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W-helicity fractions and semi-inclusive distributions for the #-decay process to the third order in
the strong coupling constant a;. Our investigation reveals that the pure O(«?) correction decreases
I'; by 0.8% of the previous O(af) result, which exceeds the error estimated by the conventional
scale-variation. With this critical piece of pertubative correction incorporated, our to-date most
precise theoretical prediction meets the request by future high-energy colliders.
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Introduction

As the heaviest fundamental particle discovered to-date in experiments, top-quark ¢ plays a
crucial role in both the precision testing of the Standard Model (SM) and in the search for New
Physics. The ¢-quark mass m; is currently measured to be 172.69 + 0.30 GeV[1], with a precision
already less than 2 per-mille, and many of the unique features of #-quark are, one way or another,
related to this extraordinary m,. The current world-average value for r-quark decay width I} is
1.42f8:}§ GeV[1]. The anticipated experimental uncertainties for I'; at the future hadron and lepton
colliders can be reduced to 20 ~ 26 MeV[2-5]. To fully exploit the very-costly experimental data,
the errors for the theoretical predictions shall be reduced as much as possible, ideally to half of the
aforementioned experimental error or even less. As we will see in this talk, the content of which is
based on ref. [6], the complete QCD corrections at next-to-next-to-next-to leading order (NNNLO)

in @y would be needed.

The Technicals

Aiming for obtaining NNNLO QCD corrections to the semi-inclusive distributions related to
the kinematics of W as well as the hadronic system produced int — b+ W™ + X, t-quark decay width
is written in term of the semi-inclusive hadronic tensor “Wt’;y integrated over the W momentum k

as
L,R,0
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with fixed f-quark momentum p. Anticipating potential infrared-soft and/or collinear (IR) sin-
gular behavior of the individual phase-space integration over k, especially in the region where
the W-energy E reaches its maximum, the dimensional regularization (DR) with d = 4 — 2¢ is
employed. For an unpolarized on-shell W with mass myy, the well-known polarization-sum reads
2a &k, ) &, (k, 1) = (g — kEKY) [mi,.

The QCD corrections to ‘Wt’;V have simple diagrammatic representations in terms of the -
quark self-energy diagrams: these self-energy corrections shall contain exactly one W-propagator
interacting with the external 7-quark plus arbitrary QCD loops, subject to all possible final-state cuts
going through at least the W propagator and a b-quark propagator (but never any ¢-quark propagator).
With unpolarized external quarks, “WZZV contains 5 linearly-independent Lorentz-tensor structures:

WL (pk) = Wigh + Waphp” + Wi kMK + Wy (pHk” + kHpY) + Wsie™?7 p, ke (2)

where W; denote the corresponding form factors and ¥ p,, k- appears due to the Parity-violating
weak interaction. Since the ys from the thW-vertex always appears on an open fermion chain of
all the QCD amplitudes in question, y5 can be treated fully anticommutively in a straightforward
manner. Caution is required in handling ys and the corresponding € when t-quark is kept
polarized and electroweak corrections are taken into account. For further insights on this matter,
we refer to the additional refs. [7-9] (and the extensive references therein).

Each form factor W; in (2) is a function of m,, my and the W-energy E, as well as m;, in
case of a massive bottom-quark, and receives both virtual and real-radiation QCD corrections. The
loop integration are completed by the integration-by-parts reduction [10] with the resulting master
integrals computed using the differential equation method [11] based on series expansion. To fix



High Precision Results for Top-Quark Decay at N3LO in QCD Long Chen

the boundary conditions for these differential equations, the auxiliary mass flow method [12—15]
implemented in AMFlow [16] are used. According to the Frobenius series solutions for the
differential equations of dimensionally-regularized loop integrals, these integral functions admit
the following type of series expansion in any of its kinematic variable, say x, around the expansion
point of interest parameterized conveniently at x = 0:

Fle,x) = ;Sxa In® (x) T (€, x) = ;Sx“ 1nb<x)(§ocabn<e>x")

where a = ag + a; € with rational ag, a; and non-negative integer b, belonging to a finite set S. We
derive the following term-wise integration formula:

In'*? (1)

u b T ifa=-1
./ *In (X) dx = 1++ 1 b b-i b! i 14l : (3)
0 u am Zi:O(_l) - l_' (1 + d)l In (l/t) ifa+ -1

where the contribution from x = 0 is dropped by the virtue of DR. The phase-space integration of
’Wt'zv over the IR-dangerous regions in & is done using its PSE according to (3) with € assigned with
non-zero numbers to regularize the potential IR divergences. The fit regarding the e-dependence is
done only at the very end for the final finite physical objects of interest, which can be the inclusive
I'; and fi,r o as well as IR-safe distributions. This treatment saves us from the need to explicitly
perform Laurent expansions in € during the intermediate stages, which significantly reduces the
computational time for our problem. The treatment above is validated using I';, by comparing the
numerical results composed from (Wt’ljv against those calculated by applying directly the optical
theorem: a perfect agreement was found between the two within our numerical precision.

Numerical Results

We are now ready to discuss our numerical results for the top quark decay process and begin
with the simplest inclusive observable I';. The QCD effects on I'; in SM can be parameterized as
the following truncated series in ay:

Ft = F()(Co +a/sc1+a/§cQ+a'§’C3+O(a?)) (4)

G 2 v, 2. . i
Gr miy e Vil ith G the Fermi constant, the CKM matrix

element V;;, taken to be 1 in the following numerical results. The perturbative coefficients ¢; are

where we introduced a prefactor I'y =

functions of the kinematic variable m‘zV /m? in the limit m;, = 0, and also the renormalization scale
wif ag and/or m, are renormalized in the MS scheme. Unlike what is typically chosen in literature,
we take p = m, /2 as our central scale, motivated by the fact that it is close to the kinetic energy of
the QCD system in the decay products. Our numerical result! reads as

I 1.48642 — 0.140877 — 0.023306 — 0.007240 GeV

1.31500 GeV, (5

1The SM input parameters are Gg = 1.166379 x 107> GeV~2 and a,(m;/2) ~ 0.1189 at scale u = m; /2, obtained
by solving the renormalization-group equation for the running a; at four-loop orderwith input as(mz) = 0.1179 at the
Z-pole mass mz = 91.1876 GeV.
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decomposed according to the a, order, where m; is renormalized in the on-shell scheme and a; is
MS-renormalized with 5 massless quark flavors. We see clearly the QCD corrections continue to
decrease the Born-level result for I'; up to O(a?), eventually down to a value about 1.31500 GeV.
Furthermore, by examining the successive ratios ¢;1/¢; starting from i = 1, we begin to see the hint
that the convergence of the perturbative series seems to deteriorate as the perturbative order goes
higher. This is not unexpected and thought to be related to the well-known infrared-renormalon
sensitivity of the on-shell (pole) mass definition for quarks. Up to O(ag’), the rate of growth of the
perturbative coefficients recedes a bit once m;, is rewritten in terms of the MS-mass my;.

The p-dependence of our fixed-order results for I'; with m;, = 172.69 GeV is plotted in figure 1a
for u/m; € [0.1, 1] up to NNNLO. As expected, the scale dependence, reflected in the spans of these
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a The scale dependence of the fixed-order results for I, in b The W-energy distribution in #-quark decay
u/m; €[0.1,1] observed in the t-quark rest frame.

curves in the vertical direction, is reduced as one goes to higher orders in perturbation. However,
due to the turning point of the NNLO green curve (at about u/m; = 0.14), its scale variation can
never cover the NNNLO result, the red curve, at any scales less than u/m; = 0.6, including our
central value u/m; = 0.5. Therefore, the NNLO results can underestimate the theoretical error by
simply studying the u dependence, and thus determining the O(a?) corrections explicitly is very
important.

With our efficient method, we investigated furthermore the so-called off-shell W effect in the
top decay width, up to O(a?). Perturbative corrections to [, are modeled with a parametrization
akin to that in (4), where the coefficient for the i-th order is distinguished by the notation ¢;. With W
total decay width I'yy = 2.085 GeV, ¢6; = (éi - cl-) /c; are found to be quite small and decrease, albeit
very slowly, as the a-order increases: ¢; takes —1.54%, —1.53%, —1.39%, —1.23% respectively for
i =0,1,2,3. For the finite b-quark mass effect, we denote the i-th order coefficient for I'; with a
non-zero my, as ¢;"*. With m;, = 4.78 GeV we find that (¢ —¢1)/c; = (¢ — ¢2)/e2 = —1.47%.
This strongly indicates that the small non-zero m, effect at O(a)) may observe a similar small ratio,
well-below sub-per-mille level for the total I';.

Taking into account the aforementioned finite m;, and off-shell W effects, as well as the NLO
electroweak correctionswhich we re-derived and included through a multiplicative K -factor 1.0168,
our final result for I'; reads

T, = 1.314870002 X [Vip|* + 0.027 (m, — 172.69) GeV,
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where the second term is introduced to parameterize the main source of error on I'; originated from
the experimental uncertainty of the input #-quark mass value; furthermore V;;, is restored explicitly
for completeness.

Our final results for fi g o, with the QCD corrections up to @ as well as the aforementioned
miscellaneous my,- and NLO electroweak effects, read

fo=0.68670002, fi =0.312*0000 . fr = 0.00157*5-00005 . (©6)

The errors for the above results, given in numbers in the super- and sub-script are obtained by
combining the errors of the following main sources: the conservative QCD-scale-uncertainty er-
ror for I'; determined above and the errors induced by the input m, 172.69 + 0.30GeV and my,
4.78i8:8§ GeV, as well as that of as(mz) = 0.1179 + 0.0009 in the case of me. Our result for the
W-energy distribution in #-quark decay observed in the ¢-quark rest frame are shown in figure. 1b.
The distribution of W-energy E increases as E becomes larger, and becomes singular in the limit
of E reaching its maximum Ey,x where the QCD radiations have to be either soft and/or collinear
to the massless b-quark. The fixed-order prediction breaks down in this region, and currently we
take an average over a 1 GeV-bin in the rightmost end of the distribution, where the QCD cor-
rections up to O(a;) decrease the Born-level result just as for the inclusive I';. From the lower
panel of figure. 1b, one sees that the QCD corrections are positive and quite sizable, in particular,

the pure O(a}) correction modifies the lowest order result by about 7 ~ 14% for E € [94, 104] GeV.

To summarize, our results for the top quark decay process represent the to-date most precise
theoretical prediction for I';, and will be useful for the purpose of testing the SM and probing
New Physics. Moreover, the W-energy distribution can serve as an ingredient to arrive at a fully
differential calculation of any infrared-safe observables for t-quark decay process at NNNLO in
QCD. The method in use has been applied in studies of other heavy-to-light quark decays, in
particular the B-meson semi-leptonic decay.

Acknowledgments

We express our gratitude to the conveners of the Top+EW track at ICHEP 2024 for the kind
invitation to present a talk at the conference. The work of X. C., X. G. and Y. Q. M were
supported in part by the National Natural Science Foundation of China (Grants No. 11875071,
No. 11975029), the National Key Research and Development Program of China under Contracts
No. 2020YFA0406400. The work of X. G. was also supported by the United States Department of
Energy, Contract DE-AC02-76SF00515. The work of L. C. was supported by the Natural Science
Foundation of China under contract No. 12205171, No. 12235008, No. 12321005, and by the
Taishan Scholar Foundation of Shandong province (tsqn202312052) and 2024HWY Q-005.

References

[1] Particle Data Group , R. L. Workman et al., Review of Particle Physics, PTEP 2022 (2022)
083CO01 [InSPIRE].


http://dx.doi.org/10.1093/ptep/ptac097
http://dx.doi.org/10.1093/ptep/ptac097
http://inspirehep.net/search?p=find+ParticleDataGroup:2022pth

High Precision Results for Top-Quark Decay at N3LO in QCD Long Chen

(2]

[3]

[4]

(5]

[6]

[7]

[8]
[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

T. Horiguchi, A. Ishikawa, T. Suehara, K. Fujii, Y. Sumino, Y. Kiyo, and H. Yamamoto, Study
of top quark pair production near threshold at the ILC, [arXiv:1310.0563] [InSPIRE].

CLICdp , H. Abramowicz et al., Top-Quark Physics at the CLIC Electron-Positron Linear
Collider, JHEP 11 (2019) 003 [arXiv:1807.02441] [InSPIRE].

A. Baskakov, E. Boos, and L. Dudko, Model independent top quark width measurement
using a combination of resonant and nonresonant cross sections, Phys. Rev. D 98 (2018)
116011 [arXiv:1807.11193] [InSPIRE].

Z.Li, X. Sun, Y. Fang, G. Li, S. Xin, S. Wang, Y. Wang, Y. Zhang, H. Zhang, and Z. Liang,
Top quark mass measurements at the tt threshold with CEPC, Eur. Phys. J. C 83 (2023) 269
[arXiv:2207.12177] [InSPIRE]. [Erratum: Eur.Phys.J.C 83, 501 (2023)].

L. Chen, X. Chen, X. Guan, and Y.-Q. Ma, Top-Quark Decay at
Next-to-Next-to-Next-to-Leading Order in QCD, [arXiv:2309.01937] [InSPIRE].

J. G. Korner, D. Kreimer, and K. Schilcher, A Practicable ys scheme in dimensional
regularization, Z. Phys. C54 (1992) 503-512 [InSPIRE].

D. Kreimer, The Role of ys in Dimensional Regularization, [hep-ph/9401354] [InSPIRE].

L. Chen, A Procedure g5anchor to Anchor ys in Feynman Diagrams for the Standard Model,
[arXiv:2409.08099] [InSPIRE].

K. G. Chetyrkin and F. V. Tkachov, Integration by Parts: The Algorithm to Calculate beta
Functions in 4 Loops, Nucl. Phys. B192 (1981) 159-204 [InSPIRE].

A. V. Kotikov, Differential equations method: New technique for massive Feynman diagrams
calculation, Phys. Lett. B 254 (1991) 158-164 [InSPIRE].

X. Liu, Y.-Q. Ma, and C.-Y. Wang, A Systematic and Efficient Method to Compute Multi-loop
Master Integrals, Phys. Lett. B779 (2018) 353-357 [arXiv:1711.09572] [InSPIRE].

X. Liu, Y.-Q. Ma, W. Tao, and P. Zhang, Calculation of Feynman loop integration and
phase-space integration via auxiliary mass flow, Chin. Phys. C 45 (2021) 013115
[arXiv:2009.07987] [InSPIRE].

X. Liu and Y.-Q. Ma, Multiloop corrections for collider processes using auxiliary mass flow,
Phys. Rev. D 105 (2022) L051503 [arXiv:2107.01864] [InSPIRE].

Z.-F. Liu and Y.-Q. Ma, Determining Feynman Integrals with Only Input from Linear
Algebra, Phys. Rev. Lett. 129 (2022) 222001 [arXiv:2201.11637] [InSPIRE].

X. Liu and Y.-Q. Ma, AMFlow: A Mathematica package for Feynman integrals computation
via auxiliary mass flow, Comput. Phys. Commun. 283 (2023) 108565 [arXiv:2201.11669]
[InSPIRE].


http://arxiv.org/abs/1310.0563
http://inspirehep.net/search?p=find+Horiguchi:2013wra
http://dx.doi.org/10.1007/JHEP11(2019)003
http://arxiv.org/abs/1807.02441
http://inspirehep.net/search?p=find+CLICdp:2018esa
http://dx.doi.org/10.1103/PhysRevD.98.116011
http://dx.doi.org/10.1103/PhysRevD.98.116011
http://arxiv.org/abs/1807.11193
http://inspirehep.net/search?p=find+Baskakov:2018huw
http://dx.doi.org/10.1140/epjc/s10052-023-11421-1
http://arxiv.org/abs/2207.12177
http://inspirehep.net/search?p=find+Li:2022iav
http://arxiv.org/abs/2309.01937
http://inspirehep.net/search?p=find+Chen:2023osm
http://dx.doi.org/10.1007/BF01559471
http://inspirehep.net/search?p=find+Korner:1991sx
http://arxiv.org/abs/hep-ph/9401354
http://inspirehep.net/search?p=find+Kreimer:1993bh
http://arxiv.org/abs/2409.08099
http://inspirehep.net/search?p=find+Chen:2024zju
http://dx.doi.org/10.1016/0550-3213(81)90199-1
http://inspirehep.net/search?p=find+Chetyrkin:1981qh
http://dx.doi.org/10.1016/0370-2693(91)90413-K
http://inspirehep.net/search?p=find+Kotikov:1990kg
http://dx.doi.org/10.1016/j.physletb.2018.02.026
http://arxiv.org/abs/1711.09572
http://inspirehep.net/search?p=find+Liu:2017jxz
http://dx.doi.org/10.1088/1674-1137/abc538
http://arxiv.org/abs/2009.07987
http://inspirehep.net/search?p=find+Liu:2020kpc
http://dx.doi.org/10.1103/PhysRevD.105.L051503
http://arxiv.org/abs/2107.01864
http://inspirehep.net/search?p=find+Liu:2021wks
http://dx.doi.org/10.1103/PhysRevLett.129.222001
http://arxiv.org/abs/2201.11637
http://inspirehep.net/search?p=find+Liu:2022mfb
http://dx.doi.org/10.1016/j.cpc.2022.108565
http://arxiv.org/abs/2201.11669
http://inspirehep.net/search?p=find+Liu:2022chg

