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1. Introduction

This contribution focuses on expectations for precision studies of the theory of strong interac-
tions, Quantum Chromo Dynamics (QCD) for the proposed FCC-ee program at CERN [1]. The
FCC-ee is a 𝑒+𝑒− collider in the proposed FCC tunnel as first stage of the FCC program. The FCC-ee
is designed to reach a maximal collision energy of 365 GeV which covers the production thresholds
of all heavy bosons of the standard model (W-, Z-, Higgs-boson) with very large luminosity and
the production threshold for top quark pairs. For precision studies of QCD, as projected onto
determinations of the strong coupling constant 𝛼𝑠 (𝑚𝑍 ) [2], the expected very large data samples of
the FCC-ee program would be transformative. Currently the expected samples are 3 · 1012 hadronic
Z boson decays, including 6 · 1011 Z boson decays to b quarks, 1011 Z boson decays to 𝜏 lepton
pairs, 5 · 108 W boson decays, 1.5 · 105 Higgs boson decays to gluon pairs, as well as 106 𝑡𝑡 events
at the production threshold.

2. Hadronic Z and W boson decays

Measurements of Z or W boson decays to hadrons are sensitive to the strong coupling through
QCD radiative corrections to the electro-weak Feynman diagrams of these decays. The measure-
ments of production cross sections and branching fractions for decays to hadrons or leptons are
translated into the relevant quantities called "Electroweak precision observables" EWPO [3]. For
determinations of the strong coupling constant the most sensitive observable is the ratio of the
hadronic and leptonic branching fractions 𝑅𝑍 (𝑊 )

𝑙
for Z (W) bosons.

A recent analysis [4] of 𝑅
𝑍 (𝑊 )
𝑙

together with LEP Z boson EWPO corrected for improved
determination of the luminosity yields 𝛼𝑠 (𝑚𝑍 ) = 0.1203 ± 0.0028. In the same work the analysis
of the branching ratios of the W boson yields 𝛼𝑠 (𝑚𝑍 ) = 0.107 ± 0.035.

In the programs of new 𝑒+𝑒− colliders the measurements of Z boson EWPO, the W boson
pair production cross section at threshold and the Z and W boson branching ratios are expected
to improve significantly, see e.g. [1] (tab. 3.1), [2]. Assuming that electro-weak corrections of
O(𝛼2), O(𝛼3), 4-loop QCD corrections (N4LO), and the mixed corrections of O(𝛼𝛼2

𝑠), O(𝛼𝛼3
𝑠) and

O(𝛼2𝛼𝑠) will be available, measurements of the strong coupling could be achieved [2] for Z boson
decays 𝛼𝑠 (𝑚𝑍 ) = 0.12030 ± 0.00013𝑒𝑥𝑝. ± 0.00005𝑝𝑎𝑟. ± 0.00022𝑡ℎ𝑒𝑜. and for W boson decays
𝛼𝑠 (𝑚𝑍 ) = 0.11790±0.00012𝑒𝑥𝑝.±0.00004𝑝𝑎𝑟.±0.00019𝑡ℎ𝑒𝑜.1. For the determination of 𝛼𝑠 (𝑚𝑍 )
from the W boson data improved measurements of the CKM mixing matrix are necessary.

3. Jets and event shapes

Hadronic final states of high energy collisions can be studied with jet clustering algorithms
or event shape observables. The general idea is to quantify the topology of the event, i.e. the
presence of one or more collimated bundles of particles (see e.g. [5, 6]). In order to define an event
shape observable all objects of the event are used to calculate a measure corresponding to the event
topology. As an example, the thrust observable 𝜏 is given by 𝑇 = max®𝑛 (

∑
𝑖 | ®𝑝𝑖 · ®𝑛|/

∑
𝑖 | ®𝑝𝑖 |) and

1The central values for both results have been arbitrarily set to their current values
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𝜏 = 1 − 𝑇 . The value of 𝜏 is small for collimated 2-jet like events while it increases if more jet
activity is present.

The most complete predictions for event shape observables Thrust (𝜏) and C-parameter
(𝐶 = 3/2

∑
𝑖 𝑗 | ®𝑝𝑖 | | ®𝑝 𝑗 | sin2 𝜃𝑖 𝑗/(

∑
𝑖 | ®𝑝𝑖 |)2) were shown in [7], including resummation at approx-

imate N3LL accuracy and an analytic model for non-perturbative corrections. The results for the
strong coupling are for 𝜏 𝛼𝑠 (𝑚𝑍 ) = 0.1134 ± 0.0002𝑒𝑥𝑝. ± 0.0005ℎ𝑎𝑑. ± 0.0011𝑡ℎ𝑒𝑜. and for 𝐶
𝛼𝑠 (𝑚𝑍 ) = 0.1123±0.0002𝑒𝑥𝑝. ±0.0007ℎ𝑎𝑑. ±0.0014𝑡ℎ𝑒𝑜.. The analysis was confirmed and inves-
tigated for systematic effects in the non-perturbative model and in the setting of the renormalisation
scale in the QCD predictions [8]. The measurements are in tension with most other measurements of
the strong coupling and thus the world average. The study [8] finds some deviations which are larger
than the quoted uncertainties. In [7] it was observed that the choice of model for non-perturbative
corrections can lead to Δ𝛼𝑠 (𝑚𝑍 )𝑛𝑜𝑛−𝑝𝑒𝑟𝑡. = 𝑂 (1)% while [9] explored a more realistic analytic
non-perturbative model which takes 3-jet topologies into account.

Measurements of 𝛼𝑠 (𝑚𝑍 ) with data from new 𝑒+𝑒− colliders will profit from very large
data samples at

√
𝑠 = 𝑚𝑍 and above combined with proposed detector performance exceeding

that of the LEP experiments by a large margin. The experimental uncertainty is projected as
Δ𝛼𝑠 (𝑚𝑍 )𝑒𝑥𝑝. < 0.1%. Other uncertainties are expected to be limited to Δ𝛼𝑠 (𝑚𝑍 )ℎ𝑎𝑑. ≈ 1% and
Δ𝛼𝑠 (𝑚𝑍 )𝑡ℎ𝑒𝑜. ≈ 1%, or less [2]. In addition in [9] the uncertainty from effects of finite hadron
masses on the theory predictions was estimated as Δ𝛼𝑠 (𝑚𝑍 )ℎ𝑎𝑑𝑟𝑜𝑛𝑚𝑎𝑠𝑠𝑒𝑠 ≈ 1%.

4. Fragmentation functions

The fragmentation function in hadronic final states of high energy collisions is constructed
from particle momenta scaled to the energy scale of the hard scattering process. In the experiments
generally charged particles only are measured since low momentum particles dominate and at
low energies momenta from charged particle tracks can be measured with much better precision
compared with calorimeter based energy measurements for neutral particles.

In hadronic final states in 𝑒+𝑒− annihilation at cms energy
√
𝑠 the spectrum of scaled particle

momenta 𝑥𝑝 = 2𝑝/
√
𝑠 can be described as a convolution of a non-perturbative fragmentation func-

tion (FF) 𝐷ℎ
𝑓
(𝑥, 𝜇) and perturbative coefficient functions (CF) 𝐶 𝑓 (𝑥, 𝛼𝑠 (𝑄)). The FFs corresponds

to the distribution of hadrons ℎ generated by a parton 𝑓 = 𝑢, 𝑑, 𝑠, 𝑐, 𝑏, 𝑔 at scale 𝜇. The CFs describe
the probability to produce a parton 𝑓 in the hard interaction. Taken together the cross section for
producing hadrons is written as

1
𝜎

𝑑𝜎ℎ

𝑑𝑥
=
∑︁
𝑓

∫ 1

𝑥

𝐶 𝑓 (𝑧, 𝛼𝑠 (𝑄)) 𝐷ℎ
𝑓

(
𝑥

𝑧
, 𝜇

)
𝑑𝑧

𝑧
. (1)

The FF cannot be predicted directly in QCD since they describe the non-perturbative transition of
partons to hadrons, but their scale dependence, i.e. the evolution of the 𝐷ℎ

𝑓
(𝑥, 𝜇) with scale 𝜇 is

predicted in QCD by the DGLAP equations known up to NNLO. The CF are known in QCD in
NNLO (see e.g. the review "Fragmentation Functions in 𝑒+𝑒−, ep, and pp Collisions" [10]).

Figure 1 (left) shows as an example measurements of charged particle momentum spectra as
functions of

√
𝑠 and 𝑥𝑝 by OPAL and other experiments [11]. The solid lines show the result

of a fit in NLO QCD with 𝛼𝑠 (𝑄) as a free parameter and parametrised FFs at a reference scale.
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Non-perturbative effects are mostly captured by the FF and other non-perturbative corrections scale
as 1/𝑄2. An average of comparable analyses by the LEP collaborations ALEPH, DELPHI and
OPAL results in 𝛼𝑠 (𝑚𝑍 ) = 0.1192 ± 0.0056𝑒𝑥𝑝. ± 0.0070𝑡ℎ𝑒𝑜. [5].

An extrapolation of such analyses to data sets from future 𝑒+𝑒− colliders remains speculative.
With much larger data sets at high energies

√
𝑠 > 𝑚𝑍 and much improved detectors allowing a better

separation of signal and backgrounds it seems safe to expect Δ𝛼𝑠 (𝑚𝑍 )𝑒𝑥𝑝. < 1%. Assuming that
DGLAP evolution will be available up to N3LO [12] a theory uncertainty of Δ𝛼𝑠 (𝑚𝑍 )𝑡ℎ𝑒𝑜. ≈ 1%
might be possible.
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Figure 1: (left) The figure shows the normalised cross sections for charged hadron production 𝑒+𝑒− annihi-
lation as function of cms energy

√
𝑠 by OPAL and other experiments. The data points are binned in 𝑥𝑝 as

indicated. The lines show the result of a fit of the theory to the data (full) and extrapolations (dashed) [11].
(right) The figure at the top shows charged hadron production as function of 𝜉 for many 𝑒+𝑒− experiments
as indicated. Superimposed are fits of the DG model to extract the peak positions. The figure at the bottom
shows the extracted peak positions as a function of cms energy

√
𝑠 together with a fit of the QCD prediction

for their energy dependence [13].

Based on the same scaled momenta 𝑥𝑝 = 2𝑝/
√
𝑠 the quantity 𝜉 = log(1/𝑥𝑝) is defined in order

to study the distribution of the dominant low momentum particles. The distribution is sensitive
to QCD coherence effects for multiple soft gluon emission [14] with the consequence that the
distribution is dominated by radiation corresponding to medium momenta. Figure 1 (right, top)
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shows a collection of data for scaled momentum spectra measured by several experiments in 𝑒+𝑒−

annihilation at cms energies from
√
𝑠 = 2.2 to 206 GeV [13].

The approximate Gaussian shape of the distributions can be described with the distorted
Gaussian (DG) model [15]. In momentum space evolution equations for moments (e.g. the peak
position 𝜉0) are derived, which allow a determination of the strong coupling 𝛼𝑠 [2, 13] by applying
this formalism e.g. to the peak positions of the data shown in figure 1 (right, top). These peak
positions are shown together with more measurements from DIS in figure 1 (right, bottom). The
dashed line shows the result of a fit to the evolution equations in NNLO*+NNLL2. The result
of a simultaneous analysis of the peak position and the charged particle multiplicity evolution is
𝛼𝑠 (𝑚𝑍 ) = 0.121 ± 0.001𝑒𝑥𝑝. ± 0.002𝑡ℎ𝑒𝑜..

With new 𝑒+𝑒− colliders such as FCC-ee with very large data samples at
√
𝑠 = 𝑚𝑍 and high√

𝑠 > 𝑚𝑍 a reduction of Δ𝛼𝑠,𝑒𝑥𝑝. < 1% for extraction of 𝛼𝑠 from evolution of the FF at small 𝑥 are
expected. In order to reduce the then dominant theory uncertainty progress in the accuracy of the
predictions is required [2].

The FF at small 𝑥 has also been studied for heavy quarks. Gluon radiation from heavy
quarks is influenced by the "dead cone" effect [16, 17]. Radiation from an energetic, but not ultra-
relativistic, heavy quark𝑄 with energy 𝐸𝑄, mass 𝑀𝑄 and 𝐸𝑄/𝑀𝑄 ≫ 1 is suppressed at small angles
𝜃 < 𝜃0 = 𝐸𝑄/𝑀𝑄 and large energies 𝜔 according to 𝑑𝜎𝑄→𝑄+𝑔 ≃ 𝐶𝐹𝛼𝑠/𝜋𝜃2𝑑𝜃2/(𝜃2 + 𝜃2

0)
2𝑑𝜔/𝜔.

𝐶𝐹 = 4/3 is the QCD colour factor at the branching vertex 𝑄 → 𝑄 + 𝑔. The main consequence for
the FF of heavy quarks is the suppression of production of particles with large 𝑥 [16].
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Figure 2: (left) The figure shows charged particle momentum spectra for Z boson decays to light (uds) and b
quarks after correction for B hadron decay products based on DELPHI and OPAL data. (right) The same as
(left) for c quarks based on OPAL data. For both figures the lower plots present the ratios of FFs for heavy
and light quarks as indicated [18].

The measurements by DELPHI and OPAL of the heavy quark FF as a function of 𝜉 = log(1/𝑥)
with Z boson decays to b and c quark pairs where analysed in [18]. Since the measurements of

2NNLO* refers to a partial calculation of the NNLO corrections.
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charged particle momenta by DELPHI and OPAL also contain the charged decay products of B-
or Charm-hadrons their contribution is subtracted using simulated Z boson decays. The results are
shown in figure 2 for 𝑏 quarks (left) and 𝑐 quarks (right). The open points display the FF of the
heavy quark after subtraction of the heavy hadron decay contribution. The solid points show the
FF for light quarks (u,d,s). The strong suppression of the heavy quark FFs at small 𝜉 (large 𝑥) is
clearly visible.

The measurement of the FF from heavy quarks (c, b, top) at future 𝑒+𝑒− colliders would
also substantially improve upon existing analysis due to much larger event samples and substantially
improved detectors. Such measurements could give access to heavy quark masses [18], and possibly
to the width of the top quark [19].

5. Colour reconnection in W pairs

Colour reconnection (CR) refers to considering modifications to colour assignments of per-
turbative scattering as non-perturbative effects [20]. New high-energy 𝑒+𝑒− colliders have been
recognised early as ideal laboratories to study CR with pair production of colour singlet sources
such as 𝑊+𝑊−, 𝑍𝑍 or 𝑍𝐻 with decays to hadronic final states [21]. The non-perturbative CR
models implemented in Monte Carlo simulations for 𝑒+𝑒− or 𝑝𝑝 collisions are related [20]. The
statistical and experimental uncertainties of 𝑊+𝑊− production at LEP 2 turned out to be too large
to exclude most reasonable CR models [20, 22]. With a predicted sample of𝑊+𝑊− pairs at FCC-ee
corresponding to about 104 times the LEP 2 sample one expects much more detailed studies will
become possible. These would profit from 𝑂 (100) better statistical uncertainties and much reduced
experimental systematics w.r.t. the LEP experiments.

6. Quark mass running

Quark masses are also free parameters of the theory of strong interactions, and are subject to
evolution equations similar to the strong coupling constant 𝛼𝑠, see e.g. [23]. The quark masses are
predicted to decrease with increasing energy scale of a strong interaction with a heavy quark.

A study of production of radiative top anti-top quark pairs in 𝑒+𝑒− annihilation at future linear
colliders showed that sensitivity to the running top quark mass [24] is expected. The top quark mass
dependence is studied for a scenario with

√
𝑠 = 500 GeV in four bins of

√
𝑠′, see figure 3 (left). The

mass is extracted in the MSR scheme as a function of the scale parameter 𝑅, which is related to the
top quark 3-momenta [24]. The second data point, which corresponds to the first bin after the bin
containing the threshold region, already shows a significantly lower top quark mass. The second
data point based on the range [374, 411] GeV is already within reach of the CLIC scenario with√
𝑠 = 380 GeV.

Measurements of the mass of the 𝑏 quark 𝑚𝑏 (𝑄) at large energy scales 𝑄 have been performed
with Z boson decays to b quark pairs by the LEP and SLC experiments. In these analyses the ratios of
3-jet fractions are measured in Z boson decays to b-jets and light quark jets. The measurements are
compared to NLO QCD predictions with full quark mass dependence in order to extract the 𝑏 quark
mass at the Z boson mass scale in the 𝑀𝑆 scheme 𝑚𝑏 (𝑚𝑍 ) = (2.90±0.31) GeV [5, 25]. Compared
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Figure 3: (left) The figure shows the extracted top quark mass 𝑚𝑀𝑆𝑅
𝑡 (𝑅) for an ILC simulation at

√
𝑠 =

500 GeV in the MSR scheme as function of scale parameter 𝑅. The prediction for the running top quark mass
is given by the red line [24]. (right) The figure shows cross sections for production of various final states in
𝑒+𝑒− annihilation as function of cms energy

√
𝑠 as indicated.

to the PDG average for the 𝑏 quark mass at low scales in the 𝑀𝑆 scheme 𝑚𝑏 (𝑚𝑏) = (4.18+0.04
−0.03) GeV

there is already evidence at almost four standard deviations for a running 𝑏 quark mass.
Future prospects for such measurements are discussed in [26]. The measurement of 𝑚𝑏 (𝑚𝑍 )

from the ratio of 3-jet rates in Z boson decays to 𝑏 and light jets is estimated to have an uncertainty
of about 120 MeV [27]. This assumes a large sample of Z boson decays at a future 𝑒+𝑒− collider
and theoretical improvements including NNLO QCD predictions with full mass effects for 3-jet
production in Z boson decays. A new study considers the dependence on 𝑚𝑏 (𝑚𝑍 ) of the EWPO
derived from Z boson decays Γ(𝑍 → 𝑏𝑏̄), BR(𝑍 → 𝑏𝑏̄) and 𝑅0,𝑏 = Γ(𝑍 → 𝑏𝑏̄)/Γ(𝑍 →
ℎ𝑎𝑑𝑟𝑜𝑛𝑠) [28]. It is found that based on the predictions for measurements of the EWPO with FCC-
ee [1] a precision for 𝑚𝑏 (𝑚𝑍 ) of about 5% or 140 MeV could be obtained. From HL-LHC, or a
future Higgs factory, improved measurements of 𝑚𝑏 (𝑚𝐻) based on the ratio Γ(𝐻 → 𝑏𝑏̄)/Γ(𝐻 →
𝑍𝑍) [25] are expected. These expectations also assume theory progress for the calculation of
electro-weak corrections up to NNLO. With the precision of these expected measurements new
stringent tests of the SM become possible.

7.
√
𝑠 < 𝑚𝑍

The potential of low energy (
√
𝑠 < 𝑚𝑍 ) data from 𝑒+𝑒− annihilation for studies of QCD is great,

see e.g. [29]. Many current global fits of event shape observables (see above) include low energy
data in order to disentangle perturbative and non-perturbative effects, which evolve differently with
the energy scale

√
𝑠. However, the data samples from the PETRA experiments or the other 𝑒+𝑒−

colliders before LEP are limited in size and also in measurement precision in comparison to current
detector technologies.

7
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New 𝑒+𝑒− colliders and in particular the FCC-ee could enable to revisit physics at low annihila-
tion energies3. Many of the measurements discussed in this report could be improved significantly
with new low energy data. The main arguments are illustrated in figure 3 (right). The figure shows
the cross section for the production of various final states in 𝑒+𝑒− annihilation. At

√
𝑠 < 𝑚𝑍 the

cross sections increase with decreasing
√
𝑠. The FCC-ee luminosity increases steeply with decreas-

ing
√
𝑠 [30]. If running the FCC-ee at large luminosity at low

√
𝑠 could be realised the collection of

a sample of 109 events at cms energies between 20 and 40 GeV could be possible.
The data collected by e.g. FCC-ee runs with

√
𝑠 < 𝑚𝑍 could potentially be used for a precise

determination of the strong coupling constant based on the ”R-ratio” given by 𝑅
𝛾

𝑙
(𝑄) = 𝜎(𝑒+𝑒− →

ℎ𝑎𝑑𝑟𝑜𝑛𝑠)/𝜎(𝑒+𝑒− → 𝜇+𝜇−) = 3
∑

𝑖 𝑞
2
𝑖
(1 + 𝛼𝑠 (𝑄)/𝜋 + . . .) measured at a given cms energy√

𝑠 = 𝑄. In the SM prediction the 𝑞𝑖 are the quark charges, and it is known up to N4LO, see
e.g. [31]. With 𝑑𝑅

𝛾

𝑙
/𝑑𝛼𝑠 ≈ 1 for four or five quark flavours one gets the approximate relation

3Δ𝑅𝛾

𝑙
/𝑅𝛾

𝑙
≈ Δ𝛼𝑠 (𝑄). Thus in order to achieve a statistical precision of 0.1% on 𝛼𝑠 (𝑚𝑍 ) a relative

error Δ𝑅𝛾

𝑙
/𝑅𝛾

𝑙
≈ 10−4 is needed. This corresponds to sample sizes of O(108) events. For the related

EWPO 𝑅𝑍
𝑙
= Γ(𝑍 → ℎ𝑎𝑑𝑟𝑜𝑛𝑠)/Γ(𝑍 → 𝜇+𝜇−) for Z boson decays for FCC-ee an experimental

systematic uncertainty of Δ𝑅𝑍
𝑙
/𝑅𝑍

𝑙
≈ 5 · 10−5 is estimated [1], which is dominated by uncertainties

of the lepton acceptance of the detector. It seems reasonable to estimate a similar experimental
uncertainty for the R-ratio 𝑅

𝛾

𝑙
at lower energies. Furthermore, the theory uncertainties for 𝑅

𝛾

𝑙

should be similar to those for 𝑅𝑍 (𝑊 )
𝑙

, i.e. about 0.2%, see section 2.
A different option for this kind of analysis would be using radiative hadronic Z boson decays

𝑒+𝑒− → 𝛾𝑍 (→ ℎ𝑎𝑑𝑟𝑜𝑛𝑠) from the large sample of Z decays at FCC-ee. For example the
OPAL collaboration used radiative hadronic Z boson decays to obtain measurements of 𝛼𝑠 at low
energies [32]. In this analysis based on 2.4 · 106 hadronic Z boson decays from 1560 (𝐸𝛾 =

10 − 15 GeV) to 290 (𝐸𝛾 = 40 − 45 GeV) radiative Z boson decays were selected for the ranges of
photon energies 𝐸𝛾 in brackets. The sample sizes at FCC-ee are estimated to be larger by a factor
of about 106 compared to the OPAL sample and thus they would also be of O(108).
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