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1. Introduction

It has been more than 90 years since Wolfgang Pauli’s proposal of neutrino in his open letter
to the “radiative ladies and gentlemen” attending the Gauverein meeting in Tiibingen in 1930 [1].
However, the nature of these elementary particles is still largely shrouded in mystery. In the
Standard Model of particle physics, neutrinos are understood to be massless fermions. This picture
has been severely challenged by a large and increasing number of experimental results since the
famous Homestake experiment on solar neutrinos [2]. It is now commonly accepted that at least two
neutrino mass eigenvalues are nonzero and there is mismatch between the neutrino mass eigenstates
and flavour eigenstates. These all hint at the existence of new physics beyond the Standard Model.

The fact that neutrinos (anti-neutrinos) are only observed to be left-handed (right-handed) is
one reason for the inability of Higgs mechanism to generate nonzero neutrino masses. Thus, a
new mass generation mechanism is needed in the neutrino sector. Furthermore, we don’t yet know
whether massive neutrinos are Majorana particles or Dirac particles. In other words, the question
whether massive neutrinos are their own antiparticles is still open. Considerable effort has been
put into model building and now we have many candidates waiting to be tested (e.g., [3] and [4]).
At the present stage, the most promising class of neutrino mass models is the so-called seesaw
mechanism, initiated by Peter Minkowski in 1977 [5]. In seesaw models, massive neutrinos are
assumed to be Majorana particles, which are of course subject to the results of relevant experiments
especially those on neutrinoless double beta decay (0v5p) (e.g., [6]). The small masses of active
neutrinos come from the exchange of heavy messenger particles, in the viewpoint of the seesaw
mechanism. These heavy messenger particles can be right-handed singlet neutrinos as in the Type-I
seesaw (e.g., [5]), triplet scalar bosons as in the Type-II seesaw (e.g., [7]), triplet fermions as in the
Type-III seesaw [8], or some other possibilities in other seesaw models. For more details of seesaw
mechanism and Majorana neutrinos, see, for example, Cai et al.’s [9].

Even limited to the seesaw family, there is still great richness to be explored and tested. It is
the large number of degrees of freedom in model building that leads to a lack of predictive power.
As remarked by Witten in the opening talk at “Neutrino2000" [10]:

For neutrino masses, the considerations have always been qualitative, and, despite
some interesting attempts, there has never been a convincing quantitative model of the
neutrino masses.

More than twenty years have passed and a lot of data have been collected from neutrino
experiments around the world, such as the Sudbury Neutrino Observatory (SNO) in Canada [11],
Super-Kamiokande in Japan [12] and Daya Bay in China [13]. Together with the results on the
search for lepton number violating processes (e.g., [14]), they have provided significant constraints
on the parameter space [4][9][15]. However, Witten’s remark is still more or less true, and we are
still far from a unique, quantitative and satisfactory theory of massive neutrinos.

Based on those relevant experimental results, in addition to placing constraints on the relevant
parameter space, we can also try to infer possible symmetries beneath the seesaw mechanism and
constrain the flavour texture. In the 3 X 3 PMNS matrix U, there is one experimentally favoured
relation, viz. |Uy| = |U| with i = 1,2,3, supported by a global analysis of the latest data on
atmospheric, solar, reactor and accelerator neutrino oscillations (e.g., [15]). Recently, in [16],
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the author discusses the above-mentioned relation and claims that this relation necessarily implies
|Rui| = |R+i| (withi = 1,2,3), in which R is a 3 X 3 sub-matrix of the full 6 X 6 neutrino mixing

matrix in the context of canonical seesaw mechanism. The author further claims that, in the scenario
1 00

U=PU*withP =[0 0 1]|,therelation R = PR* is a necessary consequence. On this basis, it

010
is argued that a minimal g — 7 symmetry, viz. the invariance of the neutrino mass term under the

transformation formed by ver, — (Ver),vur — (VL) ver — (v7L) on the left-handed neutrino
fields and arbitrary unitary CP transformation on the right-handed neutrino fields, is expected to
exist. In this paper and the paper Universe 10(1) (2024) 50, we analyse the implications of the
relation |Uy;| = |U;| (withi = 1,2, 3) in the context of canonical seesaw mechanism. We find that
there exist some other nontrivial possibilities that can accommodate the above-mentioned relation
in the PMNS matrix.

2. Some Basics of Canonical Seesaw Mechanism

Canonical seesaw mechanism belongs to the Type-I seesaw. There are totally three right-
handed neutrino fields, denoted by N,r with @ = e, u, 7, being added into the Standard Model.
The three active neutrinos acquire masses after spontaneous electroweak gauge symmetry breaking,
with the corresponding mass term being [16]

, 1 A0 Mp)[OL)
L = E(VL (NR) )(Mg MR)( ol )+h.c.. (1)

The explanation of notations is as follows. vr is the column vector formed by those three
left-handed neutrino fields v,1. with @ = e, u, 7. Mp is defined as the product of the vacuum
expectation value of the Higgs field (H) and the Yukawa coupling matrix Y,,.

The masses of all six neutrinos can be retrieved by diagonalising the whole 6 X 6 mass matrix
using a 6 X 6 unitary matrix, viz.

*

U R
s 0

in which D, = diag(m,my,m3) and Dy = diag(M;, M, M3) together contain all six neutrino

U R
s 0

D, 0

0 Dy’ @

.
0 Mp
b Mg

masses. In this scenario, the submatrix U is generally not unitary, in contrast to the common
scenario in some discussion of neutrino oscillations in which there are only three types of neutrinos.
The latter is actually an effective theory after integrating out those heavy degrees of freedom (heavy
neutrinos). Recently there are some discussions on the so-called flavour invariants in this effective
picture. The polynomial ring formed by these flavour invariants is finitely generated [17][18]. Three
submatrices R, S and Q are incorporated to extend U to a 6 X 6 unitary matrix. From the unitarity
of this 6 X 6 matrix, one can immediately obtain the following relations:

UU'+RRT =85T+00" =1, 3)
U'U+STS=R'R+070 =1, 4)
UST+RO"=UR+5T0 =0. (5)
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3. Implications of |U,;| = |U|

In canonical seesaw mechanism, three light neutrino masses {m, my, m3} and three heavy
neutrino masses { My, M», M3} are connected by the so-called exact seesaw formula

UD,U" + RDNRT =0, (6)
R\ |[D 0 \(U R !
which can be easily obtained by focusing on the upper-left quadrant of v .
QJ\0 DyJ\S ©

By simple observation, one can see that for any 3 x 3 matrix R and 3 X 3 diagonal matrix
Dy = diag(My, M, M3) with My, M,, M3 € R*, there exist at least six distinct nontrivial classes
of 3 x 3 matrices F, such that for any of these choices the relation RDyRT = (RF)Dx(RF)7 is
always true.

0 x 0
 The first class of F has the texture | x 0 0|, including:
0 0 1
T, ) o -
O O [0k o) (0 o) (0 o
VM, _ VM, My _ VM, .
+ 0 (8 i 0 o [+ 7 0 0} 7 0 0
0 0 1 0 0 1 0 0 1 0 0 1
0 0 x
* The second class of F has the texture [0 1 O |, including:
x 0 0
i VM _VM; _VNM;
0 0 + Vs 0 0 + Vs 0 0 % 0 0 N
0 1 0o | 0 1 0o | 0 1 0 | 0 0 |
Nz I N VL
i 0 0 Vi 0 0 + 0 0 oo 0 0
1 00
* The third class of F has the texture [0 0 X |, including:
0 x O
1 0 0 1 0 0 1 0 0 1 0 0
VM, VM, _VM, _VM,
OVOWWE’OSV*M’OOWM’O?WM-
3 _ 3 3 _ 3
0 + Vb 0 0 L 0 0 + Vit 0 0 Vb 0
x 0 X
* The fourth class of F has the texture {0 1 0 |, including (4 € R):
x 0 X
VM -2M; 0 1 VM -22M; 0 1
VM{ VM
0 1 0 , 0 1 0 ,
_AM; 0 VM| -2M; AM; 0 — VM -2 M;
M, N M, VM,
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VM -22M; 0 1 M -22M; 0 1
VM, My
0 1 0 , 0 1 0 .
AM; 0 YMi-2M; AM; 0 VM -2M;
M, VM, M, VM,
x x 0
* The fifth class of F has the texture | X X 0|, including (@ € R):
0 0 1
_NM-a’M, _NMi-a’M,
VM, @ 0 M, a 0
_(ZMZ _ VMI_Q/ZMZ 0 N aM, VM]-(leQ 0 s
M, VM M, N
0 0 1 0 0 1
VM -a*M, M|-a’M,
Vi @ 0 o a 0
_aM, VM- oM, ol aM, _NMi-a’M, ol
M, VM{ M, VM,
0 0 1 0 0 1

1 0 0
* The sixth class of F has the texture |0 X X |, including (8 € R):
0 x X

1 0 0 1 0 0

0 _NM-p2M; B 0 — VM2 -2 M; B

0 _BM; _NM-52M; 0 BM; VM, -B2M;
M, VM, M VM,

1 0 0 1 0 0

0 VM pM; : VM —p2M; s

0 _BM; VM —B2M; BM; _NM-p*M;
M; VM, M, VM,

The above F matrices can be put into possible scenarios, e.g., U = PU*, for further analysis. Due
to the page limit, we refer readers to much more details, analysis and references in [19].

4. Conclusion

We show that, although the experimentally favoured relation |U,,;| = |U;| withi =1,2,3 can
lead to the implications |R;| = |R+;| withi = 1,2, 3 in the context of canonical seesaw mechanism,
further implication R = PR* in the typical scenario U = PU™ is generally not guaranteed. In order
to support the previously mentioned minimal flavour symmetry claimed in [16], if indeed it exists,
we need more evidence or hints from experiments. Note that the physical inequivalence of the
above F matrices can be shown by comparing their corresponding flavor invariants.
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