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1. Introduction

We present here the elements of the collinear improvement as given in Ref. [1] of the original
YFS algebra with an eye toward enhancing the physics expectations of future colliding beam
devices as described in Refs. [2, 3]. The starting point is the basic YFS formula for the cross-
section under study, which we present for the prototypical process 𝑒+𝑒− → 𝑓 𝑓 + 𝑛𝛾, 𝑓 = ℓ, 𝑞, ℓ =

𝑒, 𝜇, 𝜏, 𝜈𝑒, 𝜈𝜇, 𝜈𝜏 , 𝑞 = 𝑢, 𝑑, 𝑠, 𝑐, 𝑏, 𝑡 here as

𝜎 =
1

flux

∞∑︁
𝑛=0

∫
𝑑LIPS𝑛+2 𝜌

(𝑛)
𝐴

({𝑝}, {𝑘}), (1)

where LIPS𝑛+2 denotes Lorentz-invariant phase space for 𝑛 + 2 particles, 𝐴 = CEEX, EEX, the
incoming and outgoing fermion momenta are abbreviated as {𝑝}, and the 𝑛 photon momenta are
denoted by {𝑘}. We have (See Refs. [4, 5].)

𝜌
(𝑛)
CEEX({𝑝}, {𝑘}) =

1
𝑛!
𝑒𝑌 (Ω;{𝑝})Θ̄(Ω) 1

4

∑︁
helicities {𝜆}, {𝜇}

���M (
{𝑝}
{𝜆}

{𝑘 }
{𝜇}

)���2 . (2)

(The corresponding formula for the 𝐴 = EEX case is given in Refs. [4, 5].) 𝑌 (Ω; {𝑝}) is the
YFS infrared exponent. The region Ω specifies the respective infrared integration limits and its
characteristic function Θ(Ω, 𝑘) for a photon of energy 𝑘 , with Θ̄(Ω; 𝑘) = 1 − Θ(Ω, 𝑘) and

Θ̄(Ω) =
𝑛∏
𝑖=1

Θ̄(Ω, 𝑘𝑖).

By definition, Θ(Ω, 𝑘) = 1 for 𝑘 ∈ Ω and Θ(Ω, 𝑘) = 0 for 𝑘 ∉ Ω. We note that, for Ω defined with
the condition 𝑘0 < 𝐸min, the YFS infrared exponent reads

𝑌 (Ω; 𝑝1, ..., 𝑝4) = 𝑄2
𝑒𝑌Ω(𝑝1, 𝑝2) +𝑄2

𝑓𝑌Ω(𝑝3, 𝑝4)

+𝑄𝑒𝑄 𝑓𝑌Ω(𝑝1, 𝑝3) +𝑄𝑒𝑄 𝑓𝑌Ω(𝑝2, 𝑝4) −𝑄𝑒𝑄 𝑓𝑌Ω(𝑝1, 𝑝4) −𝑄𝑒𝑄 𝑓𝑌Ω(𝑝2, 𝑝3),
(3)

where
𝑌Ω(𝑝, 𝑞) ≡ 2𝛼𝐵̃(Ω, 𝑝, 𝑞) + 2𝛼ℜ𝐵(𝑝, 𝑞) (4)

is a sum of the real infrared contribution determined by the real emission infrared function 𝐵̃ and
the virtual infrared contribution determined by the virtual infrared function 𝐵. The latter infrared
functions and the CEEX amplitudes {M} are defined in Refs. [4–6].

2. Improving the Collinear Limit of YFS Theory

The question naturally arises as to what, if any, non-soft1 collinear singularities are resummed
in the YFS resummation algebra carried by the YFS exponent 𝑌 (Ω; {𝑝}). We show in Ref. [1] that
in both the virtual and real contributions to 𝑌 (Ω; {𝑝}) it is possible to improve its collinear limit.

1The soft collinear singularities are already included since the YFS soft limit is exact.

2



P
o
S
(
I
C
H
E
P
2
0
2
4
)
3
9
2

Collinearly Enhanced YFS MC Approach to Precision High Energy Collider Physics B.F.L. Ward

Specifically, using the virtual infrared contributions for definiteness, we find that the result in
the s-channel for 𝑌 (Ω; {𝑝}) in eq.(2), dropping terms O(𝑚2/𝑠) where 𝑠 = (𝑝1 + 𝑝2)2,

𝑌𝑒 (Ω𝐼 ; 𝑝1, 𝑝2) = 𝛾𝑒 ln
2𝐸𝑚𝑖𝑛√︁
2𝑝1𝑝2

+ 1
4
𝛾𝑒 +𝑄2

𝑒

𝛼

𝜋

(
− 1

2
+ 𝜋2

3

)
, (5)

with
𝛾𝑒 = 2𝑄2

𝑒

𝛼

𝜋

(
ln

2𝑝1𝑝2

𝑚2
𝑒

− 1
)
, (6)

becomes, when the collinearly enhanced terms which exponentiate are retained,

𝑌𝐶𝐿,𝑒 (Ω𝐼 ; 𝑝1, 𝑝2) = 𝛾𝑒 ln
2𝐸𝑚𝑖𝑛√︁
2𝑝1𝑝2

+ 3
4
𝛾𝑒 +𝑄2

𝑒

𝛼

𝜋

(
1
2

+ 𝜋2

3

)
, (7)

using an obvious notation 𝐶𝐿 to denote that the entire factor 3
2𝑄

2
𝑒
𝛼
𝜋
𝐿 is now exponentiated by our

collinearly improved YFS virtual IR function 𝐵𝐶𝐿 given explicitly in Ref. [1]. In eq.(5) only 1
3 of

the latter collinear big log term is exponentiated.
In Ref. [1], we show that a similar collinear enhancement can be realized in the real infrared

function 𝐵̃ thereby improving it to its collinearly enhanced form 𝐵̃𝐶𝐿 – see Ref. [1].
The same methods allow us to obtain the collinearly enhanced form of the CEEX soft eikonal

factors s𝜎 (𝑘) → s𝐶𝐿,𝜎 (𝑘) in an obvious notation following that in Ref. [7]. See Ref. [1] for further
details.
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