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Gravitational-wave (GW) and kilonova (KN) measurements have established binary neutron star
(BNS) mergers as a significant site for the production of the heaviest elements in our Universe.
Under hot and dense conditions such as those encountered in BNS mergers, neutrino transport
effects play a crucial role in mass outflows and in shaping the composition of the ejecta. As such,
in order to model a BNS merger, neutrino emission, propagation and absorption need to be taken
into consideration. Here, we elaborate on a truncated moments scheme evolving the first two
moments of the neutrino radiation field, which we are currently implementing in the 3D general
relativistic moving-mesh code AREPO. We also discuss the first test results obtained with this

scheme for an idealized setup of a homogeneous sphere.
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1. Introduction

Predicting the gravitational-wave signals and their electromagnetic (EM) counterparts associ-
ated with BNS mergers is an important ongoing effort in theoretical astrophysics. As a result of
the nonlinear physical nature of the problem, one must forgo analytical methods and instead rely
on numerical simulations. Theoretical models of the inspiral, merging and post-merger phases of
BNS systems should include all the physics that directly influence the evolution and matter ejection:
relativistic gravity, neutrino transport, magnetic fields (e.g., [1], [2]). Simulations of the system
on longer timescales (~ seconds), additionally may require nuclear reaction calculations ([3], [4],
[5S]). Although it is crucial, the inclusion of all of the aforementioned physical processes in a
numerical simulation is not trivial. The methods of solving the general relativistic Einstein field
equations, evolving the relativistic hydrodynamical equations and coupling those to a solver of the
Boltzmann equation of radiation transport are computationally too expensive to run simulations
with sufficiently high resolution for long timescales. Here, we will focus on the problem of neutrino
transport.

During the coalescence of the two neutron stars, in some dense regions, the temperature may
shoot up to a few tens of MeV. From those regions neutrinos will be emitted and eventually
become an important mechanism of energy and lepton number transport. Electron neutrinos (v,)
and electron antineutrinos (v.) interact with the ejecta, modifying the neutron-to-proton ratio. This
ratio determines whether conditions remain favorable for the synthesis of heavy elements or if
lighter nuclei form instead (see [6] and references therein). Thus neutrinos can shape the light
curve, color, and spectra of the kilonova emissions—the optical and infrared afterglows associated
with mergers. This was demonstrated in the aftermath of the gravitational wave event GW170817
({71, [8D.

Overall, neutrinos serve as critical agents in shaping the aftermath of BNS mergers, influencing
cooling, nucleosynthesis, and mass ejection. Their impact extends across multiple observable chan-
nels, highlighting their importance in interpreting multi-messenger signals from neutron star-neutron
star coalescence events. Future advancements in neutrino physics and numerical simulations will
be essential for refining our understanding of these processes and their implications for astrophysics
and nuclear physics.

2. Modeling neutrino transport

2.1 The transport problem

Ideally to include neutrino radiation in a simulation, one would have to evolve the Boltzmann
equation for radiation transport. In the limit of massless neutrinos, the Boltzmann equation is
classically defined as:
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where f, is the neutrino distribution function, € is the neutrino energy in the fluid frame, p“ is the

4-momentum, x¢ are the spatial coordinates, 7 is the proper time in the fluid frame and Fiw the
Christoftel symbols. The right-hand side of Eq. 1 hides most of the complexity of the Boltzmann
equation, as it includes all neutrino-matter and neutrino-neutrino interactions.
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A separate distribution function, f,, must be evolved for each type of neutrino species that is
included in a simulation. Usually those are electron neutrinos (v, ), electron anti-neutrinos (v, ) and
a collective species for heavy-lepton neutrinos (v = {v, v, v+, V¢ }). Furthermore, each neutrino
species may be coupled with the other ones through the collision terms. Having to evolve three
6-dimensional, non-linear systems of equations, makes including the neutrino fields in this way
computationally prohibitive.

2.2 M1 scheme

Many approximate methods have been proposed in order to treat neutrino transport. One of
these methods is based on the truncated moments formalism proposed by Thorne [9]. Truncated
moments methods have been widely used in simulations of Core-Collapse-Supernovae (CCSN)
over the past decade (see for e.g. [10], [11]). Although in the context of CCSN these methods
were developed for Newtonian simulations, or quasi-Newtonian potentials, their promising accu-
racy eventually lead to their inclusion and coupling to advanced general-relativistic BNS merger
simulations ([12], [13], [14]). In this paper we focus on a truncated moments scheme. The reader
may consult [15] for a review of other approximate methods of modeling neutrino transport (leakage
schemes, Monte Carlo methods etc.).

The base of the moment formalism is the expansion of the neutrino distribution function in
terms of its angular moments. This is achieved by integrating the distribution function over solid
angle (€2) on the unit sphere in momentum space. The result is a hierarchy of moments of increasing
order, whose evolution approximates the evolution of the full Boltzmann transport equation:

{E,Fi,Pi~/,Qijk,...}:63/dev(t,xi,e,Q){l,li,lilj,lil-flk,...}. )

Here, E is the neutrino energy density (the 0’ order moment), F’ is the neutrino energy flux
density (1%? order moment), P%/ is the pressure tensor (the 2"¢ order moment), Q’-/-X is the analog
374 moment. [* is a spacelike unit vector that is orthogonal to a timelike unit vector /# so that
pH = e(th + ).

In the M1 scheme, the expansion series of moments is truncated at first order. So, the first two
moments - E and F' - are evolved. M1 schemes are also divided into spectral (energy dependent)
and gray (energy integrated) schemes. Henceforth, when talking about an M1 scheme we are
referring to a gray M1 scheme. Gray schemes have an extra peculiarity compared to spectral ones.
The number density and number flux density for all neutrino species also need to be evolved, so
that an approximation of the local mean energy of neutrinos can be made.

Truncating the series of moments at a specific order means that a closure relation is needed
to approximate the higher order moments. Depending on the order of truncation, the flux-limited
diffusion method (FLD) or the algebraic Eddington factor (AEF) method are used. The two
methods correspond to truncation at the level of the first-moment and the second-moment equations,
respectively. For the AEF method, the closure typically assumes a functional form for the Eddington
tensor (D% = P /E), which interpolates between the optically thick and thin limits. In dense
regions, where neutrino-matter interactions are strong, neutrinos are considered trapped and the
closure must correctly reproduce diffusion-like behavior. In free-streaming regimes, neutrinos
should propagate as from a point source and an additional assumption must be made about the
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directionality of the radiation field. Among the various closure relations that have been put forward,
we mention the Minerbo closure ([16]), which assumes a fermionic particle distribution with low
density to be in the state of maximum entropy. For this closure, the algebraic Eddington factor (y)
is written as

| L 6oyt
Xntinervo (1) = 5+ 72 (672 = 27 +67%). ©

where, f = |f| = |F/cE] is the flux factor. The algebraic Eddington factor is plugged into the

Eddington tensor via
-1,
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where 6/ is the Kronecker delta, and n’F = F'/|F'| is the flux direction. Then, the pressure tensor

is simply P/ = E x D'V

DY =

2.3 AREPO code

AREPO ([17]) is a code that solves Newtonian hydrodynamics in a finite volume fashion on a
moving mesh. The code has recently been extended ([18]) with two new main components. First,
the necessary modules to solve general-relativistic hydrodynamic equations and secondly, a solver
for the dynamical spacetime. While the reader should refer to the above mentioned paper for details
of the implementation, here we want to simply highlight that our neutrino transport scheme makes
use of the methods developed for the evolution of the hydro equations in the general-relativistic
version of AREPO.

2.4 Homogeneous sphere test

The homogeneous sphere is a popular test problem that has been used in a variety of radiative
transfer codes (e.g., [19], [20]). Due to its simplistic design, the problem has an analytic solution.
At the same time it is quite demanding on the evolution of the moments equations with a numerical
scheme. The system consists of a static sphere of radius R, inside which radiation is isotropically
absorbed and emitted due to a nonzero, energy-independent absorption opacity k, = 7/R and an
equilibrium energy density B, both defined by constant parameters 7 (the optical depth) and B.
Beyond this sphere, the surrounding medium is vacuum, characterized by a vanishing absorption
opacity («, = 0 for r > R).

The evolution equations for this system have the form

HE+VFi=C® =, (B-E),

. y . ‘ )
O F" + VjczP” =CcW = _ck, F,

where c is the speed of light. For our model we have chosen to fix the parameters R and Bat R = 1
and B = 4 and vary the optical depth T between a moderate opacity case (7 = 4) and a high opacity
case (T = 26). We employed a static 3D Cartesian grid with cell size Ax = 0.02, x € [-8, 8] and
outflow boundary conditions at x| = 8. The center of the sphere was placed at the center of the grid
[0,0,0]. No reflection symmetries were used. The system was initialized with a small, negligible
energy density and a vanishing energy flux density. The Minerbo closure relation was used.

Our time-integration follows the Euler-Heun method employed by [18] with one important
difference. The system of evolution equations 5 is implicit, which means that at the end of each step
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of the time integration we analytically invert the system in order to eventually solve for E i”“ and

F l:i 1 The subscript (superscript) refers to cell 7 (time 1 = " 4 Ar, where At is the timestep).

3. Results

We plot our results for the homogeneous sphere test problem in Fig. 1. The solution using the
Minerbo closure and the reference analytic solution are plotted as dashed-dotted and solid lines,
respectively. From top to bottom, each row represents the energy density, the luminosity, the flux
factor, and the Eddington factor as a function of radius (we plot along the Ox axis). Each column
of the plot corresponds to the two cases of moderate (left) and high (right) opacity that were tested.
The thin, semi-transparent vertical lines showcase the radius of the sphere.

It is immediately evident that the numerically obtained solution is not able to perfectly recover
the analytic solution. This can be noticed for the luminosity outside the sphere (» > 1), as well as
the flux factor but inside the sphere as » — 0. In the latter case the effect becomes more pronounced
for the high opacity case. Both artifacts are not surprising. The need for an analytic closure is the
main source of error in M1 schemes. The interpolation between two well understood behaviors of
neutrinos (diffusion and free-streaming) via a weighted average can not always accurately reproduce
the radiation’s behavior in all regimes.

Small oscillations are present just after the neutrino radiation crosses the discontinuity at
the surface of the sphere. We found that this error is reduced by choosing a more diffusive
reconstruction scheme (here minmod, [21]), increasing the resolution of the grid and possibly by
choosing to reconstruct the flux factor f, instead of the energy flux density F' (as done in [22]).

4. Outlook

Moments schemes provide a valuable framework for testing and refining our understanding
of how neutrinos affect BNS mergers. Specifically here, we discussed an M1 scheme, a truncated
moments scheme which evolves the zeroth and first moments of neutrino radiation. Our analysis
highlights some key strengths and limitations of the M1 scheme, like for example its ability to
capture diffusion and the use of a closure relation, respectively. The homogeneous sphere problem
presented here, allows to test the basic functionality of this neutrino scheme. As an idealized
problem, however, it still lacks important ingredients, such as microphysical interaction terms,
effects connected to velocity-dependent terms such as Doppler-shift, and gravitational-field effects.
We plan to implement these effects into our neutrino transport scheme in the future, which will
allow for studying the impact of neutrino transport in binary neutron star mergers with AREPO.
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Figure 1: Comparison be-
tween numerically obtained
results (dashed-dotted line)
and the analytic solution
(solid line) for the homoge-
neous sphere test. The left
column showcases results for
moderate opacity, and the
right for high opacity. The
panels from top to bottom
show the energy density, the
luminosity, the flux factor
and the Eddington factor as
a function of the radius.
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