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Massive twistor worldline on electromagnetic fields
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The (ambi-)twistor model for spinning particles interacting via electromagnetic field is studied
as a toy model for studying classical dynamics of gravitating bodies including effects of both
spins to all orders. The all-orders-in-spin effects are encoded as a dynamical implementation of
the Newman-Janis shift. It is found that the expansion in both spins can be resummed to simple
expressions in special kinematic configurations, at least up to next-to-leading order. It is also
observed that cutting rules associated with causality prescription for worldline propagators can be
viewed as Poisson brackets of subdiagrams.
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1. Introduction

Since the first detection of gravitational waves [4], gravitational wave science is gradually be-
coming a precision science as observatories keep improving their signal-to-noise ratios. However,
the inaccurate modelling of spin effects in current waveform models is expected to impede progress,
as they are not accurate enough for data analysis in next-generation gravitational wave observato-
ries [5]. This motivates the study of spin effect resummation in binary dynamics; more precise
understanding of spin effects will lead to more precise waveform models for future observatories.

The twistor worldline description of spinning particles offers an avenue to explore resummation
of spin effects, where spin effects to all orders are implemented as a dynamical Newman-Janis
shift [1, 2]. The findings of ref. [1] are reported, where spin effect resummation in binary dynamics
was studied using electromagnetic 2 → 2 scattering of

√
Kerr particles as a toy model for the

gravitational dynamics. Intriguingly, the spinning dynamics described by the eikonal was found to
resum into simple closed form expressions at next-to-leading order for special configurations.

2. Twistor worline model for spinning particles

The twistor worldline model uses twistor variables (𝜆𝛼𝐼 , 𝜇 ¤𝛼𝐼 , and their complex conjugates)
to describe a spinning particle as a constrained Hamiltonian system [1, 2]. The free action is

𝑆free =

∫ [
𝜆𝛼

𝐼 ¤̄𝜇𝐼 𝛼 + 𝜆̄𝐼 ¤𝛼 ¤𝜇 ¤𝛼𝐼 − 𝜅0𝜙0 − 𝜅1𝜙1
]
𝑑𝜎 , (1)

where 𝜅0,1 are Lagrange multipliers imposing the constraint conditions 𝜙0,1 = 0.

𝜙0 =
1
2
(𝑚2 − ΔΔ̄) = 1

2
(𝑝2 + 𝑚2) , 𝜙1 =

1
2𝑖
(𝜆̄𝐼 ¤𝛼𝜇

¤𝛼𝐼 − 𝜇̄𝐼 𝛼𝜆𝛼𝐼 ) = 𝑝 · 𝑦 ,

Δ = det(𝜆) = −1
2
𝜖 𝛼𝛽𝜖𝐼 𝐽𝜆𝛼

𝐼𝜆𝛽
𝐽 , Δ̄ = det(𝜆̄) = 1

2
𝜖 𝐼 𝐽𝜖 ¤𝛼 ¤𝛽𝜆̄𝐼 ¤𝛼𝜆̄𝐽 ¤𝛽 ,

(2)

Here, 𝑝𝜇 is the momentum, 𝑚 is the mass, and 𝑦𝜇 is the imaginary part of the (complexified)
position 𝑧𝜇, which is defined by the incidence relations,

𝜇 ¤𝛼𝐼 =
1
2
𝑧 ¤𝛼𝛽𝜆𝛽

𝐼 , 𝜇̄𝐼
𝛼 =

1
2
𝜆̄𝐼 ¤𝛽𝑧

¤𝛽𝛼 , 𝑧𝜇 = 𝑥𝜇 + 𝑖𝑦𝜇 = (𝑧𝜇)∗ . (3)

𝑥𝜇 is the real position and 𝑦𝜇 corresponds to the spin-length vector 𝑦𝜇 = −𝑎𝜇 = −𝑠𝜇/𝑚.
The worldline couples to the Maxwell field by the Newman-Janis shift, where the position of

the particle is shifted towards the helicity-dependent imaginary spin direction 𝑥𝜇 → 𝑥𝜇 ± 𝑖𝑦𝜇 [6],

𝑆int = 𝑞

∫ [
𝐴+
𝜇 (𝑧) ¤𝑧𝜇 + 𝐴−

𝜇 (𝑧) ¤̄𝑧𝜇
]
𝑑𝜎 . (4)

Because the interaction term (4) solely depends on the composite variables 𝑧𝜇 and 𝑧𝜇, computations
based on worldline quantum field theory (WQFT) formalism [14] become simpler when organised
in terms of composite fluctuation fields 𝛿𝑧𝜇 and 𝛿𝑧𝜇, instead of the fundamental degrees of freedom
appearing in (1).1 Consult ref. [1] for details.

1This is due to adopting QED-like treatment of photon propagators. Organisation in terms of twistor variables may
become simpler if all degrees of freedom (including the photons) are given in terms of twistor variables.
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3. Spin resummation in two-body dynamics

The main results of ref. [1] are the eikonal and how it encodes scattering dynamics in a compact
way. The latter will be explained in section 4.

The leading order (1st post-Lorentzian; 1PL) eikonal is

𝜒(1) =
𝑞1𝑞2𝛾

4𝜋
√︁
𝛾2 − 1


1
𝜖
+ Re

(
log

(𝑏𝜇 + 𝑖𝑦𝜇⊥)2

𝑏2
0

)

− 𝜖 [𝑏, 𝑣1, 𝑣2, 𝑦⊥]

2𝛾
√︃
𝑏2𝑦2

⊥ − (𝑏 · 𝑦⊥)2
log

©­­«
𝑏2 + 𝑦2

⊥ + 2
√︃
𝑏2𝑦2

⊥ − (𝑏 · 𝑦⊥)2

𝑏2 + 𝑦2
⊥ − 2

√︃
𝑏2𝑦2

⊥ − (𝑏 · 𝑦⊥)2

ª®®¬
 ,

(5)

where 𝑏𝜇 ∼ 𝑥𝜇1 −𝑥𝜇2 is the impact parameter, 𝜖 and 𝑏0 are IR regularisation parameters, 𝑣𝜇
𝑖
= 𝑝

𝜇

𝑖
/𝑚𝑖

are the velocities, 𝛾 = −𝑣1 · 𝑣2 is the rapidity factor, and 𝑦𝜇⊥ is the projection of 𝑦𝜇 = 𝑦
𝜇

1 + 𝑦𝜇2 onto
the impact parameter plane.

The full next-to-leading order (2PL) eikonal is presented as a machine-readable file in ref. [1].
We only report the simplified eikonal in special kinematic configurations.

In the aligned spin configuration, defined by the conditions 𝑦𝜇1 ∝ 𝑦
𝜇

2 and 𝑦 · 𝑣1,2 = 𝑦 · 𝑏 = 0,
the eikonal simplifies to

𝜒(2,aligned) =
(𝑞1𝑞2)2

(
𝑏2 − (𝜁 −2)𝛾

(𝛾2−1) 𝜖 [𝑏, 𝑣1, 𝑣2, 𝑦] + 𝛾2 (1−𝜁 )+𝜁
𝛾2−1 𝑦2

)
32𝜋𝑚1

√︁
𝛾2 − 1 (𝑏2 − 𝑦2)3/2

+ (1 ↔ 2) , (6)

where 𝜁 is the ratio parameter defined by 𝑦𝜇1 = 𝜁 𝑦𝜇. This singularity structure is consistent with the
singularity structure ∝ (𝑏2 − 𝑦2

1)
−3/2 reported for spinning-spinless gravitational scattering [7–9].

The axial scattering is defined by the conditions 𝑦𝜇1 ∝ 𝑦𝜇2 ∝ 𝑏𝜇, and the eikonal simplifies to

𝜒(2,axial) =
(𝑞1𝑞2)2

√
𝑏2

16𝜋2𝑚1(𝛾2 − 1)3/2

[
𝛾2(𝜁 − 1) − 𝜁

𝑏2 𝐾

(
− 𝑦

2

𝑏2

)
− 𝛾2(𝜁 − 2) − (𝜁 − 1)

𝑏2 + 𝑦2 𝐸

(
− 𝑦

2

𝑏2

)]
+ (1 ↔ 2) .

(7)

4. Eikonal as scattering generator and causality cuts

The eikonal can be identified as the matrix elements of the 𝑁-matrix, which is related to
the 𝑆-matrix by exponentiation 𝑆 = exp( 𝑖

ℏ
𝑁) [10]. The Kosower-Maybee-O’Connell (KMOC)

approach [11] relates the 𝑆-matrix to (classical) scattering observables by the relation

⟨⟨Oout⟩⟩ = ⟨⟨Oin + ΔO⟩⟩ = ⟨⟨𝑆†Oin𝑆⟩⟩ . (8)

The double bracket ⟨⟨•⟩⟩ = ⟨𝜓in | • |𝜓in⟩ denotes the quantum-mechanical expectation value for the
incoming state |𝜓in⟩. As an operator equation, (8) can be recast in terms of the 𝑁-matrix as [12]

Oout = 𝑒
− 𝑖

ℏ
𝑁Oin𝑒

+ 𝑖
ℏ
𝑁 = (𝑒− 𝑖

ℏ
𝑁 )adj [Oin] =

∞∑︁
𝑛=0

1
𝑛!

(
− 𝑖
ℏ

)𝑛
[𝑁, [𝑁, [𝑁, · · · , [𝑁,︸                    ︷︷                    ︸

𝑛 times

Oin]] · · · ]] . (9)
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The adjoint action is defined by commutators 𝐴adj [𝐵] := [𝐴, 𝐵]. This equation can be interpreted
as a symmetry transformation on the observable Oin generated by 𝑁 .

The view of the eikonal 𝜒 as the scattering generator is motivated by “de-quantising” (9), where
commutators are replaced by Poisson brackets 1

𝑖ℏ
[•, •] → {•, •} and 𝑁 is replaced by 𝜒 [1, 13],

Oout = 𝑒
{𝜒,•} [Oin] = Oin + {𝜒,Oin} +

1
2!
{𝜒, {𝜒,Oin}} +

1
3!
{𝜒, {𝜒, {𝜒,Oin}}} + · · · . (10)

This is a canonical transformation generated by 𝜒.
An important observation is that the Poisson brackets are computed by causality cuts, which

are defined as the difference between retarded and advanced propagators [1].2 The causality cuts
allow diagrammatic representation of (10) using the WQFT formalism [14]. The next-to-leading
order impulse is presented as an example.

The schematic representation of the eikonal in a diagrammatic description is

𝑖𝜒(1) = , 𝑖𝜒(2) = + (1 ↔ 2) . (11)

The dotted lines represent the background straight-line trajectory of the scattering particles, solid
lines represent propagating fluctuations of the worldline, wavy lines represent exchanged photons,
and the time-symmetric prescription is used for the propagators [14].

The impulse is represented diagrammatically as

Δ(1) 𝑝
𝜇

1 = = {𝜒(1) , 𝑝𝜇1 } , Δ(2) 𝑝
𝜇

1 = + . (12)

The arrows on the internal lines denote their causality prescriptions, and the external line yields
the observable one-point function ⟨⟨Δ𝑝𝜇1 ⟩⟩ [15]. The retarded propagators can be converted to
time-symmetric propagators by adding causality cuts, diagrammatically represented as

= + 1
2

( )
. (13)

The first diagram denotes the analogous calculation using time-symmetric propagators, and the
second diagram denotes the causality cut contributions. The time-symmetric propagator diagrams
can be reorganised as a single Poisson bracket

+ = {𝜒(2) , 𝑝𝜇1 } . (14)

The causality cut diagrams can be reorganised as iterated Poisson brackets

+ = −𝑖
{

,

}
= {𝜒(1) , {𝜒(1) , 𝑝𝜇1 }} . (15)

2This definition of causality cut is based on the follow-up study [3], which differs from the original definition for
worldline propagators (difference between retarded and time-symmetric) given in ref. [1] by a factor of 2.
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Combining the two generates all 2PL contributions to the impulse given by (10),

Δ(2) 𝑝
𝜇

1 = {𝜒(2) , 𝑝𝜇1 } +
1
2
{𝜒(1) , {𝜒(1) , 𝑝𝜇1 }} . (16)

The diagrammatic representation of the spin kick Δ𝑦
𝜇

1 reorganises in a similar way, with
an additional diagram contributing to {𝜒(2) , 𝑦𝜇1 } originating from the non-vanishing three-point
function ⟨⟨𝛿𝑧𝜇𝛿𝑧𝜈𝛿𝑧𝜆⟩⟩. This three-point function contributes to the Poisson brackets between
composite field propagators and 𝑦𝜇1 , e.g. {⟨𝛿𝑧𝛼𝛿𝑧𝛽⟩, 𝑦𝜇1 }.

The causality cuts (15) generate the “longitudinal impulse” orthogonal to the impact parameter
plane, due to “noncommutativity” of the impact parameter space {𝑏𝜇, 𝑏𝜈} ≠ 0 [1]. This contribution
can be viewed as the rotation of the impact parameter plane, alluding to the “KMOC cut” generating
a frame rotation in the one-loop scattering waveform [16].

5. Outlook

One of the difficulties in studying all-orders-in-spin resummation is evaluation of master
integrals, which take the form of typical Feynman integrals deformed by an exponential factor
due to Newman-Janis shift. Such integrals can be viewed as tensor integral generating functions
(TIGF), and can be evaluated efficiently from conventional multiloop integration techniques [9]. It
would be interesting to study their mathematical properties for application to various problems, e.g.
scattering waveforms [17] or tensor reduction of Feynman integrals [18].

The causality cuts diagrammatically representing Poisson brackets between subdiagrams (15)
generalises to arbitrary diagrams. Reverse-engineering the eikonal from extending (16) to higher PL
orders, it is found that the diagrams for the eikonal have propagator causality prescriptions that differ
from the naïve Feynman propagators. This is because the eikonal is computed by the Magnus series,
while the usual Feynman diagrams correspond to computing the Dyson series [3]. Efficient methods
for determining eikonal’s causality prescription will appear shortly in a forthcoming work [3].

The twistor worldline model [1, 2] provides a valuable toy model for studying binary dynamics
where spin effects can be tracked analytically to all orders. Pushing the calculations to higher
perturbation orders and studying resummation of spin effects will yield invaluable insights on
spinning binary dynamics, which will lead to more accurate modelling of spin effects in waveform
models necessitated by the expected precision of future gravitational wave observatories.
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