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1. Introduction

The Standard Model (SM) of particle physics is very successful in describing strong, weak
and electromagnetic interactions and has passed a plethora of precision tests [1], but it is unable
to explain neutrino masses, dark matter and the matter-antimatter asymmetry of the Universe, and
hence believed to be incomplete [1, 2]. In the case where the energy scale Λ of new physics is much
higher than the electroweak scale, one can make use of the SM effective field theory (SMEFT) [3, 4]

LSMEFT = LSM + 1
2

(
𝐶

𝛼𝛽

5 O (5)
𝛼𝛽

+ h.c.
)
+
∑︁
𝑖

𝐶𝑖
6O

(6)
𝑖

+
∑︁
𝑗

𝐶
𝑗

7O
(7)
𝑗

+ . . . , (1)

to model-independently describe and study indirect low-energy consequences of new physics that
are encoded in Wilson coefficients 𝐶

𝑑
of non-renormalizable operators O (𝑑) with 𝑑 > 4 being the

mass dimension. In the SMEFT, operators O (𝑑) consist of the SM fields and preserve the SM gauge
symmetry and Lorentz invariance, and their Wilson coefficients 𝐶

𝑑
are suppressed by 1/Λ𝑑−4.

To investigate low-energy consequences of new physics within the SMEFT, one has to construct
an operator basis that contains a set of independent operators. The number of independent operators
at each mass dimension is definite and can be worked out by the Hilbert series [5], but the specific
operators in a physical basis are usually ambiguous [6, 7]. The dim-5 operator is unique and
known as the Weinberg operator [8]. For dim-6 operators, the most popular basis is the so-called
Warsaw basis [4]. The physical basis for dim-7 operators has been constructed in Refs. [9–11] (see
the latest review [7] and references therein for the higher-dimensional-operator basis). In general,
those operators are generated at the cut-off scale Λ where new physics decouples, and their Wilson
coefficients are obtained via matching conditions at Λ. Then, one may make use of the SMEFT
renormalization group equations (RGEs) to run those Wilson coefficients from the cut-off scale
Λ down to the electroweak scale so as to encounter them with precision observables [12]. Due
to the RG mixing among different operators, an operator not generated by matching can achieve
a non-vanishing Wilson coefficient through running. Such non-trivial relations among operators
need to be carefully considered in a phenomenological analysis [7]. Therefore, the SMEFT RGEs
have been extensively discussed in literature, e.g., see Ref. [7] and references therein.

In this talk, we focus on RGEs of dim-5 and dim-7 operators up to O
(
Λ−3) , whose forms are

¤𝐶5 = 𝛾 (5,5)𝐶5 + 𝛾̂ (5,5)𝐶5𝐶5𝐶5 + 𝛾
(5,6)
𝑖

𝐶5𝐶
𝑖
6 + 𝛾

(5,7)
𝑖

𝐶𝑖
7 ,

¤𝐶𝑖
7 = 𝛾

(7,7)
𝑖 𝑗

𝐶
𝑗

7 + 𝛾
(7,5)
𝑖

𝐶5𝐶5𝐶5 + 𝛾
(7,6)
𝑖 𝑗

𝐶5𝐶
𝑗

6 (2)

with ¤𝐶 · · ·
· · · ≡ 𝜇d𝐶 · · ·

· · ·/d𝜇 and 𝛾...... being the anomalous dimension matrix. 𝛾 (5,5) and 𝛾 (7,7) in Eq. (2)
have been taken into consideration in Refs. [13–15] and [10, 11], respectively, and others have been
partially discussed with some approximations in Ref. [16]. We attempt to complete the RGEs for all
dim-5 and dim-7 operators up to O

(
Λ−3) without any approximation. To achieve our goal, we first

construct a new physical basis for dim-7 operators, which is more suitable for calculations and to
get compact results compared with the one proposed in Ref. [11]. Moreover, the so-called Green’s
basis [17] that is directly related to 1PI Green’s functions and needed in intermediate calculations
with off-shell scheme is also constructed for dim-7 operators, together with the reduction relations
converting the Green’s basis to the physical one. With those two bases and the reduction relations
between them, we derive the complete one-loop RGEs of dim-5 and dim-7 operators up to O

(
Λ−3) .
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𝜓2𝐻4 𝜓4𝐻

O (𝑆)𝛼𝛽
ℓ𝐻

1
2

(
O𝛼𝛽

ℓ𝐻
+ O𝛽𝛼

ℓ𝐻

)
with O𝛼𝛽

ℓ𝐻
= 𝜖𝑎𝑏𝜖𝑑𝑒

(
ℓ𝑎
𝛼L𝐶ℓ

𝑑
𝛽L

)
𝐻𝑏𝐻𝑒

(
𝐻†𝐻

) O (𝑆)𝛼𝛽𝛾𝜆
𝑒ℓℓℓ𝐻

1
6

(
O𝛼𝛽𝛾𝜆

𝑒ℓℓℓ𝐻
+ O𝛼𝜆𝛽𝛾

𝑒ℓℓℓ𝐻
+ O𝛼𝛾𝜆𝛽

𝑒ℓℓℓ𝐻
+ O𝛼𝛽𝜆𝛾

𝑒ℓℓℓ𝐻
+ O𝛼𝛾𝛽𝜆

𝑒ℓℓℓ𝐻
+ O𝛼𝜆𝛾𝛽

𝑒ℓℓℓ𝐻

)
with O𝛼𝛽𝛾𝜆

𝑒ℓℓℓ𝐻
= 𝜖𝑎𝑏𝜖𝑑𝑒

(
𝐸
𝛼Rℓ

𝑎
𝛽L

) (
ℓ𝑏
𝛾L𝐶ℓ

𝑑
𝜆L

)
𝐻𝑒

𝜓2𝐻3𝐷 O (𝐴)𝛼𝛽𝛾𝜆
𝑒ℓℓℓ𝐻

1
6

(
O𝛼𝛽𝛾𝜆

𝑒ℓℓℓ𝐻
+ O𝛼𝜆𝛽𝛾

𝑒ℓℓℓ𝐻
+ O𝛼𝛾𝜆𝛽

𝑒ℓℓℓ𝐻
− O𝛼𝛽𝜆𝛾

𝑒ℓℓℓ𝐻
− O𝛼𝛾𝛽𝜆

𝑒ℓℓℓ𝐻
− O𝛼𝜆𝛾𝛽

𝑒ℓℓℓ𝐻

)
O𝛼𝛽

ℓ𝑒𝐻𝐷
𝜖𝑎𝑏𝜖𝑑𝑒

(
ℓ𝑎
𝛼L𝐶𝛾𝜇𝐸𝛽R

)
𝐻𝑏𝐻𝑑i𝐷𝜇𝐻𝑒 O (𝑀 )𝛼𝛽𝛾𝜆

𝑒ℓℓℓ𝐻

1
3

(
O𝛼𝛽𝛾𝜆

𝑒ℓℓℓ𝐻
+ O𝛼𝛾𝛽𝜆

𝑒ℓℓℓ𝐻
− O𝛼𝜆𝛾𝛽

𝑒ℓℓℓ𝐻
− O𝛼𝛾𝜆𝛽

𝑒ℓℓℓ𝐻

)
𝜓2𝐻2𝐷2 O𝛼𝛽𝛾𝜆

𝑑ℓ𝑞ℓ𝐻1
𝜖𝑎𝑏𝜖𝑑𝑒

(
𝐷

𝛼Rℓ
𝑎
𝛽L

) (
𝑄𝑏

𝛾L𝐶ℓ
𝑑
𝜆L

)
𝐻𝑒

O (𝑆)𝛼𝛽
ℓ𝐻𝐷1

1
2

(
O𝛼𝛽

ℓ𝐻𝐷1 + O𝛽𝛼

ℓ𝐻𝐷1

)
with O𝛼𝛽

ℓ𝐻𝐷1 = 𝜖𝑎𝑏𝜖𝑑𝑒
(
ℓ𝑎
𝛼L𝐶𝐷𝜇ℓ𝑏

𝛽L

)
𝐻𝑑𝐷𝜇𝐻

𝑒
O𝛼𝛽𝛾𝜆

𝑑ℓ𝑞ℓ𝐻2
𝜖𝑎𝑑𝜖𝑏𝑒

(
𝐷

𝛼Rℓ
𝑎
𝛽L

) (
𝑄𝑏

𝛾L𝐶ℓ
𝑑
𝜆L

)
𝐻𝑒

O (𝑆)𝛼𝛽
ℓ𝐻𝐷2

1
2

(
O𝛼𝛽

ℓ𝐻𝐷2 + O𝛽𝛼

ℓ𝐻𝐷2

)
with O𝛼𝛽

ℓ𝐻𝐷2 = 𝜖𝑎𝑑𝜖𝑏𝑒
(
ℓ𝑎
𝛼L𝐶𝐷𝜇ℓ𝑏

𝛽L

)
𝐻𝑑𝐷𝜇𝐻

𝑒
O𝛼𝛽𝛾𝜆

𝑑ℓ𝑢𝑒𝐻
𝜖𝑎𝑏

(
𝐷

𝛼Rℓ
𝑎
𝛽L

) (
𝑈

𝛾R𝐶𝐸
𝜆R

)
𝐻𝑏

𝜓2𝐻2𝑋 O𝛼𝛽𝛾𝜆

𝑞𝑢ℓℓ𝐻
𝜖𝑎𝑏

(
𝑄

𝛼L𝑈𝛽R

) (
ℓ
𝛾L𝐶ℓ

𝑎
𝜆L

)
𝐻𝑏

O (𝐴)𝛼𝛽
ℓ𝐻𝐵

1
2

(
O𝛼𝛽

ℓ𝐻𝐵
− O𝛽𝛼

ℓ𝐻𝐵

)
with O

ℓ𝐻𝐵
= 𝜖𝑎𝑏𝜖𝑑𝑒

(
ℓ𝑎
𝛼L𝐶𝜎𝜇𝜈ℓ

𝑑
𝛽L

)
𝐻𝑏𝐻𝑒𝐵𝜇𝜈

O (𝑀 )𝛼𝛽𝛾𝜆
ℓ𝑑𝑑𝑑𝐻

1
3

(
O𝛼𝛽𝛾𝜆

ℓ𝑑𝑑𝑑𝐻
+ O𝛼𝛾𝛽𝜆

ℓ𝑑𝑑𝑑𝐻
− O𝛼𝛽𝜆𝛾

ℓ𝑑𝑑𝑑𝐻
− O𝛼𝜆𝛽𝛾

ℓ𝑑𝑑𝑑𝐻

)
with O𝛼𝛽𝛾𝜆

ℓ𝑑𝑑𝑑𝐻
=

(
ℓ
𝛼L𝐷𝛽R

) (
𝐷

𝛾R𝐶𝐷
𝜆R

)
𝐻

O𝛼𝛽

ℓ𝐻𝑊
𝜖𝑎𝑏

(
𝜖𝜎𝐼

)𝑑𝑒 (
ℓ𝑎
𝛼L𝐶𝜎𝜇𝜈ℓ

𝑑
𝛽L

)
𝐻𝑏𝐻𝑒𝑊 𝐼𝜇𝜈 O𝛼𝛽𝛾𝜆

ℓ𝑑𝑢𝑑𝐻

(
ℓ
𝛼L𝐷𝛽R

) (
𝑈

𝛾R𝐶𝐷
𝜆R

)
𝐻

𝜓4𝐷 O𝛼𝛽𝛾𝜆

ℓ𝑑𝑞𝑞𝐻
𝜖𝑎𝑏

(
ℓ
𝛼L𝐷𝛽R

) (
𝑄

𝛾L𝐶𝑄
𝑎
𝜆L

)
𝐻𝑏

O (𝑆)𝛼𝛽𝛾𝜆
𝑒𝑑𝑑𝑑𝐷

1
6

(
O𝛼𝛽𝛾𝜆

𝑒𝑑𝑑𝑑𝐷
+ O𝛼𝜆𝛽𝛾

𝑒𝑑𝑑𝑑𝐷
+ O𝛼𝛾𝜆𝛽

𝑒𝑑𝑑𝑑𝐷
+ O𝛼𝛽𝜆𝛾

𝑒𝑑𝑑𝑑𝐷
+ O𝛼𝛾𝛽𝜆

𝑒𝑑𝑑𝑑𝐷
+ O𝛼𝜆𝛾𝛽

𝑒𝑑𝑑𝑑𝐷

)
with O𝛼𝛽𝛾𝜆

𝑒𝑑𝑑𝑑𝐷
=

(
𝐸
𝛼R𝛾𝜇𝐷𝛽R

) (
𝐷

𝛾R𝐶i𝐷𝜇𝐷
𝜆R

) O (𝐴)𝛼𝛽𝛾𝜆
𝑒𝑞𝑑𝑑𝐻

1
2

(
O𝛼𝛽𝛾𝜆

𝑒𝑞𝑑𝑑𝐻
− O𝛼𝛽𝜆𝛾

𝑒𝑞𝑑𝑑𝐻

)
with O𝛼𝛽𝛾𝜆

𝑒𝑞𝑑𝑑𝐻
= 𝜖𝑎𝑏

(
𝐸
𝛼R𝑄

𝑎
𝛽L

) (
𝐷

𝛾R𝐶𝐷
𝜆R

)
𝐻𝑏

O (𝑆)𝛼𝛽𝛾𝜆
𝑑𝑢ℓℓ𝐷

1
2

(
O𝛼𝛽𝛾𝜆

𝑑𝑢ℓℓ𝐷
+ O𝛼𝛽𝜆𝛾

𝑑𝑢ℓℓ𝐷

)
with O𝛼𝛽𝛾𝜆

𝑑𝑢ℓℓ𝐷
= 𝜖𝑎𝑏

(
𝐷

𝛼R𝛾𝜇𝑈𝛽R

) (
ℓ𝑎
𝛾L𝐶i𝐷𝜇ℓ𝑏

𝜆L

)
O (𝑆)𝛼𝛽𝛾𝜆
ℓ𝑞𝑑𝑑𝐷

1
2

(
O𝛼𝛽𝛾𝜆

ℓ𝑞𝑑𝑑𝐷
+ O𝛼𝛽𝜆𝛾

ℓ𝑞𝑑𝑑𝐷

)
with O𝛼𝛽𝛾𝜆

ℓ𝑞𝑑𝑑𝐷
=

(
ℓ
𝛼L𝛾𝜇𝑄𝛽L

) (
𝐷

𝛾R𝐶i𝐷𝜇𝐷
𝜆R

)
Table 1: A physical basis for dim-7 operators. Notations for operators and indices can be found in Ref. [18].

2. Operator Bases for Dim-7 Operators

The operator basis for dim-7 operators was first discussed in Ref. [9] and two redundant
operators were removed from this basis later [10]. However, there were still some redundancies
in this basis due to nontrivial flavor relations among operators induced by equations of motion
(EoMs) [11]. Those redundancies were got rid of and a physical basis was put forward in Ref. [11].
Here, we propose a new physical basis for dim-7 operators in Table 1 [18]. The difference
between this basis and the one in Ref. [11] is the way to determine the non-redundant degrees of
freedom in operators O

𝑒ℓℓℓ𝐻
and O

ℓ𝑑𝑑𝑑𝐻
. We decompose those operators with flavor relations by

means of SU(3) tensor decomposition since each fermion field can be regarded as the fundamental
representation of a SU(3) flavor symmetry. For instance, O

𝑒ℓℓℓ𝐻
can be decomposed into one

totally symmetric, one totally anti-symmetric and two mixed-symmetric combinations, namely

O𝛼𝛽𝛾𝜆

𝑒ℓℓℓ𝐻
= O (𝑆)𝛼𝛽𝛾𝜆

𝑒ℓℓℓ𝐻
+ O (𝐴)𝛼𝛽𝛾𝜆

𝑒ℓℓℓ𝐻
+ O (𝑀 )𝛼𝛽𝛾𝜆

𝑒ℓℓℓ𝐻
+ O (𝑀′ )𝛼𝛽𝛾𝜆

𝑒ℓℓℓ𝐻
. (3)

The last combination O (𝑀′ )𝛼𝛽𝛾𝜆
𝑒ℓℓℓ𝐻

=

(
O𝛼𝛽𝛾𝜆

𝑒ℓℓℓ𝐻
+ O𝛼𝜆𝛾𝛽

𝑒ℓℓℓ𝐻
− O𝛼𝜆𝛽𝛾

𝑒ℓℓℓ𝐻
− O𝛼𝛾𝛽𝜆

𝑒ℓℓℓ𝐻

)
/3 is automatically

vanishing due to the flavor relation O𝛼𝛽𝛾𝜆

𝑒ℓℓℓ𝐻
+ O𝛼𝜆𝛾𝛽

𝑒ℓℓℓ𝐻
− O𝛼𝜆𝛽𝛾

𝑒ℓℓℓ𝐻
− O𝛼𝛾𝛽𝜆

𝑒ℓℓℓ𝐻
= 0 whereas the other

three explicitly given in Table 1 are free from the flavor relation and unlike those in Ref. [11], their
flavor indices get no constraints and run over all flavors. Therefore, the basis in Table 1 is more
suitable for calculations and to organize results in a compact form. Similarly, one can construct a
Green’s basis for dim-7 operators, where there are eight extra operators, i.e., [18]

R (𝑆)𝛼𝛽
ℓ𝐻𝐷3 =

1
2

(
R𝛼𝛽

ℓ𝐻𝐷3 + R𝛽𝛼

ℓ𝐻𝐷3

)
with R𝛼𝛽

ℓ𝐻𝐷3 = 𝜖𝑎𝑑𝜖𝑏𝑒
(
ℓ𝑎𝛼L𝐶ℓ

𝑏
𝛽L

)
𝐷𝜇𝐻𝑑𝐷𝜇𝐻

𝑒 ,

R (𝑆)𝛼𝛽
ℓ𝐻𝐷4 =

1
2

(
R𝛼𝛽

ℓ𝐻𝐷4 + R𝛽𝛼

ℓ𝐻𝐷4

)
with R𝛼𝛽

ℓ𝐻𝐷4 = 𝜖𝑎𝑑𝜖𝑏𝑒
(
𝐷𝜇ℓ𝑎𝛼L𝐶𝐷𝜇ℓ

𝑏
𝛽L

)
𝐻𝑑𝐻𝑒 ,

3
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R𝛼𝛽

ℓ𝐻𝐷5 = 𝜖𝑎𝑏𝜖𝑑𝑒
(
ℓ𝑎𝛼L𝐶𝜎𝜇𝜈𝐷

𝜇ℓ𝑏𝛽L

)
𝐻𝑑𝐷𝜈𝐻𝑒 ,

R (𝑆)𝛼𝛽
ℓ𝐻𝐷6 =

1
2

(
R𝛼𝛽

ℓ𝐻𝐷6 + R𝛽𝛼

ℓ𝐻𝐷6

)
with R𝛼𝛽

ℓ𝐻𝐷6 = 𝜖𝑎𝑑𝜖𝑏𝑒
(
𝐷𝜇ℓ𝑎𝛼L𝐶𝜎𝜇𝜈𝐷

𝜈ℓ𝑏𝛽L

)
𝐻𝑑𝐻𝑒 ,

R𝛼𝛽𝛾𝜆

𝑑ℓℓ𝐷𝑢
= 𝜖𝑎𝑏

(
𝐷

𝛼Rℓ
𝑎
𝛽L

) (
ℓ𝑏𝛾L𝐶𝛾𝜇i𝐷𝜇𝑈𝜆R

)
, R𝛼𝛽𝛾𝜆

𝑑𝐷ℓℓ𝑢
= 𝜖𝑎𝑏

(
𝐷

𝛼Ri𝐷𝜇ℓ𝑎𝛽L

) (
ℓ𝑏𝛾L𝐶𝛾𝜇𝑈𝜆R

)
,

R𝛼𝛽𝛾𝜆

ℓ𝑑𝐷𝑞𝑑
=

(
ℓ
𝛼L𝐷𝛽R

) (
i𝐷𝜇𝑄𝛾L𝐶𝛾𝜇𝐷𝜆R

)
, R𝛼𝛽𝛾𝜆

ℓ𝑑𝑞𝐷𝑑
=

(
ℓ
𝛼L𝐷𝛽R

) (
𝑄𝛾L𝐶𝛾𝜇i𝐷𝜇𝐷𝜆R

)
, (4)

apart from the operators in Table 1 with O (𝑆)
ℓ𝐻𝐷1, O (𝑆)

ℓ𝐻𝐷2, O (𝑆)
𝑒𝑑𝑑𝑑𝐷

, O (𝑆)
𝑑𝑢ℓℓ𝐷

and O (𝑆)
ℓ𝑞𝑑𝑑𝐷

replaced by
O
ℓ𝐻𝐷1, O

ℓ𝐻𝐷2, O
𝑒𝑑𝑑𝑑𝐷

, O
𝑑𝑢ℓℓ𝐷

and O
ℓ𝑞𝑑𝑑𝐷

. By mean of the SM fields’ EoMs, one can obtain
the reduction relations to convert operators in the Green’s basis to those in the physical basis, e.g.,

𝐶
𝛼𝛽

ℓ𝑒𝐻𝐷
= 𝐺

𝛼𝛽

ℓ𝑒𝐻𝐷
+ 1

2

(
𝐺

†
5

)𝛼𝛾 [
𝐺

𝛾𝛽

𝑒𝐻𝐷2 − 𝐺
𝛾𝛽

𝑒𝐻𝐷4 − 2𝐺𝛾𝜆

ℓ𝐷

(
𝑌𝑙
)
𝜆𝛽

]
− 1

4

(
𝐺

𝛼𝛾

ℓ𝐻𝐷2 − 𝐺
𝛾𝛼

ℓ𝐻𝐷2

) (
𝑌𝑙
)
𝛾𝛽

+
(
i𝐺𝛼𝛾

ℓ𝐻𝐷5 + i𝐺 (𝑆)𝛼𝛾
ℓ𝐻𝐷6 − 𝐺

(𝑆)𝛼𝛾
ℓ𝐻𝐷4

) (
𝑌𝑙
)
𝛾𝛽

, (5)

where some redundant dim-6 operators are involved due to the existence of O (5) . More details for
basis constructions for dim-7 operators and the full reduction relations can be found in Ref. [18].

3. RGEs of Dim-5 and Dim-7 Operators in the SMEFT

Starting with the physical basis in Table 1, we calculate a set of 1PI diagrams to extract
counterterms in the Green’s basis with the modified minimal subtraction scheme, and then with the
help of reduction relations, we obtain all counterterms in the physical basis, from which one can
derive RGEs for Wilson coefficients of all operators. Since the calculations and results are pretty
lengthy (see Refs. [18, 19]), we only show two examples for the coefficients of O (5) and O (𝑆)

ℓ𝐻
here:

¤𝐶𝛼𝛽

5 =
1
2

(
−3𝑔2

2 + 4𝜆 + 2𝑇
)
𝐶

𝛼𝛽

5 − 3
2

(
𝑌𝑙𝑌

†
𝑙
𝐶5

)𝛼𝛽
+ 𝑚2 (8𝐶𝐻□ − 𝐶𝐻𝐷

)
𝐶

𝛼𝛽

5 + 𝑚2
{
8𝐶 (𝑆)∗𝛼𝛽

ℓ𝐻

+3
2
𝑔2

2

(
2𝐶 (𝑆)∗𝛼𝛽

ℓ𝐻𝐷1 + 𝐶
(𝑆)∗𝛼𝛽
ℓ𝐻𝐷2

)
+
(
𝑌𝑙𝑌

†
𝑙
𝐶

(𝑆)†
ℓ𝐻𝐷1

)𝛼𝛽
− 1

2

(
𝑌𝑙𝑌

†
𝑙
𝐶

(𝑆)†
ℓ𝐻𝐷2

)𝛼𝛽
+ 2

(
𝑌𝑙𝐶

†
ℓ𝑒𝐻𝐷

)𝛼𝛽
−
(
𝑌
†
𝑙

)
𝛾𝜆

(
3𝐶 (𝑆)∗𝛾𝜆𝛼𝛽

𝑒ℓℓℓ𝐻
+ 2𝐶 (𝑀 )∗𝛾𝜆𝛼𝛽

𝑒ℓℓℓ𝐻

)
− 3

(
𝑌
†
d

)
𝛾𝜆

𝐶
∗𝛾𝛼𝜆𝛽
𝑑ℓ𝑞ℓ𝐻1

+ 6
(
𝑌u
)
𝜆𝛾

𝐶
∗𝜆𝛾𝛼𝛽
𝑞𝑢ℓℓ𝐻

}
+ 𝛼 ↔ 𝛽 ,

¤𝐶 (𝑆)𝛼𝛽
ℓ𝐻

=
1
2

Tr
(
𝐶5𝐶

†
5

)
𝐶
∗𝛼𝛽
5 + 5

4

(
𝐶
†
5𝐶5𝐶

†
5

)𝛼𝛽
+ 𝐶

∗𝛼𝛽
5

{
−3

4

(
𝑔2

1 − 𝑔2
2 + 4𝜆

)
𝐶𝐻𝐷 +

(
16𝜆 − 5

3
𝑔2

2

)
𝐶𝐻□

−3𝐶𝐻 − 3𝑔2
2𝐶𝐻𝑊 + 3

2
i
(
𝑔2

1𝐶𝐻𝐵
+ 3𝑔2

2𝐶𝐻𝑊
+ 𝑔1𝑔2𝐶𝐻𝑊𝐵

)
− Tr

[
2𝑔2

2

(
𝐶

(3)
𝐻𝑞

+ 1
3
𝐶

(3)
𝐻ℓ

)
+ 𝐶𝑒𝐻𝑌

†
𝑙

+3𝐶𝑑𝐻𝑌
†
d + 3𝑌u𝐶

†
𝑢𝐻

− 2
(
𝑌
†
𝑙
𝐶

(3)
𝐻ℓ

𝑌𝑙 + 3𝑌†
d𝐶

(3)
𝐻𝑞

𝑌d + 3𝑌†
u𝐶

(3)
𝐻𝑞

𝑌u

)
+ 3

(
𝑌u𝐶𝐻𝑢𝑑𝑌

†
d + 𝑌d𝐶

†
𝐻𝑢𝑑

𝑌†
u

) ]}
−3𝑔2

(
𝐶
†
5𝑌𝑙𝐶

†
𝑒𝑊

)𝛼𝛽
+ 3

2

(
𝑔2

1 + 𝑔2
2

) [(
𝐶
†
5𝐶

(3)
𝐻ℓ

)𝛼𝛽
−
(
𝐶
†
5𝐶

(1)
𝐻ℓ

)𝛼𝛽]
+ 1

2

(
𝐶
†
5𝑌𝑙𝐶

†
𝑒𝐻

)𝛼𝛽
+
(
𝐶
†
5𝐶𝑒𝐻𝑌

†
𝑙

)𝛼𝛽
− 3

(
𝐶
†
5𝑌𝑙𝑌

†
𝑙
𝐶

(3)
𝐻ℓ

)𝛼𝛽
− 1

4

(
3𝑔2

1 + 15𝑔2
2 − 80𝜆 − 8𝑇

)
𝐶

(𝑆)𝛼𝛽
ℓ𝐻

− 3
2

(
𝐶

(𝑆)
ℓ𝐻

𝑌𝑙𝑌
†
𝑙

)𝛼𝛽
+
(
2𝜆 − 3

2
𝑔2

2

) (
𝐶ℓ𝑒𝐻𝐷𝑌

†
𝑙

)𝛼𝛽
+
(
𝐶ℓ𝑒𝐻𝐷𝑌

†
𝑙
𝑌𝑙𝑌

†
𝑙

)𝛼𝛽
− 3

4
𝑔2

2

(
𝑔2

2 − 4𝜆
)
𝐶

(𝑆)𝛼𝛽
ℓ𝐻𝐷1 + 𝜆

(
𝐶

(𝑆)
ℓ𝐻𝐷1𝑌𝑙𝑌

†
𝑙

)𝛼𝛽
4
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𝐶
𝑖
(𝑤𝑖 , 𝑤𝑖)

𝛾
𝑖 𝑗

𝐶
𝑗

(𝑤 𝑗 , 𝑤 𝑗) 𝐶
(𝑆)
ℓ𝐻𝐷1
(3, 5)

𝐶
(𝑆)
ℓ𝐻𝐷2
(3, 5)

𝐶
(𝑆)
𝑑𝑢ℓℓ𝐷

(3, 5)
𝐶

(𝐴)
ℓ𝐻𝐵

(3, 7)
𝐶
ℓ𝐻𝑊

(3, 7)
𝐶

(𝑆,𝐴,𝑀 )
𝑒ℓℓℓ𝐻

(3, 7)
𝐶
𝑑ℓ𝑞ℓ𝐻1
(3, 7)

𝐶
𝑑ℓ𝑞ℓ𝐻2
(3, 7)

𝐶
ℓ𝑒𝐻𝐷

(5, 5)
𝐶
𝑑ℓ𝑢𝑒𝐻

(5, 5)
𝐶
𝑞𝑢ℓℓ𝐻

(5, 5)
𝐶

(𝑆)
ℓ𝐻

(5, 7)

𝐶
(𝑆)
ℓ𝐻𝐷1 (3, 5) 𝑔2, 𝑦2 𝑔2, 𝜆 𝑦2 0 0 0 0 0 0 0 0 0

𝐶
(𝑆)
ℓ𝐻𝐷2 (3, 5) 𝑔2, 𝑦2 𝑔2, 𝑦2, 𝜆 0 0 0 0 0 0 0 0 0 0

𝐶
(𝑆)
𝑑𝑢ℓℓ𝐷

(3, 5) 𝑦2 𝑦2 𝑔2, 𝑦2 0 0 0 0 0 0 0 0 0

𝐶
(𝐴)
ℓ𝐻𝐵

(3, 7) 𝑔𝑦2 𝑔𝑦2 0 𝑔2, 𝑦2, 𝜆 𝑔2 𝑔𝑦 𝑔𝑦 0 0 0 0 0

𝐶
ℓ𝐻𝑊

(3, 7) 𝑔3, 𝑔𝑦2 𝑔3, 𝑔𝑦2 0 𝑔2 𝑔2, 𝑦2, 𝜆 𝑔𝑦 𝑔𝑦 𝑔𝑦 0 0 0 0

𝐶
(𝑆,𝐴,𝑀 )
𝑒ℓℓℓ𝐻

(3, 7) 𝑔2𝑦, 𝑦3 𝑔2𝑦, 𝑦3 0 𝑔𝑦 𝑔𝑦 𝑔2, 𝑦2 𝑦2 𝑦2 0 0 𝑦2 0

𝐶
𝑑ℓ𝑞ℓ𝐻1

(3, 7) 𝑔2𝑦, 𝑦3 𝑔2𝑦, 𝑦3 𝑔2𝑦, 𝑦3 𝑔𝑦 𝑔𝑦 𝑦2 𝑔2, 𝑦2 𝑔2, 𝑦2 0 𝑦2 𝑦2 0

𝐶
𝑑ℓ𝑞ℓ𝐻2

(3, 7) 𝑔2𝑦, 𝑦3 𝑔2𝑦, 𝑦3 𝑔2𝑦, 𝑦3 𝑔𝑦 𝑔𝑦 𝑦2 𝑔2, 𝑦2 𝑔2, 𝑦2 0 𝑦2 𝑦2 0

𝐶
ℓ𝑒𝐻𝐷

(5, 5) 𝑔2𝑦, 𝑦3 𝑔2𝑦, 𝜆𝑦, 𝑦3 0 0 0 0 0 0 𝑔2, 𝑦2, 𝜆 𝑦2 0 0

𝐶
𝑑ℓ𝑢𝑒𝐻

(5, 5) 𝑦3 𝑦3 𝑔2𝑦, 𝑦3 0 0 0 𝑦2 𝑦2 𝑦2 𝑔2, 𝑦2 𝑦2 0

𝐶
𝑞𝑢ℓℓ𝐻

(5, 5) 𝑔2𝑦, 𝑦3 𝑔2𝑦, 𝑦3 𝑔2𝑦, 𝑦3 0 0 𝑦2 𝑦2 𝑦2 0 𝑦2 𝑔2, 𝑦2 0

𝐶
(𝑆)
ℓ𝐻

(5, 7) 𝑔4, 𝜆𝑔2, 𝜆𝑦2, 𝑦4 𝑔4, 𝜆𝑔2, 𝜆𝑦2, 𝑦4 0 0 𝑔3, 𝑔𝑦2 𝜆𝑦, 𝑦3 𝜆𝑦, 𝑦3 0 𝜆𝑦, 𝑔2𝑦, 𝑦3 0 𝜆𝑦, 𝑦3 𝑔2, 𝑦2, 𝜆

Table 2: The structure of the one-loop anomalous dimension matrix 𝛾
(7,7)
𝑖 𝑗

for Wilson coefficients of dim-7
baryon-number-conserving operators. 𝑤 and 𝑤 are holomorphic and antiholomorphic weights of operators.

−
(
𝐶

(𝑆)
ℓ𝐻𝐷1𝑌𝑙𝑌

†
𝑙
𝑌𝑙𝑌

†
𝑙

)𝛼𝛽
− 3

8

(
𝑔4

1 + 2𝑔2
1𝑔

2
2 + 3𝑔4

2 − 4𝑔2
2𝜆
)
𝐶

(𝑆)𝛼𝛽
ℓ𝐻𝐷2 − 1

2
𝜆

(
𝐶

(𝑆)
ℓ𝐻𝐷2𝑌𝑙𝑌

†
𝑙

)𝛼𝛽
−
(
𝐶

(𝑆)
ℓ𝐻𝐷2𝑌𝑙𝑌

†
𝑙
𝑌𝑙𝑌

†
𝑙

)𝛼𝛽
− 3𝑔3

2𝐶
𝛼𝛽

ℓ𝐻𝑊
− 6𝑔2

(
𝐶ℓ𝐻𝑊𝑌𝑙𝑌

†
𝑙

)𝛼𝛽
− 3𝐶 (𝑆)𝛾𝜆𝛼𝛽

𝑒ℓℓℓ𝐻

[
𝜆
(
𝑌𝑙
)
𝜆𝛾

−
(
𝑌𝑙𝑌

†
𝑙
𝑌𝑙

)
𝜆𝛾

]
−2𝐶 (𝑀 )𝛾𝜆𝛼𝛽

𝑒ℓℓℓ𝐻

[
𝜆
(
𝑌𝑙
)
𝜆𝛾

−
(
𝑌𝑙𝑌

†
𝑙
𝑌𝑙

)
𝜆𝛾

]
− 3𝐶𝛾𝛼𝜆𝛽

𝑑ℓ𝑞ℓ𝐻1

[
𝜆
(
𝑌d
)
𝜆𝛾

−
(
𝑌d𝑌

†
d𝑌d

)
𝜆𝛾

]
+6𝐶𝛾𝜆𝛼𝛽

𝑞𝑢ℓℓ𝐻

[
𝜆

(
𝑌†

u

)
𝜆𝛾

−
(
𝑌†

u𝑌u𝑌
†
u

)
𝜆𝛾

]
+ 𝛼 ↔ 𝛽 , (6)

which satisfy the general form in Eq. (2). The nonrenormalization theorem [20] can predict the zero
entries in the anomalous dimension matrix for mixing among the same dimensional operators. Based
on our results, we show the anomalous dimension matrix 𝛾

(7,7)
𝑖 𝑗

for baryon-number-conserving
operators in Table 2, where the zero entries in light grey cells and the non-vanishing entries in
dark grey cells having Yukawa couplings of nonholomorphic forms are fully consistent with the
nonrenormalization theorem. One may also check 𝛾

(7,7)
𝑖 𝑗

for baryon-number-violating operators and
find they are coincident with the nonrenormalization theorem as well [19]. Moreover, our results
for mixing among different dimensional operators, e.g., 𝛾 (7,6)

𝑖 𝑗
, may give an insight into a non-linear

version of the theorem. One may refer to Refs. [18, 19] for more discussions about the results.

4. Summary

We have proposed a new physical basis and a Green’s basis for dim-7 operators in the SMEFT,
where there are no constraints on operators’ flavor indices and they can run over all flavors.
Therefore, those bases are suitable for matching and derivation of RGEs, and can also keep results in
a compact form. Based on those two bases and the reduction relations among them, we have derived
the complete one-loop RGEs of dim-5 and dim-7 operators up to O

(
Λ−3) in the SMEFT. With

those obtained results, one can discuss full RG running effects on some appealing lepton- or baryon-
number-violating observables or processes up to O

(
Λ−3) in the SMEFT, such as neutrino masses,

neutrinoless double beta decay, meson and nucleon decays (see, e.g., Refs. [7, 10, 11, 16, 18, 19]
and references therein).

This work is supported by the Alexander von Humboldt Foundation.
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