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1. Introduction

The discovery of neutrino oscillations has opened up new opportunities to use neutrinos to
understand the universe and the laws that govern it. This achievement established that neutrinos
possess tiny masses and that leptonic flavors are not symmetries of nature. The primary areas of
interest include the mass hierarchy, the absolute scale of neutrino masses, and the potential existence
of additional sterile neutrinos. The new generation of neutrino oscillation experiments, such as
JUNO, DUNE, T2K, and others, are addressing these issues.

Neutrino oscillations are a time- and distance-dependent phenomenon. This process involves
the production of neutrinos at a source (S), the propagation of neutrinos to the detector over a
distance L, and the interaction of neutrinos with the medium of the detector (D). By considering the
charged current weak interaction vertices, we have: S — S'+€5 +vy, vy — vg,vg+D — D'+ [;
The flavor indices «, 8 stand for e, u, 7. Here, S(D) and S’(D’) represent initial and final hadrons
or nuclei in the vertex S(D), respectively. In the case of a meson decay, the S’ hadron is missing.

The total production rate of £ 5 in the detector takes the form
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Here, d®, (E,)/dE, and o (E, ) are the energy distribution of (anti)neutrinos from the source and
cross-section for the scattering of neutrinos on the target at the detector, respectively. The oscillation
probability can be written as [1, 2]
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where Ug and my (k = 1,2, 3) are elements of the PMNS neutrino mixing matrix and masses of
neutrinos, respectively. E, is the neutrino energy. It is assumed m; < E,. The PMNS matrix is
parametrized by 3 angles, 1 Dirac and 2 Majorana phases.

One of the major unanswered questions about neutrinos is whether they are Majorana particles
(meaning neutrinos are their own antiparticles) or Dirac particles (meaning neutrinos have distinct
antiparticles). Ettore Majorana proposed the theory of fully neutral neutrinos 87 years ago [3].
Soon after, Giulio Racah suggested a series of reactions involving real neutrinos for experimental
verification of the hypothesis of Majorana neutrinos [4]: (A,Z) — (A, Z+1)+e” +v,v+(A’,Z") —
(A’,Z"+1)+e~. In 1939, Wolfgang Furry considered neutrinoless double beta decay (OvB3-decay)
[51,(A,Z) — (A,Z+2)+e™ +e~, aRacah chain of reactions with virtual neutrinos. In this process,
two neutrons from the initial nucleus transform into two protons of the final nucleus by exchanging
a virtual Majorana neutrino with the emission of two electrons.

The observation of Ovg3-decay has not been achieved yet, representing a major challenge in
neutrino physics. The primary objective of this search is to determine the Majorana neutrino mass:
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This quantity depends on 2 mixing angles, 2 Majorana phases of the PMNS matrix and 3 neutrino
masses.
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2. Neutrino oscillations within QFT with plane waves

Recently, a new formalism of neutrino oscillations has been developed in the Quantum Field
Theory (QFT) framework based on a single Feynman diagram [6]. This new approach involves
considering two consecutive weak charged current processes in the source (S) and detector (D),
which are integrated into a single second-order Feynman diagram given by the process S + D —
e+t 5t S’ + D’. The involved particles are described using plane waves, and the effective vertices
in the diagram are separated by a macroscopic distance L [6].

The developed S-matrix formalism ensures momentum and energy conservation at each vertex
and throughout the process. The fermionic neutrino propagator is used to describe the propagation
of neutrinos, in contrast to the quantum mechanics formalism, which considers the space-time
evolution of the plane wave. For the differential rate of the considered second-order process, a
master formula dependent on the variable L was derived:
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Here, Jg‘ (Pg, Pg) and J}, (P}, P,) are the hadronic currents associated with the weak interaction
at source and in the detector, respectively. The notation for the 4-momenta of hadrons and leptons
is Psp = (Es.p,Ps.p), Pg’D = (E;,’D,p’S’D) and Py g = (Eq 8 Pag)- Ok = (E,,px),=1is the
4-momenta of neutrino with mass mj which energy fulfills the relation E, = Es — E :9 -E, =
Eg + E}, — Ep. The factor 1/ (JsJp) (J = 2J + 1) is due to averaging over spin projections of the
initial hadrons.

By exploiting the master formula in Eq. (4), one arrives at oscillation probability
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v

Here, px.m = 4 |E 3 - mi m is the momentum of a neutrino with mass my_,,,. The presence of the term

Pipm/E2, which appears due to consideration of the neutrino propagator, manifest entanglement
of the processes of production and detection of neutrinos unlike it is in the standard QM concept.
For mym < Ey, (pipm)/E2 = 1+ (mym,,)/E2 = 1 and the oscillation probability in Eq. (2) is
reproduced.



Novel Aspects of Neutrino Oscillations Fedor Simkovic

3. Neutrino-antineutrino (and vice versa) oscillations

The quantum field theory formalism for (anti)neutrino to (anti)neutrino oscillations has been
expanded to include neutrino-antineutrino oscillations (and vice versa). This process is responsible
for lepton number violation in reactions such as S+D — (7, +€;§ +S8"+D’, where on-shell Majorana
neutrinos oscillate between the source and the detector while in flight.

The Master formula for the differential decay rate of this process corresponds to that in Eq. (4)
U[";m — Ug, and
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We note that Tka P in Eq. (7) is proportional to the neutrino mass my unlike Tka P in Eq. (5), which

involves the neutrino 4-momentum Q. As a consequence, the production rate of the neutrino to

antineutrino oscillation is governed by the factor [6]

2 L \2
~(mhy)

PQE(EV’L) = E‘%

(®)

3
s « Mk _; 2L 2E,
ZU(lkUﬁkE_e lmk /( )
k=1 v

We note that P E(EV’ L) differs from P,p(E,, L) in Eq. (2) by the presence of the suppression
Q,

factor my /E, and due to the replacement Ugy — U; .

L

- associated with the neutrino-antineutrino oscillations between

The Majorana neutrino mass m
the source and detector with distance L is [7]
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Here, Ay = m% - m% and Az = m% - m? It is worth noting that for L=0, we have mﬁe = mgg.
However, if mgg is strongly suppressed (in the case of the normal ordering and the lightest neutrino
mass m; within the range of 0.01 — 1073 meV), then mL, > mgg for L/E around 104 m/MeV (or
km/GeV).

A small distance of L and a vital neutrino source are preferable for observing the phenomenon of
neutrino-to-antineutrino oscillations. A possible option is to consider a flux of electron antineutrinos
from a nuclear reactor as a source and a large amount of stable isotopes as a target, such as those
undergoing double-beta decay. The production rate can be expressed as follows:

. My (1g mol™! W Im\* ( M t
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For example, let’s consider the ground state to ground state nuclear transition v+'Mo — '%Tc+e.
The production rate of '%°Tc isotopes in the detector containing 1 ton of °°Mo located 10 meters
from the reactor with power of W = 1 GWatt would be R”” ~ 107° (mpg/1eV) (events/year). This
value is too low to consider it as an experiment. Recall that the background from solar neutrinos
would be too large, about a few events per year.
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4. A new way to determine Majorana neutrino mass matrix

For three-generation family, the Majorana mass matrix, defined by 9 parameters (6 real mass

elements: Moo, Moy, Mer, My, Myz, Miau+; 3 phases: ¢y, ¢er and ¢, ), takes the form [8]

Mee Me‘u ei¢eu MET ei¢e-r
M=| M,, e M,, M, et | =M. (11)
Me‘r ei¢e‘r M,uT ei¢yr MTT

The hermiticity requirement on the mass matrix is due to the Lagrangian hermiticity.

The mixing matrix, although highly natural for the analysis and explanation of the results, does
not necessarily have to be used to calculate probabilities and explain experimental data. In [8], it
was manifested by examples of neutrino oscillations, neutrino quasi-elastic scattering on a hadron,
and single- and double-S decays. The proposed approach extensively uses Frobenius covariants
within the framework of Sylvester’s theorem on matrix functions. The Frobenius covariants F; of
the neutrino mass matrix M,

M —
F; = v} (vl ZHW’ (12)
kej Tk
project the neutrino flavor states |v,) onto the mass eigenstates |v;) (j=1, 2 and 3). Here, A are
roots of the characteristic polynomial

p(4) =det|[1 - M.Mz|| =0, (13)
which determine the mass spectrum (A = mi). We have
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The quantity relevant for neutrino oscillations is the product of elements of the neutrino mixing
matrix and its charge conjugate, which, expressed with the Frobenius covariant, takes the form

Ua/iU;i = <VQ|F_1'|V,B>- 5)

Within the tri-bimaximal mixing model of neutrinos, the Majorana mass matrix and the neutrino
mixing matrix can be written as

x oy y m 0 O 2/N6 1/V3 0
M=|y x+v y—v |[=UT| 0 my 0 |U, U=| -1/V6 1/¥3 -1/V2 |. (16)
y y—v x+v 0 0 ms —-1/N6 1/\V3  1/V2

Here, x = 2m +m3)/3,y = (-m + my)/3 and v = (m3 — m)/2. The Frobenius covariants can
be found to be [8]

2/3 —-1/3 -1/3 /3 1/3 1/3 0 0 0
Fi=|-1/3 1/6 1/6 |, F=| 1/3 1/3 1/3 |, F=| 0 1/2 -1)2
-1/3 1/6 1/6 13 1/3 1/3 0 -1/2 1/2
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5. Conclusions and summary

A new quantum field theory formalism for neutrino oscillations was presented, covering pro-
cesses with and without total lepton number violation. This approach integrates neutrino emission
and detection in a single second-order Feynman diagram. It was revealed that in the case of
(anti)neutrino-(anti)neutrino oscillations, these two processes are entangled, unlike in the quantum
mechanics concept of oscillation probability. The provided formalism yields the expected result
for Racah’s process, which involves the oscillation of neutrinos into antineutrinos (and vice versa).
A link between the Majorana mass mgg measured in Ov33-decay and the mass mL, governing the
oscillations of electron neutrinos to electron antineutrinos (or vice versa) was established. The
potential of the flux of reactor antineutrinos to prove the Majorana nature of neutrinos was briefly
discussed.

It was advocated that data from processes involving neutrinos can be fitted in terms of the
neutrino mass matrix without relying on the neutrino mixing matrix or assuming the hierarchy
of neutrino masses. This approach may provide greater accuracy than methods using the unitary
neutrino mixing matrix at intermediate stages. The proposed procedure can be applied to the
Majorana mass term in the Lagrangian, a complex symmetric matrix specified by nine parameters
for three neutrino flavors. However, it requires observing the Ov33-decay or an assumption about
the M., value.
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