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Using the best available experimental data and lattice calculations of scattering lengths of 𝜋𝜋
scattering and employing dispersive representation of the amplitude based on Roy equations,
we compute the subthreshold parameters of this process. We use Monte Carlo sampling to
numerically model the probability distribution of the results based on all uncertainties in the
inputs. In the second part of the analysis, employing Bayesian inference, we use the new results
for the subthreshold parameters to obtain constraints on the leading order low energy constant 𝐵0

in the context of three-flavour chiral perturbation theory.
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Subthreshold parameters of 𝜋𝜋 scattering revisited

1. Introduction

The 𝜋𝜋 scattering amplitude can be written in terms of subthreshold parameters 𝛼𝜋𝜋 , 𝛽𝜋𝜋 , 𝜆𝑖 [1]:
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where 𝐾 (𝑠, 𝑡, 𝑢) are unitarity corrections.
In the first part of the analysis we extract the coefficients of the 𝜋𝜋 scattering amplitude using

inputs for the scattering lengths from experimental data [2] or lattice QCD [3, 4]. The outline of
the procedure is:

𝑎0
0 and 𝑎2

0 from exp./lattice data + solutions to Roy equations [1, 5]
↓

phase shifts and imaginary parts of partial wave amplitudes
↓

𝛼𝜋𝜋 , 𝛽𝜋𝜋 and 𝜆𝑖

The procedure is implemented numerically, with all uncertainties modelled by using Monte Carlo
sampling (5 × 105 samples).

In the second part, employing Bayesian inference, we use the obtained results to extract constraints
on the leading order low energy constant (LEC) 𝐵0 in the context of three-flavour chiral perturbation
theory. The subthreshold parameters 𝛼𝜋𝜋 and 𝛽𝜋𝜋 can be expressed in resummed ChPT [6] as:

𝛼𝜋𝜋 (𝐹0, 𝐵0) = 𝛼 (2)
𝜋𝜋 + 𝛼 (4)

𝜋𝜋 + 𝛿𝛼𝜋𝜋 , 𝛽𝜋𝜋 (𝐹0, 𝐵0) = 𝛽 (2)𝜋𝜋 + 𝛽 (4)𝜋𝜋 + 𝛿𝛽𝜋𝜋 . (2)

The NLO terms contain the ChPT LEC’s 𝐿𝑖 , which we algebraically reparametrize using chiral
expansions of 𝐹𝑃 and 𝑀𝑃. Indirect remainders 𝛿𝐹𝑃 , 𝛿𝑀𝑃

are generated. The NNLO LEC’s 𝐶𝑖 are
implicit in the higher order remainders 𝛿𝑘 . After the procedure, we have 11 free parameters:

𝑚𝑞, 𝐵0, 𝐹0, 𝛿𝛼𝜋𝜋 , 𝛿𝛽𝜋𝜋 , 𝛿𝐹𝜋 , 𝛿𝑀𝜋
, 𝛿𝐹𝐾 , 𝛿𝑀𝐾

(3)

We use lattice QCD averages for the quark masses from FLAG [7]. For 𝐵0 and 𝐹0, we implement
priors based on paramagnetic inequalities [8]. The assumptions for the remainders are [6, 8]:

𝛿𝛼𝜋𝜋 = 𝛿𝛽𝜋𝜋 = 0.0 ± 0.03, 𝛿𝐹𝜋 = 𝛿𝑀𝜋
= 𝛿𝑀𝐾

= 0.0 ± 0.1, 𝛿𝐹𝐾 = 0.1 ± 0.07. (4)

Finally, it is convenient to express 𝐵0 in terms of the parameter 𝑌 (3):

𝑌 (3) = 𝐵0(𝑚𝑢 + 𝑚𝑑)/𝑀2
𝜋 = (𝑀𝐿𝑂

𝜋 )2/𝑀2
𝜋 . (5)

We implement the Bayesian statistical analysis numerically, using Monte Carlo sampling to obtain
the probability distribution functions (2.5 × 107 samples).
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2. Results

Our inputs for the 𝜋𝜋 scattering lengths are by the NA48/2 Collaboration (model C) [2] and ETMC
[3, 4]. We compare our results for the subthreshold parameters with Descotes et al. [1], which was
based on E865 data and Colangelo, Gasser, Leutwyler [9], which used an SU(2) ChPT estimate.
We can exclude large values of 𝛼𝜋𝜋 . Our results for 𝑌 (3) and 𝐵0 are compatible with literature.

NA48/2 input ETM input Descotes et al. [1] CGL [9]

𝛼𝜋𝜋 1.054±0.071 0.860±0.108 1.384±0.267 1.08±0.07
𝛽𝜋𝜋 1.115±0.008 1.051±0.032 1.077±0.025 1.12±0.01
𝜌𝛼𝛽 -0.17 0.94 -0.23

10−3𝜆1 -3.58±0.65 -4.19±0.66 -4.18±0.63
10−3𝜆2 9.22±0.12 8.71±0.25 8.96±0.12
10−4𝜆3 2.37±0.16 2.09±0.19 2.22±0.16
10−4𝜆4 -1.44±0.02 -1.35±0.04 -1.38±0.04

Table 1: Our results for subthreshold parameters (in comparison with
literature)

phenomenology Y(3)
BE main fit[11] 1.07
BE free fit [11] 0.94
𝜂 → 3𝜋 [12] 1.44±0.32
NA48/2 input 0.94±0.32

lattice Y(3)
MILC 09A [7] 0.84±0.11

RBC/UKQCD [13] 0.71±0.10
ETM input 1.08±0.27

Table 2: Our results for 𝑌 (3),
(in comparison with literature)

Figure 1: PDF in comparison with prior

𝑌 (3) = 0.94 ± 0.32
𝐵0 = 2.67 ± 0.91 GeV

Figure 2: PDF in comparison with prior

𝑌 (3) = 1.08 ± 0.27
𝐵0 = 3.08 ± 0.77 GeV
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