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Diagrammatic approaches to perturbation theory transformed the practicability of calculations
in particle physics. In the case of extended theories of gravity, however, obtaining the relevant
diagrammatic rules is non-trivial: we must expand in metric perturbations and around (local)
minima of the scalar field potentials, make multiple field redefinitions, and diagonalize kinetic
and mass mixings. In this note, we will motivate these theories, introduce the package FeynMG
— a Mathematica extension of FeynRules that automates the process described above — and
highlight an application to a model with unique collider phenomenology.
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1. Introduction

Dark matter (DM) remains a strong motivation for ultra-light modifications to the Standard
Model (SM). Converting the virial radius of a galaxy (say, around 10 kPc) to a mass scale suggests a
lower limit on the DM mass of order 10−22 eV (see Ref. [1] for more robust bounds). Similarly light
scalar fields can lead to new long-range forces or fifth forces, and if we want to modify dynamics on
even larger scales, we might consider even smaller masses. These new scalar fields can be coupled
directly to the SM or introduced by modifying the Einstein–Hilbert action of general relativity (GR)

𝑆 =

∫
d4𝑥

√−𝑔
𝑀2

Pl
2

(𝑅 − 2Λ) , (1)

where 𝑀Pl is the (reduced) Planck mass, 𝑅 is the Ricci scalar and Λ is the cosmological constant.
In this note, we start with the simplest scalar-tensor theory, where the Planck mass is promoted

to a dynamical scalar field. We describe how fifth-force couplings arise and illustrate the role played
by scale symmetry breaking. Next, we introduce the package FeynMG [2], which can automate the
calculation of the couplings between the fifth-force scalar and SM, and highlight its use in the
analysis of a model in which the scalar couples only to off-shell SM degrees of freedom.

2. Fifth forces and screening

We can redefine the rulers that we use to measure distances in spacetime by rescaling the metric
𝑔𝜇𝜈 . This can be done locally with a Weyl rescaling of the form 𝑔𝜇𝜈 → Ω2(𝑥)𝑔𝜇𝜈 . Under this
rescaling, and with a simultaneous redefinition of the affine parameter 𝜆 via d

d𝜆 → Ω−2(𝑥) d
d𝜆 , the

geodesic equation transforms as

d2𝑥𝜇

d𝜆2 + Γ
𝜇

𝛼𝛽

d𝑥𝛼

d𝜆
d𝑥𝛽

d𝜆
= 0 −→ d2𝑥𝜇

d𝜆2 + Γ
𝜇

𝛼𝛽

d𝑥𝛼

d𝜆
d𝑥𝛽

d𝜆
− 𝑔𝛼𝛽

d𝑥𝛼

d𝜆
d𝑥𝛽

d𝜆
𝜕

𝜕𝑥𝜇
lnΩ = 0 , (2)

whereΓ𝜇

𝛼𝛽
are the Christoffel symbols. The Weyl rescaling has led to an extra force term proportional

to the gradient of Ω. However, if the geodesic is null, i.e., 𝑔𝛼𝛽 d𝑥𝛼

d𝜆
d𝑥𝛽
d𝜆 = 0, this fifth-force term

vanishes, hinting at the dependence of fifth-force couplings on how scale symmetry is broken.
Weyl rescaling allows us to shuffle scalar couplings in our scalar-tensor theory of gravity

between the gravitational and non-gravitational sectors. Starting with a Jordan-frame action

𝑆 =

∫
d4𝑥

√−𝑔
[
𝐹 (𝜙)

2
𝑅 − 𝑍𝜇𝜈 (𝜙, 𝜕𝜙, . . . )

2
𝜕𝜇𝜙𝜕𝜈𝜙 −𝑉 (𝜙) + LSM(𝑔𝛼𝛽, {𝜓})

]
, (3)

we can move to a frame in which the gravitational action is of Einstein–Hilbert form by the Weyl
rescaling 𝑔𝜇𝜈 = 𝑀2

Pl𝐹
−1(𝜙)𝑔̃𝜇𝜈 = 𝐴2(𝜙)𝑔̃𝜇𝜈 , leading to the Einstein-frame action

𝑆 =

∫
d4𝑥

√︁
−𝑔̃

[
𝑀2

Pl
2

𝑅̃ − 𝑍̃𝜇𝜈 (𝜙, 𝜕𝜙, . . . )
2

𝜕𝜇𝜙𝜕𝜈𝜙 − 𝑉̃ (𝜙) + LSM(𝐴2(𝜙)𝑔̃𝛼𝛽 , {𝜓})
]
, (4)

wherein we see that the SM degrees of freedom move on geodesics that are modified with respect
to the Einstein-frame metric 𝑔̃𝜇𝜈 by the coupling function 𝐴2(𝜙). Note that we use the (−, +, +, +)
signature convention. When the coupling function is close to unity, we can make a Taylor expansion

𝑆SM [𝐴2(𝜙)𝑔̃𝜇𝜈 , {𝜓}] = 𝑆SM [𝑔̃𝜇𝜈 , {𝜓}] +
1
2
[𝐴2(𝜙) − 1]𝑇SM + . . . , (5)
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Figure 1: Equivalent descriptions of fifth forces exerted by a mass 𝑀 on a test mass 𝑚 in the SM, as modified
gravitational dynamics (left) or as Higgs-portal-induced mixing with the Higgs boson (right).

and we obtain a “universal” coupling of the scalar to the trace of the SM energy-momentum tensor
𝑇SM. As a result, test particles will experience a force per unit mass ®𝐹/𝑚 = −®∇ ln 𝐴(𝜙), cf. Eq. (2).

Long-range fifth forces are heavily constrained by local tests of gravity. To find ways of evading
these constraints, we can consider the fifth-force potential of a point mass M due to the exchange of
fluctuations in the scalar field around some background 𝜑̃ = ⟨𝜙⟩. The potential takes the form [3]

𝑈̃ (𝑟) = − 1
𝑍̃ (𝜑̃)𝑐2

𝑠 (𝜑̃)

[
d𝐴(𝜑̃)

d𝜑̃

]2 1
4𝜋𝑟

exp
[
− 𝑚(𝜑̃)𝑟
𝑍̃1/2(𝜑̃)𝑐𝑠 (𝜑̃)

]
M . (6)

The force can be suppressed by (see Ref. [3]): (i) increasing the mass 𝑚(𝜑̃), (ii) increasing the sound
speed 𝑐𝑠 (𝜑̃) or the pre-factor of the kinetic term 𝑍̃ (𝜑̃) (both encoded in 𝑍̃𝜇𝜈 above) — or decreasing
the same to enhance the Yukawa suppression — or (iii) decreasing the coupling strength d𝐴(𝜑̃)/d𝜑̃.
These factors depend on the background field 𝜑̃, and thereby the ambient matter density, leading
to environmental screening of the force, and common types are chameleon [4] [via (i) above],
Vainshtein [5] [increasing 𝑍 (𝜑̃) via (ii) above] and symmetron [6–8] [via (iii) above] screening.

However, from Eq. (2), we expect that how fifth forces couple to the SM also depends on
how scale symmetry is broken. In the SM (excluding Majorana mass terms), there is one explicit
scale-breaking term: the quadratic term in the Higgs potential LSM ⊃ −𝜇2 |𝐻 |2. It is only this term
to which the scalar will couple (classically) after the Weyl rescaling, meaning that a coupling 𝜙2𝑅 is
equivalent to a Higgs-portal coupling 𝜙2 |𝐻 |2 (up to dimension-four operators) [9] (see Fig. 1). The
coupling to SM leptons, e.g., then arises either by resumming the mixing between the SM Higgs
field and the fifth-force scalar or by diagonalizing this mixing in terms of the light eigenmode 𝜁 ,
giving a coupling − 2𝜇2

𝑚2
𝐻

𝑚𝐿

𝑀
𝜓̄𝐿𝜁𝜓𝐿 [9]. Here, 𝑚𝐿 and 𝑚𝐻 are the fermion and Higgs-boson masses,

respectively, and 𝑀 is the mass scale that determines the strength of the fifth-force coupling. For
the SM, the ratio 2𝜇2/𝑚2

𝐻
= 1, and we recover the usual “universal” coupling, described earlier [9].

In cases where 𝜇 → 0 and the Higgs-boson mass is generated through dynamical scale symmetry
breaking, this ratio and the fifth-force coupling vanish [10–12].

The coupling to the elementary fermions was mediated by an explicit scale-breaking term, but
the SM has additional dynamical sources of scale breaking. In hadrons, gluons contribute to the
trace of the energy-momentum tensor through an anomaly, and the fifth-force coupling to nucleons,
e.g., is −𝜂𝑚𝑁

𝑀
𝜓̄𝑁 𝜁𝜓𝑁 [9]. It can be shown that the parameter 𝜂 < 1, suggesting that there may be

effective violations of the universality of free fall between elementary and composite states [9].
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− 1
2 [Z(ϕ) + [F′￼(ϕ)]2

2F(ϕ) ] ημν∂μϕ∂νϕ → − 1
2 ημν∂μϕ∂νϕ

gμν → ημν + hμν

Linearize gravity

Diagonalize kinetic mixings
ϕ hμν

ℒ = −g [ F(ϕ)
2 R − 1

2 Z(ϕ)gμν∂μϕ∂νϕ − V(ϕ)]

Canonically normalize

Diagonalize mass mixing

Expand around non-trivial vevs
Kinetic mixing

+
Fifth force Gravity

Figure 2: Schematics of the procedure to determine scalar-mediated interactions from the Jordan-frame
description of a non-minimally coupled scalar field [see Eq. (3)], as automated by FeynMG [2].

3. FeynMG and the Jordan frame

Section 2 was developed in the Einstein frame. However, there are theories for which an Einstein
frame does not exist. We must then work in the Jordan-frame with a non-trivial gravitational sector,
and the procedure for determining the scalar-mediated interactions (see Ref. [13]) is shown in Fig. 2.

The first step is to linearize gravity around a Minkowski background. To this end, we expand
𝑔𝜇𝜈 → 𝜂𝜇𝜈 + ℎ𝜇𝜈 and 𝑔𝜇𝜈 → 𝜂𝜇𝜈 − ℎ𝜇𝜈 + . . . , where 𝜂𝜇𝜈 is the Minkowski metric and ℎ𝜇𝜈 is the
graviton field. The omitted terms ensure that 𝑔𝜇𝜌𝑔𝜌𝜈 = 𝛿

𝜈
𝜇 . Applying this linearization to Eq. (3),

we obtain

L =
𝐹 (𝜙)

4

[
1
4
𝜕𝜇ℎ𝜕

𝜇ℎ − 1
2
𝜕𝜌ℎ𝜇𝜈𝜕

𝜌ℎ𝜇𝜈
]
+ 𝐹′(𝜙)

4
𝜂𝜇𝜈𝜕𝜇ℎ𝜕𝜈𝜙 − 1

2

[
𝑍 (𝜙) + [𝐹′(𝜙)]2

2𝐹 (𝜙)

]
𝜂𝜇𝜈𝜕𝜇𝜙𝜕𝜈𝜙

−𝑉 (𝜙) + 1
2
ℎ𝜇𝜈𝑇

𝜇𝜈

SM + LSM(𝜂, {𝜓}) + . . . , with ℎ ≡ 𝜂𝜇𝜈ℎ𝜇𝜈 , (7)

to leading order in 𝐹−1/2(𝜙). Note that the Planck mass is determined by the vacuum expectation
value (vev) 𝑣𝜙 = ⟨𝜙⟩ via 𝑀2

pl = 𝐹 (𝑣𝜙). It is the resulting kinetic mixing between the graviton and
scalar (second term) that can lead to fifth forces. To see this, we redefine the scalar and graviton
fields following the steps in Fig. 2, diagonalizing the kinetic mixing and leading to the Lagrangian

L =
1
4
𝜕𝜇ℎ𝜕

𝜇ℎ − 1
2
𝜕𝜌ℎ𝜇𝜈𝜕

𝜌ℎ𝜇𝜈 − 1
2
𝜕𝜇𝜙𝜕

𝜇𝜙 −𝑉 (𝑣𝜙 + 𝜙)

+ ℎ𝜇𝜈𝑇
𝜇𝜈

SM + 1
2
𝐹̂′(𝑣𝜙)

(
1 + 𝐹̂′(𝑣𝜙)2)−1/2

𝜙𝑇SM + LSM(𝜂, {𝜓}) + . . . , with 𝑀Pl = 1 . (8)

This process can be automated using the Mathematica package FeynMG [2], which acts as an
extension to FeynRules [14]. FeynMG allows the user to take any matter Lagrangian defined in
Minkowski spacetime, automatically incorporate all minimal couplings to gravity, and append any
scalar-tensor gravitational sector. From there, FeynMG contains the necessary functions to express
the new interactions arising from the modification of gravity in terms of an effective extension of
the SM, which can be analyzed further using standard packages.
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Figure 3: Cross section for 𝑝𝑝 to 𝜙 plus two jets as a function of the scalar mass 𝑚𝜙 and the constraints on
the coupling 𝐶/𝑀3 (right), assuming the scalar to be be stable, reproduced from Ref. [15].

For example, FeynMG can be used to obtain the energy-momentum tensor from a given
FeynRules model file and introduce a coupling of the form [15]

L ⊃ −(𝐶/𝑀3)𝑇 𝜇𝜈

SM𝜕𝜇𝜕𝜈𝜙 . (9)

Since the energy-momentum tensor of an on-shell SM state has vanishing divergence, the scalar will
couple only to off-shell states. This means that the first deviations will arise in 2 → 3 or loop-level
processes. The coupling in Eq. (9) was analyzed in Ref. [15] in the context of an LHC mono-jet
analysis. Using the inclusive ‘IM0’ search region of Ref. [16] as a proxy, Ref. [15] obtained cross
sections (left) and constraints on 𝐶/𝑀3 (under the assumption that the scalar is stable) as a function
of the 𝜙 mass (right), shown in Fig. 3.

4. Closing remarks

We have given a brief overview of the screened fifth-force couplings that can arise in scalar-
tensor theories of gravity. We have highlighted the role of scale symmetry breaking in determining
the form of these couplings. As a result, we have seen that there are parallels between scalar-tensor
theories of gravity and Higgs-portal theories, and therefore, more generally, other models involving
ultra-light scalar fields. Last, we have shown how the analysis of scalar-mediated processes arising
in scalar-tensor theories can be automated with FeynRules by using the package FeynMG. We have
highlighted an example of its use for a model in which the scalar couples only to off-shell SM states,
leading to a unique collider phenomenology that impacts only higher-multiplicity processes.
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