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We use the Boltzmann Equation in Diffusion Approximation (BEDA) as a tool to explore the
time evolution of an initially out-of-equilibrium and highly occupied expanding system of gluons.
We study the hydrodynamization of this system as well as the quark production until chemical
equilibration is established. A comprehensive study of such processes will be presented based
on parametrical estimations in the weak-coupling limit, similar to those employed for bottom-up
thermalization in pure gluon systems, as well as complementary numerical solutions of the BEDA.
Our studies provide a better understanding of the underlying processes involved in the different
stages of the evolution.
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1. Introduction

After a heavy ion collision, a highly populated and non-equilibrated, quickly expanding system
of gluons is produced. Combining this picture with the hydrodynamic description of the Quark
Gluon Plasma (QGP) is one of the field’s most intriguing phenomena, typically referred to as
thermalization/hydrodynamization. In the weak coupling limit, this process follows a time evolution
known as the "bottom-up thermalization" [1]. Understanding how this process is produced is critical
if one attempts to comprehend the evolution in the small collision systems, where the medium might
not be able to fully thermalize and, therefore, it would not exhibit all the features that have been
proved in the heavy ion collisions.

The Color Glass Condensate formalism describes how this highly populated system of glu-
ons is produced up to some time 𝜏 ∼ 𝑄−1

𝑠 , where the saturation momentum 𝑄𝑠, is the typical
momentum of the gluons produced right after the collision. We aim to describe the thermaliza-
tion/hydrodynamization process for a longitudinally boost-invariant expanding plasma. This has
been previously explored numerically in the Effective Kinetic Theory (EKT) [2–4]. In contrast, here
we will use the Boltzmann Equation in Diffusion Approximation (BEDA) [5, 6] as an alternative
framework, whose inelastic kernel coincides with that used in [1], and elastic kernel is more efficient
to calculate. We generalize the BEDA for a longitudinally expanding plasma composed of quarks
and gluons and study the parametric features in comparison to the numerical results.

2. The Boltzmann Equation in Diffusion Approximation (BEDA)

At leading order in QCD, the BEDA for a longitudinally boost-invariant expanding plasma of
quarks and gluons evolves their distribution function, 𝑓 𝑎 (p, 𝑡) as(

𝜕

𝜕𝜏
− 𝑝𝑧

𝜏

𝜕

𝜕𝑝𝑧

)
𝑓 𝑎 (p; 𝑡) = 𝐶𝑎

2↔2 [ 𝑓 ] + 𝐶𝑎
1↔2 [ 𝑓 ], , 𝑎 = {𝑔, 𝑞, 𝑞}. (1)

The derivative in the longitudinal momentum, 𝑝𝑧 , is in charge of the longitudinal expansion and
the two terms in the right-hand side of the equation are the collision kernels. We can study the
thermalization following the time evolution of different macroscopic quantities [5, 6], such as the
screening mass squared, 𝑚2

𝐷
, the jet quenching parameter 𝑞, the effective temperature 𝑇∗ and the

effective quark chemical potential, 𝜇∗.
In general cases, there is one different value of 𝜇∗ for each of the quark flavors that participate

in the evolution. Nevertheless, in this work we will initialize the system with an overoccupied
distribution of gluons, without any fermions. Accordingly, the number of quarks and antiquarks
will always be the same and the effective chemical potential will be zero.

2.1 The 2 ↔ 2 collision kernel

When the diffusion approximation is applied, the 2 ↔ 2 collision kernel can be rewritten as a
Fokker-Planck equation plus a source term, S𝑎, [7, 8]

𝐶𝑎
2↔2 =

1
4
𝑞𝑎 (𝑡)∇p ·

[
∇p 𝑓

𝑎 + v
𝑇∗(𝑡) 𝑓

𝑎 (1 + 𝜖𝑎 𝑓
𝑎)

]
+ S𝑎 ≡

( )
+

( )
(2)
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S𝑞 =
2𝜋𝛼2

𝑠𝐶
2
𝐹
L

𝑝

[
I𝑐 𝑓 (1 − 𝐹) − Ī𝑐𝐹 (1 + 𝑓 )

]
, S𝑞̄ = S𝑞 |𝐹↔𝐹̄ , S𝑔 = −

𝑁 𝑓

2𝐶𝐹

(S𝑞 + S𝑞̄). (3)

Here, we have renamed 𝑓 𝑔 ≡ 𝑓 , 𝑓 𝑞 ≡ 𝐹 and 𝑓 𝑞̄ ≡ 𝐹̄ by convenience and 𝜖𝑎 is the sign associated
with the statistics of species 𝑎. Also, the logarithm L ≡ ln ⟨𝑝2

𝑡 ⟩
𝑚2

𝐷

has been introduced, and 𝑞𝑎 ≡ 𝐶𝑎,
with 𝐶𝑎 the Casimir for the color group representation of the particle 𝑎. The quantities 𝐼𝑐 and 𝐼𝑐

are integrals of a combination of the distribution functions which relates with the quark chemical
potential [6] as 𝜇∗ ≡ 𝑇∗ ln I𝑐

Ī𝑐
.

If the 2 ↔ 2 kernel is the only term included in Eq. (1) some divergence appears in the
infrared at some early times if the system is overoccupied. This feature has been interpreted as
the onset of Bose-Einstein Condensate [9]. Its presence can be studied numerically if one applies
the correct boundary conditions to the solution [8] by defining a number density of the BEC
¤𝑛𝑐 ∝ lim𝑝→0 𝑝 𝑓 − 𝑇∗.

2.2 The 1 ↔ 2 collision kernel

The 1 ↔ 2 collision kernel in Eq. (1) is computed in the deep LPM regime [10, 11]. Since the
splitting described in this regime is collinear, the shape of this collision kernel is the same as that
used in the homogenous scenario [6]

𝐶𝑎
1↔2 =

∫ 1

0

𝑑𝑥

𝑥3

∑︁
𝑏,𝑐

[
𝜈𝑐

𝜈𝑎
𝐶𝑐
𝑎𝑏 (p/𝑥; p, p(1 − 𝑥)/𝑥) − 1

2
𝐶𝑎
𝑏𝑐 (p; 𝑥p, (1 − 𝑥)p)

]
. (4)

In this expression, the sum over the particles 𝑏 and 𝑐 is such that only the processes given by the
QCD interaction vertex appear. The 𝜈𝑖 factors are the color and spin degrees of freedom of the
particle 𝑖.

2.3 The rapid thermalization of the soft sector

Including the 1 ↔ 2 collision kernel in the calculation does not allow the BEC to form. This
is because it is more divergent than the 2 ↔ 2 in the infrared and dominates the system behavior in
this region of the momentum phase space. The 1 ↔ 2 process forces the system to thermalize due
to the detailed balance between the splitting and the merging of gluons in the soft sector.

The same argument applies to the quark production, where the 𝑔 → 𝑞𝑞 splitting is the dominant
contribution. For both cases, we can compute the analytical shape of the function distributions at
early times, and verify that they correspond to the behavior of a thermal distribution up to some
soft momentum scale 𝑝𝑠.

𝑓 (𝑝) ≈ 𝑇∗(𝑣𝑧)
𝑝

for 𝑝 ≲ 𝑝𝑠,𝑔 (5)

𝐹 (𝑝) ≈ 1

𝑒
− 𝜇∗ (𝑣𝑧 )

𝑇∗ (𝑣𝑧 ) + 1
for 𝑝 ≲ 𝑝𝑠,𝑞, (6)

where 𝑇∗ ≡
∫
𝑑𝑣𝑧𝑇∗(𝑣𝑧) and 𝜇∗ ≡

∫
𝑑𝑣𝑧𝜇∗(𝑣𝑧). The soft momentum scale is different for quarks

and gluons, and they are related to their thermal masses, 𝑚𝑞 ≡
∫
𝑑𝑣𝑧𝑚𝑞 (𝑣𝑧), 𝑚𝑔 ≡

∫
𝑑𝑣𝑧𝑚𝑞 (𝑣𝑧):

𝑝𝑠,𝑔 ≡ [𝑚4
𝑔 (𝑣𝑧)𝜏/2] 2

5 𝑞
1
5
𝐴

𝑝𝑠,𝑞 ≡ [𝑚4
𝑞 (𝑣𝑧)𝜏/2] 2

5 𝑞
1
5
𝐹
, (7)
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Figure 1: Parametric estimates for different macroscopic quantities of the bottom-up thermalization. The
left panel shows the effective temperature 𝑇∗, the screening mass squared 𝑚2

𝐷
, the jet quenching parameter

𝑞, and the total gluon number density 𝑛𝑔. The right plot shows the soft and hard gluon number densities, 𝑛𝑠𝑔
and 𝑛ℎ𝑔, as well as the quark number density 𝑛𝑞 .

3. Initial conditions and setup

Kinetic theory is a tool exploring the evolution of QCD systems in the weak coupling regime.
Therefore, let us assume that 𝛼𝑠 ≪ 1. Also, since at early times the system produced by the
collision should be mostly given by a highly populated ensemble of soft gluons, we will consider
[1] that its function distribution is 𝑓 ∼ 𝛼−1

𝑠 . Also, to simplify the calculations, let us assume that
the function distribution at the initial time is isotropic in momentum space and characterized by
some momentum scale 𝑄𝑠.

The isotropy in momentum space will break due to the expansion. Since the expansion is
longitudinal and boost invariant [12], the momentum of the partons moving along the transverse
direction will not change significantly. That is, their typical momentum will always be 𝑝⊥ ∼ 𝑄𝑠.
Nevertheless, any parton that moves along the longitudinal direction (𝑣𝑧 ∼ 1) will quickly run away
from the mid-rapidity region and all the contributions to the typical transverse momentum will be
given by the broadening 𝑝𝑧 ∼

√︁
𝑞𝜏. This distinction introduces two characteristic scales to the

momentum. We will refer as hard partons to those with typical momentum 𝑝 ∼ 𝑄𝑠 and soft partons
to those with 𝑝 ∼

√︁
𝑞𝜏.

4. The bottom-up thermalization

In the case of a system composed exclusively of gluons, the parametric behavior is well-known
according to Baier, Müller, Schiff and Son [1]. In this section, we extend these parametric estimates
by introducing quarks in the calculation and attempt to confirm them by numerical simulations of
the BEDA.

We observe that none of the three stages described in [1] are modified, and the three different
stages for the thermalization picture persist even after introducing the quark sector in the calculation.
These parametrics are shown in Fig. 1. The first stage, 1 ≪ 𝑄𝑠𝜏 ≪ 𝛼

− 3
2

𝑠 , is dominated by the

4
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Figure 2: Same quantities than those plotted in the simulation shown in Fig. 1, but given by a numerical
simulation with 𝛼𝑠 = 0.01.

rapid expansion of hard gluons. In this time region, the soft gluon number density decreases faster
than the hard one since for the latter 𝑛𝑔 ∝ 𝑝3

𝑧 , meanwhile the former follows the Bjorken scaling
𝑛ℎ𝑔 ∝ (𝑄𝑠𝜏)−1. Also, during this stage, the 𝑔 → 𝑞𝑞 splitting increases the quark/antiquark number
density rapidly until it reaches its higher value and decreases due to the expansion.

The second stage, 𝛼− 3
2

𝑠 ≪ 𝑄𝑠𝜏 ≪ 𝛼
− 5

2
𝑠 , starts at the time that the screening mass is dominated

by the soft sector of gluons, even though the number density of hard gluons is still the larger
one. This stage ends when these two number densities match each other. This is possible due to
the broadening pushing 𝑝𝑧 to a constant value, which slows down the decrease in the soft gluon
number density. Similar behavior can be observed for the quark number density up to 𝑄𝑠𝜏 ∼ 𝛼−2

𝑠 .
At this time the soft gluon sector starts to dominate the quark production via both 𝑔 → 𝑞𝑞 and
𝑔𝑔 → 𝑞𝑞 processes, which are fast enough to counteract the expansion and keep 𝑛𝑞 constant until
the parametric matches the gluon number density.

Finally, the third stage, 𝛼− 5
2

𝑠 ≪ 𝑄𝑠𝜏 ≪ 𝛼
− 13

5
𝑠 , corresponds to the thermalization of the soft

sector. Up to this point, the majority of the quarks and gluons of the system are soft and have
established thermal equilibrium among themselves. The remaining hard gluons will radiate their
energy, depositing it into the soft thermal bath and producing the reheating of this thermalized QGP.

4.1 Numerical simulations

Numerical simulations that partially confirm this parametric behavior are plotted in Fig. 2.
Here one can see how the macroscopic quantities decrease according to the expansion. Also,
observing how the quark number density exhibits the predicted constant behavior is qualitatively
possible. Nevertheless, no reheating is observed. This is because this stage is expected to happen
at 𝑄𝑠𝜏 ∼ 𝛼

− 5
2

𝑠 = 105, and due to technical reasons we were not able to continue further with the
simulation.
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5. Conclusions and outlook

We have shown that the BEDA is a tool for exploring the evolution of the thermalization process
that happens during the initial stages of a heavy ion collision. The BMSS parametric estimates have
been extended by allowing the system to produce quarks during the evolution, which do not affect
the overall evolution of the system. This parametric estimate has been partially and qualitatively
confirmed by comparison with a numerical simulation of the BEDA. The last stage of the parametric
remains unclear and finer simulations need to be performed in the future to elucidate if the reheating
appears right before the thermalization.
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