of photoelectrons:∑︁

𝜎=± 1
2

〈
®𝑝𝜎

��𝜌̂𝑝𝑒�� ®𝑝𝜎〉
=

∑︁
𝜅𝐽,𝜅 ′𝐽 ′

∑︁
𝐾=0,2,4

〈
𝑇
†
𝐾𝑄

(𝜖𝑝𝜅𝐽, 𝜖𝑝𝜅′𝐽′)
〉
𝑖𝑙−𝑙

′
𝑒𝑖 (𝛿𝜅′−𝛿𝜅 ) (−1)𝐽−𝐽𝑡−2 𝑗−1/2

×
√︁
[𝐽, 𝐽′, 𝑗 , 𝑗 ′, 𝐾]

(
𝑙 𝑙′ 𝐾

0 0 0

) {
𝑙 𝑙′ 𝐾

𝑗 ′ 𝑗 1
2

} {
𝐽 𝐽′ 𝐾

𝑗 ′ 𝑗 𝐽𝑡

}
𝑃𝐾 (cos 𝜃𝑝) (7)

where [ 𝑗] = 2 𝑗+1 is the multiplicity, 𝜖𝑝 is the energy corresponding to an electron of | ®𝑝 | momentum,
and 𝛿𝜅,𝜅 ′ are the phase shifts. These results are applicable to any atomic system subjected to a
pump (photoexcitation)-probe (photoionization) scheme using linearly polarized pulses, provided
one has knowledge on the bound-free electric dipole elements and phase shifts. Next, we apply this
approach to the 𝐶 𝐼𝐼 𝐼 ion.
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Figure 1: Angular distributions of photoelectrons (𝜖 = 5.56𝑒𝑉) in the photoionization of 𝐶 𝐼𝐼 𝐼 ion from
1𝑠22𝑠𝑛𝑝 1𝑃𝑜1 states with 𝑛 = 2 (left) to 𝑛 = 5 (right). The top distributions are computed accounting for an
intermediate alignment A2 (𝛼𝑏𝐽𝑏) = −

√
2, while the bottom distributions ignore the intermediate alignment

A2 (𝛼𝑏𝐽𝑏) = 0. The coordinate system is defined such that the pump and probe pulses are aligned along the
z-axis which is directed upwards. Only direct channels are considered for this photoelectron energy.

3. Results and discussion

The photoionization cross section of ions excited in state 𝛼𝑏𝐽𝑏 is obtained by integrating the
rate over the solid angle, which is then divided by the photon flux:

𝜎𝑏 (𝜖𝑝) = 4𝜋
𝑉

𝑐

∑︁
𝜅𝐽

〈
𝑇
†
00(𝜖𝑝𝜅𝐽)

〉 √︁
[𝐽]
[𝑙] (8)

The angular distribution of photoelectrons can then be factorized into:∑︁
𝜎=± 1

2

〈
®𝑝𝜎

��𝜌̂𝑝𝑒�� ®𝑝𝜎〉
=
𝜎𝑏 (𝜖𝑝)𝑐

4𝜋𝑉
[
1 + 𝛽2(𝜖𝑝)𝑃2(cos 𝜃𝑝) + 𝛽4(𝜖𝑝)𝑃4(cos 𝜃𝑝)

]
(9)

with the asymmetry parameters given by:

𝛽𝐾 (𝜖𝑝) =
[∑︁
𝜅𝐽

〈
𝑇
†
00(𝜖𝑝𝜅𝐽)

〉 √︁
[𝐽]
[𝑙]

]−1 ∑︁
𝜅𝐽,𝜅 ′𝐽 ′

〈
𝑇
†
𝐾0(𝜖𝑝𝜅𝐽, 𝜖𝑝𝜅

′𝐽′)
〉
𝑖𝑙−𝑙

′
𝑒𝑖 (𝛿𝜅′−𝛿𝜅 )

(−1)𝐽−𝐽𝑡−2 𝑗−1/2√︁[𝐽, 𝐽′, 𝑗 , 𝑗 ′, 𝐾]
(
𝑙 𝑙′ 𝐾

0 0 0

) {
𝑙 𝑙′ 𝐾

𝑗 ′ 𝑗 1
2

} {
𝐽 𝐽′ 𝐾

𝑗 ′ 𝑗 𝐽𝑡

}
(10)
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The structure of 𝐶 𝐼𝐼 𝐼 ion has been computed using the Flexible Atomic Code [6]. In
order to highlight the importance of alignment build-up A2(𝛼𝑏𝐽𝑏) = −

√
2 in the intermediate

levels 1𝑠22𝑠𝑛𝑝 1𝑃𝑜1 , we provide the asymmetry parameters and angular distributions with and
without the intermediate alignment in figure 1. Drastic anisotropy enhancements are observed due
to the high values of 𝛽4 asymmetry parameters caused by the strong 𝑛𝑝 − 𝜖𝑑 transitions. The
fourth-order Legendre polynomial contributions can only appear if triangular rules [7] for the total
angular momentum Δ(4𝐽𝐽′) and for the partial waves of the photoelectron Δ(4𝑙𝑙′) are respected
simultaneously, hence only the 𝜖𝑑 electrons forming a compund state of 𝐽 = 2 can contribute.

It is worth mentioning that the sequential two-photon absorption from ground state 𝐽𝑖 = 0 to
final state 𝐽 = 1 via intermediate 𝐽𝑏 = 1 level is strictly forbidden by the electric dipole selection
rules, as shown in our previous paper [2]. Since 𝐽 = 1 coupled states are forbidden and 𝐽 = 0
are less likely due to angular coupling, the 𝐽 = 2 are populated the most, thus explaining the high
values for the 𝛽4 asymmetry parameters.

4. Conclusion

The statistical tensors approach has been extended for relativistic continuum electronic states in
order to determine the photoelectron angular distributions from sequential excitation and subsequent
ionization of highly-charged heavy ions in a pump-probe scheme using linearly polarized pulses.
High-order anisotropies associated with increasing orbital angular momentum of photoelectrons
are predicted when accounting for the alignment of intermediate states. We provided explicit
calculations for 𝐶 𝐼𝐼 𝐼 ion, but the analytical forms for the statistical tensors and asymmetry
parameters are generally applicable for other atomic systems.
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