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1. The model

Let’s start from the very basics, that is, from a spontaneously broken renormalizable SU(2)
gauge theory with adjoint (real triplet) scalar, a.k.a. the Georgi—Glashow model [1]:
1
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where DH¢ = 0@ + A x ¢ and FH” = gAY — 9V A* + A* x A”. The potential V(¢?) > 0 can
be chosen, for instance, to be the canonical “wine bottle” potential V(¢?) = 1(¢> — v?)2, where A

and v? are some positive parameters. However, any other potential that gets minimized for ¢> = v2,
breaking this way the SU(2) gauge group down to its “electromagnetic” U(1) subgroup, would do
equally good job.

The perturbative spectrum of the Georgi—Glashow model contains a photon, a massive charged
vector boson, and a.real scalar (the Higgs boson). However, as shown in [2, 3], there is also a
non-perturbative part of the spectrum — the magnetic monopole, dubbed in honor of its discoverers
the ’t Hooft—Polyakov magnetic monopole. Roughly speaking, it comes about due to the fact that
embedding of the unbroken U(1) in the parent SU(2) can be different in different spatial directions.
This gives necessarily rise to the topological defects that happen to have particle-like properties —
the magnetic monopoles.

The point is that the presence of magnetic monopoles is a consequence of only the topological
properties of the system, namely the interplay between the vacuum manifold and the manifold of
spatial infinities. The very form of the interactions of the gauge bosons and the scalar fields, on
the other hand, only influences the “shape” of the monopoles, i.e., their energy density profiles.
This leads to the idea of generalizing the Georgi—Glashow model (1) by modifying its interac-
tions (necessarily by giving up the renormalizability and allowing for higher order operators) and
investigating whether the resulting monopole solutions have some new interesting properties.

To constrain somehow the vast space of all possible effective extensions, we first trivially note
that the Lagrangian (1) of the Georgi—Glashow model is simply a sum of the kinetic terms (D ¢)?
and (F#¥)2. However, it is not too difficult to observe that these terms are not all the terms that are
quadratic in the derivatives; the other two algebraically independent terms quadratic in derivatives,
namely (¢-DH¢)* and (¢-F*¥)?, are missing.

It was therefore proposed in [4] to consider the most general SU (2) gauge invariant Lagrangian
that is quadratic in the derivatives. This Lagrangian must necessarily be a linear combination of all
four terms mentioned above. Moreover, the coefficients of this linear combination themselves are
allowed to be general gauge-invariant functions of ¢. And, of course, this linear combination must
be such that the corresponding Hamiltonian is bounded from below.

There are many ways of writing down such a linear combination. We find most convenient the
following form of the Lagrangian:
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Here the coefficients fi2 are non-negative, dimensionless and gauge-invariant functions of ¢. As
such, they could be taken as functions of ¢>. However, we found a more useful approach. Notice
that the scalar triplet can be decomposed as ¢ = vHn, where the triplet n is normalized as n* = 1.
Since the SU(2) group acts only on n, the dimensionless form factor H is gauge-invariant and we
can write fl.2 = fl.z(H). Finally, we also assume, without loss of generality, f12’2(1) = 1 in order to
have correct normalization of the kinetic terms in the vacuum.

The Lagrangian (2) describes a whole class of models: Each set of the functions fi2 defines
a specific theory. In particular, the choice flz’3 = H? and fzz, 4 = 1 is nothing but the good old
Georgi—Glashow model (1).

The classical Lagrange—Euler equations of motion are of the second order and therefore too
difficult to be solved analytically. However, it is well known that if one performs the so-called
Bogomol’nyi, Prasad and Sommerfield (BPS) limit [5, 6], which is basically the limit of vanishing
potential, V — 0, but with the boundary condition ¢* = v? kept, the equations of motion for a static
configuration are only of the first order and hence much likely to be solvable. In the generalized
model (2) this is possible, too, but only as long as the four functions fl.2 are related to one another as

d
= H— . 3
f3/fa 1 (fif2) 3)
In this case it can be show, using the Bogomol’nyi completion, that the equation of motions of a
static configuration, 3° = A° = 0, are equivalent to (we define B’ = —1€'/kFJk)
) H ) .B? .B!
Dig = —[@(B‘—¢—2¢)+M—2¢}, @
glh ¢ g
i.e., to a first-order equation! Moreover, the energy density is, on BPS solutions, a total derivative:
& = ai(—f1f2¢-3f). (5)
gH
To proceed, let us now assume the spherical symmetry, i.e., let us adopt the “hedgehog” Ansatz
, X '
¢ = vH-, A= 20k, ©6)
r r

where the form factors H and K are functions of r = |r| and satisfy the boundary conditions
H(o0) =1 and K(o0) = 0 that follow from the requirement that the total energy be finite. The BPS
equation (4) under the Ansatz (6) decouples into a system of two ordinary differential equations for
K and H:

h 1-K* fu
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where we introduced the dimensionless radius p = vgr. The energy density reads
& 1 )
G = ao|ani-K). ®)
so that the mass of the monopole is
4 °° & 4
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Finally, the magnetic charge of the monopole comes out to be g, = 4. Notice that both mass and
magnetic charge of the monopole are independent of the functions fl.z.

The equations (7) are simple enough to be analytically solvable in some cases. One such case is
when f3/fs = H %( fi/f2). (Notice similarity with the BPS condition (3) that has to be, of course,
satisfied as well.) The solution to (7) is then simply K = p/sinh p and H = (fi/f>) "' (cothp—1/p).
This case (which contains also the canonical 't Hooft—Polyakov monopole of the Georgi—Glashow
model) has been studied in detail in [4, 7], so we will not focus on it here.

As briefly mentioned in [4], there is also another case when the equations (7) are solvable:

fi = fa. (10)

A detailed paper dedicated to this case will be published separately, so we are going to introduce it
here only superficially.
Under the assumption (10) the equation (7) for K simplifies a lot and can be readily solved as

K(p) = &exp(-p), (11)

where £ is a constant of integration. Having now the explicit form of K, the equation (7) for H is
fully determined and can be solved explicitly too, yet in a slightly more complicated form:

H(p) = f(1-a(p). (12)
where we defined auxiliary functions f(H) and A(p) respectively as

T aH’ f3(H)
H' fi(H’)

f(H) = 1+ (13)

and

N R e .

Ap) = / dp—— = ¢ — 282 Ei(-2p). (14a)
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Here Ei(x) = f * %t dt is the exponential integral. Notice that the boundary conditions K (co0) = 0

and H(o0) = 1 are satisfied automatically, for any value of &.
Let’s now turn our attention to the energy density. In the present case it can be written as
& 27 dF(A) (1 - &%)

— = 2F(1 ,
Vhg? (1) 02 di ot

(15)

where 1 = A(p) and where we defined for convenience yet another auxiliary function

FQ) = f(ra-p). (16)

Notice that while the form factor K depends on &, the energy density depends on &2. It can be
shown that a necessary condition for the energy density to be regular everywhere is

& < 1. (17)

However, this is by no means a sufficient condition: Depending on a particular model there can be
typically one of three possibilities: Either the energy density is regular for all £ < 1, or only for
£2 < 1, or simply it diverges for all £2.
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Figure 1: Energy density (19) corresponding to the power-function model (18) for values M = m/k = 1 and
N =n/k = 4 and for various &£ < 1.

2. An example — Power function model

As the simplest example, we consider the most general Lagrangian with all fi2 being power
functions (and at the same time satisfying, of course, the conditions (3) and (10)). This leads to
fl2 = f22 = H", f32 = nmH"*, f42 = %H””‘, that is, to the Lagrangian
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where m, n, k are some parameters. It follows f(H) = 1+ 2(1 - H™*) and F(2) = (1 + £2)7/k,
Correspondingly, the solution is H(p) = (1 + %/l(p))‘l/ k and the energy density comes out as

vig2 (M + )N (19)
where M = m/k and N = n/k.

In Fig. 1 we plot the energy density for M = 1 and N = 4 and for various ¢&. Clearly, the value
of £ does influence the energy density profile. It is also obvious that, in this case, only the values
|€] < 1 are allowed, as for |£] > 1 the energy density is singular in the origin.

Notice that while the Lagrangian (18) depends on the three parameters m, n, k independently,
the corresponding energy density (19) is only a function of their two combinations m/k and n/k.
This fact is not a coincidence. It is a consequence of the form-invariance of the theories (2),
discussed in detail in [4], implying that there are infinitely many different Lagrangians of the type
(2) that are physically equivalent. In the present case, this phenomenon manifests itself by the fact
that all Lagrangians with different m, n, k, but with the same m/k and n/k are physically equivalent.

& _ MN [ 526—2,0 (1 _ 526—2/))2]
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3. Conclusions

We considered a general class of the models (2) under the constraint (4) that allows the BPS
limit. In this limit and under the additional constraint (10) we found analytic monopole solutions.
Interestingly, we found that these solutions contain a constant of integration ¢ that is not constrained
to be a single number but rather can attain values from a continuous interval, typically & € (-1, 1).
The parameter ¢ controls the profile of the energy density of the monopole and as such it is a
physical (measurable) quantity. On the other hand, the monopoles with different & have all the
same total energy, i.e., the mass. Thus, £ can be interpreted as an internal degree of freedom of the
monopoles, or as a moduli space parameter.
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