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The phase diagram of nuclear matter is one the most fundamental pieces of knowledge in modern
physics, reflecting how QCD governs the thermodynamics of matter under extreme conditions.
Not only related to the understanding of the early Universe, or used to describe the evolution of the
system created in relativistic heavy-ion collisions, it has gained even more insights in the past years
through the observation of neutron star mergers with gravitational waves. I review succinctly here
the main theories, models and approaches used to explore this phase diagram at finite temperature
and densities, as well as the most recent updates in this regard.
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1. Phase diagram & thermodynamics

The phase diagram of nuclear matter gathers all the information about the state of matter
subject to the strong interaction, described by quantum chromodynamics (QCD). It is used to
represent the different phases of QCD matter and transitions, as a function of thermodynamic
variables, characterized by the nuclear equation of state (EoS). It is commonly represented on the
2-dimensional plane of temperature 7' vs. net-baryon chemical potential g, or net-baryon density
npg. Its basic structure, displayed on Fig. 1, comprises two main phases observed to exist: a hadronic
gas at low T and u g, where quarks and gluons are confined into color-neutral objects called hadrons,
and a quark-gluon plasma (QGP) phase at high T and / or up where quarks are deconfined. Atomic
nuclei, composing the cold visible matter we interact with in our daily life, seats at ug ~ 930 MeV
and T =~ 0 MeV, and marks the transition from gaseous to liquid nuclear matter, determined to be a
first-order phase transition with a critical point at 7 ~ 20 MeV and up ~ 20 MeV [1].
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Figure 1: Phase diagram of nuclear matter, displayed as a function of 7 and up.

By studying the properties of neutron stars (NSs) through multi-messenger astronomy [2], one
can also learn about cold and dense matter, up to several times the density of regular nuclear matter
(referred to as saturation density ng). This is usually done by characterizing the NS macroscopical
properties, such as mass and radius from astronomical observations, together with the study of
gravitational waves merger simulations [3].

Down on Earth, one can explore the nuclear phase diagram by studying the evolution of the
extremely hot matter created in heavy-ion collisions (HICs), for which up decreases as one increases
the collision energy, to reach g ~ 0 for the most energetic collisions at several TeV/A in the Large
Hadron Collider (LHC).

However, to infer anything about the nuclear EoS from experimental observations, one needs
to perform quantitative comparisons between measured data and predictions from theoretical and
phenomenological approaches. In this proceedings, I give a brief overview of the latest progress in
theoretical and phenomenological developments to describe the phase diagram of QCD.
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2. First-principle calculations

A common approach to compute the nuclear EoS is to start by determining, from any given
theory or model, one of the thermodynamic functions ¥ (T, u;/n;) such as the grand-canonical
partition function Z or pressure P, for instance. From there, one can derive other thermodynamic
quantities like entropy density s, energy density & or density n; of any conserved charge 7, using the
following relations defined in the grand-canonical limit:
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One of the fundamental properties of QCD is the fact that the magnitude of its coupling
constant e depends on the energy scale Q2 considered, due to the gluon self-interaction. Its value
increases with decreasing Q?, which makes the theory non-perturbative at low Q2. At high-enough
T and/or y;/n; however (usually taken for Q% > 2 GeV), one can employ perturbation theory to
perform direct calculations from elementary QCD Feynman diagrams. In this approach, referred to
as perturbative QCD (pQCD), pressure can be computed directly as a power series of the coupling
constant, order by order [4].

In recent years, most of the progress have been focused on improving calculations for cold
and dense matter, at ng > 40ny,; (wWith ng,, ~ 0.16 fm™>). Notably, the resummation of N3LO
contributions have been entirely determined and partially computed, with improved corrections
reducing the results uncertainties towards lowest reachable densities [S]. The latter is especially
important to help inferring the nuclear EoS between ~ 2 iy, and ~ 40 ng,s, where no first-principle
QCD can be applied (i.e. above chiral effective-field theory [6] and below pQCD respective ranges
of applicability).

In the non-perturbative regime however, no direct analytical solution of QCD can be calculated.
It was thus suggested, early in in the development of QCD theory, to discretize space-time on a
lattice based on the so-called lattice QCD (LQCD) theory, where quarks live on the lattice sites and
gluons are represented by the links [7]. Factually, this is performed by using Monte-Carlo sampling
over many lattice configurations, where simulations are usually achieved at different finite volumes
and lattice spacings to allow for extrapolation to the infinite volume and continuum limits. A very
important result from LQCD simulations is the characterization of the transition line between the
hadron phase and QGP, which nature has been determined to be a smooth crossover, with a crossover
temperature T, (up = 0) = 158.0 £ 0.6 MeV [8].

One major limitation of LQCD is the fact that the employed Monte-Carlo methods suffer from
the infamous sign problem when trying to compute at finite chemical potentials, as the action
becomes complex and cannot be interpreted as a statistical weight anymore. There are yet ways
to circumvent this issue, in order to explore the nuclear phase diagram at finite densities, by using
for instance Taylor expansion around up = 0, or analytical continuation from simulations at purely
imaginary up [9]. The computation of the nuclear EoS at finite densities from y = 0 LQCD
results, though, is usually undertaken through expansion methods. The most commonly employed
in the past decade is the Taylor expansion, where one calculates the pressure at finite up through an
expansion in powers of ug /T, with expansion coefficients being calculated at g = 0 on the lattice.
These coeflicients are the susceptibilities )(l.B , ith-order derivatives of the pressure with respect to



The QCD phase diagram: a (pheno)theoretical overview Johannes Jahan

up. This approach was even extended to additional conserved charges, i.e. electric charge Q and
strangeness S, to produce an EoS at finite independent (T, up, pg, ps) [10]. The Taylor-expanded
EoS is however limited to p/T = 2.5 ~ 3 for all chemical potentials, and is performed at constant
T, thus missing out the curvature of the transition line.

In order to remedy this problem, an alternative expansion scheme was recently developed,
where one starts by computing the density Xf; (T, up) from the LQCD-computed )(f evaluated at
(T”, up = 0), with T’ a shifted temperature expanded in u/T. This so-called 7’-expansion scheme,
which is essentially a resummation of the afore-mentioned Taylor expansion, has been shown
to work up to up/T = 3.5, and to have better convergence properties [11]. The newly-released
generalization of this 7’-expansion to finite (7', ug, 1o, ps) exhibits a significantly larger coverage
of the 4D phase diagram than the 4D Taylor expansion [12].

At last, another approach commonly used to describe QCD at low temperature (' < 120
MeV), where LQCD simulations are too costly, is the hadron resonance gas (HRG) model, based
on Fermi-Dirac and Bose-Einstein statistics and hadrons as fundamental degrees of freedom [13].

3. First-order phase transition & critical point

While the existence of a critical point (CP) in the phase diagram of nuclear matter has been
discussed for more than two decades now [14], a lot of progress has been made in the past five years
towards converging predictions of its location.

Using LQCD simulations at imaginary baryon chemical potential, two separate studies have
recently been able to predict the location of the CP, using Lee-Yang edge singularities extrapolated
to the real plane [15]. Also based on first-principle LQCD results, the authors of Ref. [16] have
predicted the location of a CP through extrapolated contours of constant entropy density. Moreover,
a thorough analysis of the most recent LQCD data using the same technique allowed to put clear
constraints, by excluding its existence for up < 450 MeV at a 20" confidence level [17].

Several radically different effective approaches to QCD have also predicted the existence of a
CP, i.e. functional renormalisation group methods [18], the resolution of a coupled set of truncated
Dyson-Schwinger equations [19], and a holographic EMD black hole model dual to QCD [20]. All
point out to a region relatively close to the LQCD-based projections, within 400 < up < 660 MeV.

4. Constraints from the experiments

A comprehensive understanding of the nuclear EoS necessitates not only theoretical model-
ing, but also confrontation with experimental and observational data. One of the most effective
approaches to achieve this is through simulations, bridging the gap between theory and experiment.
In the context of HICs, such simulations are performed using event generators based on relativistic
hydrodynamic and/or microscopic transport models [21]. On astrophysical scales, simulations of
NS mergers, using frameworks such as relativistic magnetohydrodynamics, are informed by the
same underlying EoS, and provide additional constraints through observables like gravitational
wave signals [22]. At the interface of both these seemingly remote domains, FAIR (Facility for
Antiproton and Ion Research) is expected to play a pivotal role [23], by probing the high-density
and low-temperature region of the QCD phase diagram through HICs, facilitating the connection
with the regime probed by NSs.
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The thermodynamic conditions reached in HICs can be partially inferred through analysis of
freeze-out parameters. Kinetic freeze-out conditions are deduced from the analysis of transverse
momentum spectra, while chemical freeze-out parameters can be extracted by fitting hadron yields
measured in HICs at many collisions energies, using thermal models such as the HRG model. In
Ref. [24], an updated set of freeze-out lines based on a constant energy-per-particle criterion is thus
proposed, setting a lower bound to constrain the theoretical predictions for the location of the CP.

The existence of the CP of QCD is expected to manifest experimentally through non-monotonic
behavior in fluctuation observables. In particular, cumulants of conserved charge distributions
are sensitive probes, as they are predicted to diverge near the critical point in thermodynamic
equilibrium [25]. However, several challenges arise in practice due to the dynamical nature and
finite-size of the short-lived system created in HICs; the choice of proxies used to probe these
conserved charge being one of them. Latest measurement of the net-protons cumulants by the
STAR experiment [26] seem to indicate deviation from non-critical baseline calculations, although
a detailed study of the latter will be needed.

Other experimental observables can also be used to infer thermodynamic properties of the
system created in HICs. The dileptons flow can for instance be used to assess the value of the
temperature in the medium created after the collision, but also to evaluate the shear viscosity to
entropy ratio, which carries information about the equilibration time in the early stage of the system
evolution [27]. The study of hyperon-nucleon and nucleon-nucleon interactions are of primordial
importance as well, to provide a well-constrained description in mean-field models, widely used in
NS modeling [28].

In parallel, astrophysical observations provide independent and complementary constraints on
the nuclear EoS, particularly at high baryon densities. The structure of NSs, governed by the
Tolman-Oppenheimer-Volkoff (TOV) equations, depends sensitively on the EoS. Observables such
as NS masses and radii, tidal deformabilities inferred from gravitational wave signals, and moments
of inertia are used to constrain the stiffness and composition of dense matter [29]. The detection
of gravitational waves from binary NS mergers has opened a new observational window on the
properties of matter at supra-nuclear densities, offering constraints that extend beyond the reach
of terrestrial experiments. In particular, the post-merger ringdown signal is expected to exhibit a
dependence on the internal structure of the remnant, with the potential to indicate a transition to a
quark composition of the core [30].

5. MUSES: one framework to unify them all

The will to reinforce joint efforts from different communities contributing to the exploration
of the QCD phase diagram has led to the creation of the MUSES (Modular Unified Solver for the
Equation of State) collaboration.

Its core component is the MUSES calculation engine, offering the possibility for any user to
perform calculation of EoS from different approaches (captured by individual "modules"), covering
different regions of the phase diagram. It also come with observable & tool modules, to compute
several related observable such as S-equilibrium conditions, mass-radius relations, or to merge
different EoSs that complete each other across several orders of magnitudes in density [31].
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6. Conclusion

The exploration of the QCD phase diagram remains a central endeavor in modern nuclear
physics, with efforts led jointly through theoretical developments, experimental measurements.
Recent advances in first-principle calculations and effective models have significantly improved
our understanding of the thermodynamics of nuclear matter across a wide range of densities and
temperatures. At the same time, simulations and data from HICs and NS observations have helped
to jointly constrain the nuclear EoS with increasing precision. The upcoming FAIR facility will
therefore open a new chapter in the investigation of hot and dense nuclear matter, providing critical
insights through HIC experiments, at the frontier with the coexistence with NSs.
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