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1. Introduction

The fundamental theory of the strong interaction, Quantum Chromodynamics (QCD), is known
for 50 years [1]. Its Lagrangian has as input parameters the six quark masses and the strong coupling
constant. Compared to the electroweak theory, it exhibits the unique properties of confinement and
asympotic freedom and generates 99% of the mass of visible matter in the universe. It describes
the interactions in the microcosmos of sub-atomic particles but also governs the formation of very
large objects like neutron stars. Solving the theory is difficult due to its non-perturbative nature.
The lattice formulation introduced by K. Wilson [2] provides a non-perturbative regularization of
QCD by introducing a momentum cut-off. The lattice formulation is well suited for a theory like
QCD with asympotic freedom where the ultra violet behaviour is pertubative and the continuum
limit well defined. Specifically, renormalization is implemented by requiring physical quantities to
become independent of the lattice spacing as 𝑎 → 0. The formulation also provides the foundation
for a numerical simulation since the finite lattice spacing and volume limits the number of degree
of freedom.

Lattice QCD simulation utilizes the path integral representation of the theory in Euclidean
space. The quantity of interest is expressed as the expectation value of an appropriate operator O

⟨𝑂⟩ = 1
𝑍

∫
D[𝑈]O(𝐷−1

𝑓 [𝑈],𝑈) ©«
∏
𝑓

Det(𝐷 𝑓 [𝑈])ª®¬ 𝑒−𝑆QCD [𝑈 ] , (1)

where 𝑆QCD [𝑈] is the gluon QCD action. To compute expectation values, one needs to generate an
ensemble of gauge configurations {𝑈} with probability 𝑃[𝑈] = 1

𝑍

(∏
𝑓 Det(𝐷 𝑓 [𝑈])

)
𝑒−𝑆QCD [𝑈 ] ,

compute the inverse of the fermion matrix 𝐷 𝑓 for every flavor 𝑓 or quark propagator and perform the
specific contractions for the given operator O. There are various lattice discretization schemes for
the fermion part of the QCD action, each with its own merits and drawbacks. In actual simulations
one includes the degenerate up and down (collectively called light quarks) and strange quarks.
Such gauge ensembles are denoted as 𝑁 𝑓 = 2 + 1 ensembles. In some simulations also the charm
quark is added (𝑁 𝑓 = 2 + 1 + 1 ensembles). In the continuum limit, all discretization schemes
with the same number of flavors should give the same expectation value. In Fig. 1, we compile
the gauge ensembles currently available for the different discretization schemes that are have been
produced by different collaborations. As can be seen, all major collaborations are producing gauge
ensembles using the physical values of the light quark mass at various lattice spacings and volumes.
In Fig. 1, we also show the two orders of magnitude improvement at the light quark mass that
resulted by the development of multigrid algorithms as compared to the previously used conjugate
gradient for computing quark propagators. Such logarithmic improvements together with larger
computational resources are enabling unprecedented accuracy in the determination of a wealth of
interesting quantities in lattice QCD. For nucleon structure, Wilson-type discretization schemes are
particularly suitable and used for the results that followed.

2. Nucleon first and second Mellin moments

The three-dimensional (3D) structure of the nucleon is encoded in the generalized parton
distributions (GPDs) and transverse momentum distributions (TMDs). Here we will present results
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Figure 1: Left: Gauge ensembles for different lattice spacings and pion masses. The size of the circles is
proportional to the spatial volume of the lattice. The top 6 collaborations listed in the legend use Wilson-type
fermions, the following two staggered fermions and the last one domain wall fermions. Right: Time to
solution for inverting the fermion matrix 𝐷 𝑓 as a function of the light quark mass, when using the multigrid
(blue squares) as compare to the conjugate gradient (red circles). The horizontal dashed lines correspond,
from right to left, to the charm, strange and light (up and down) quark mass.

for the former. Since GPDs are defined on the light-cone, until recently it was thought impossible
to compute them directly in lattice QCD. In the next section, we will discus the formalism that has
become available to study GPDs within lattice QCD, that can also be applied to TMDs. In this
section, we present results on moments of GPDs for which lattice QCD calculations have a long
history and where we can now reach unprecedented accuracy. To extract such moments, light-cone
operators are expanded in terms of a tower of local twist-2 operators the matrix elements of which
can be evaluated in lattice QCD. Following the notation of Ref. [3], the moments of the three types
of PDFs are determined by computing the nucleon matrix elements of the following operators

O𝜇𝜇1...𝜇𝑛−1 = �̄�𝛾{𝜇𝑖𝐷𝜇1 . . . 𝑖𝐷𝜇𝑛−1}𝜓
𝑢𝑛𝑝𝑜𝑙𝑎𝑟𝑖𝑧𝑒𝑑

→ ⟨𝑥𝑛−1⟩𝑞 =

∫ 1

0
𝑑𝑥 𝑥𝑛−1 [

𝑞(𝑥) − (−1)𝑛−1𝑞(𝑥)
]

(2)

Õ𝜇𝜇1...𝜇𝑛−1 = �̄�𝛾5𝛾
{𝜇𝑖𝐷𝜇1 . . . 𝑖𝐷𝜇𝑛−1}𝜓

ℎ𝑒𝑙𝑖𝑐𝑖𝑡 𝑦
→ ⟨𝑥𝑛−1⟩Δ𝑞 =

∫ 1

0
𝑑𝑥 𝑥𝑛−1 [

Δ𝑞(𝑥) + (−1)𝑛−1Δ𝑞(𝑥)
]

O𝜌𝜇,𝜇1...𝜇𝑛−1
𝑇

= �̄�𝜎𝜌{𝜇𝑖𝐷𝜇1 . . . 𝑖𝐷𝜇𝑛−1}𝜓
𝑡𝑟𝑎𝑛𝑠𝑣𝑒𝑟𝑠𝑖𝑡 𝑦

→ ⟨𝑥𝑛−1⟩𝛿𝑞 =

∫ 1

0
𝑑𝑥 𝑥𝑛−1 [

𝛿𝑞(𝑥) − (−1)𝑛−1𝛿𝑞(𝑥)
]
,

where 𝑞 = 𝑞↓ + 𝑞↑, Δ𝑞 = 𝑞↓ − 𝑞↑, 𝛿𝑞 = 𝑞⊺ + 𝑞⊥. For off-diagonal nucleon matrix elements,
we obtain moments of GPDs or Lorentz invariant generalised form factors (GFFs). E.g. for the
unpolarized case we have∫ 1

−1
𝑑𝑥 𝑥𝑛−1𝐻 (𝑥, 𝜉, 𝑄2) =

𝑛−1∑︁
𝑖=0,2, · · ·

(2𝜉)𝑖𝐴𝑛𝑖 (𝑄2) + (2𝜉)𝑛𝐶𝑛0(𝑄2) |𝑛 even∫ 1

−1
𝑑𝑥 𝑥𝑛−1𝐸 (𝑥, 𝜉, 𝑄2) =

𝑛−1∑︁
𝑖=0,2, · · ·

(2𝜉)𝑖𝐵𝑛𝑖 (𝑄2) − (2𝜉)𝑛𝐶𝑛0(𝑄2) |𝑛 even, (3)

where 𝑄2 is the squared momentum transfer. In practice, mixing limits the order of moments that
can be extracted to 𝑛 = 4 or to third-derivative operators. Familiar cases are the first and second
moments which we will discuss in detail. The first moments yield the vector, axial-vector and tensor
nucleon charges and form factors. The second Mellin moments of PDFs give important information

3
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on the momentum fraction ⟨𝑥⟩𝑞 = 𝐴20(0) and total angular momentum 𝐽𝑞 = 1
2 [𝐴20(0) + 𝐵20(0)]

carried by each quark flavor in the nucleon. Among the first and second moments, the isovector
axial charge is very well measured and has served for years as a benchmark quantity for lattice QCD
computations. It is only recently, however, that one can compute it using only gauge ensembles
generated with the light, strange and charm quark mass set to their physical value (referred to as
physical point).

0.000 0.002 0.004 0.006

a2[fm2]

1.24

1.26

1.28

1.30

g
u
−
d
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Exp= 1.27641(56)

1.250(24)

Figure 2: Left: The isovector nucleon axial charge computed using three 𝑁 𝑓 = 2+1+1 physical point twisted
mass fermion ensembles. The open symbol is the continuum extrapolation result. Right: A compilation of
the isovector axial charge by FLAG2021 [4]. We include the continuum result shown in the left panel (blue
circle). The experimental value is shown by the red dashed line. The black squares show the FLAG averages.

In Fig. 2, we show the continuum extrapolation of the isovector nucleon axial charge 𝑔𝑢−𝑑
𝐴

using
only physical point ensembles generated by the Extended Twisted Mass Collaboration (ETMC) and
compare it with the compilation of lattice QCD results done by FLAG2021. As can been, lattice
QCD results reproduce the experimental value. Postdiction of 𝑔𝑢−𝑑

𝐴
provides a validation of the

lattice QCD approach that can be reliably now applied to determine less well measured quantities,
like the isovector nucleon tensor charge 𝑔𝑢−𝑑

𝑇
for which results are shown in Fig. 3. The lattice QCD

value of 𝑔𝑢−𝑑
𝑇

can be used to constrain phenomenological extractions of tensor PDFs and GPDs [5].
Beyond the isovector charges that are technically easier to compute, one can also compute the
charges for each quark flavor. Results for the axial charges, including the continuum limit, are
shown in Fig. 4. These determine the intrinsic spin ΔΣ𝑞 carried by quarks in the nucleon. The
corresponding values for the tensor charges in the MS scheme at 2 GeV are: 𝑔𝑢

𝑇
= 0.763(32),

𝑔𝑑
𝑇
= −0.199(21), 𝑔𝑠

𝑇
= −0.020(13) and 𝑔𝑐

𝑇
= −0.0042(34).

Allowing momentum transfer leads to the extraction of nucleon form factors (FFs). While the
electromagnetic FFs are well measured, the axial FFs are not. In Fig. 5, we show ETMC results on
the isovector axial and induced pseudoscalar FFs [6]. The axial FF 𝐺𝐴(𝑄2) is an important input
in neutrino experiments. As can be seen, more recent experimental data by the Minerva experiment
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Figure 3: Left: The isovector nucleon tensor charge in the MS scheme at a scale of 2 GeV computed using
three 𝑁 𝑓 = 2 + 1 + 1 physical point twisted mass fermion ensembles. The open symbol is the continuum
extrapolated result. Right: Comparison of ETMC results (green triangles) with other lattice QCD results
(yellow squares) and phenomenological extractions (black circles). Open symbols indicate lattice QCD
results without continuum extrapolation.
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Figure 4: The isoscalar (left), strange (middle) and charm (right) axial charges for the nucleon. In the legend
of each plot we give the value at the continuum limit.

are closer to the lattice QCD results.
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Figure 5: The isovector axial FF 𝐺𝐴(𝑄2) (left) and induced pseudoscalar FF 𝐺𝑃 (𝑄2) (middle) versus the
momentum transfer squared 𝑄2, computed using three 𝑁 𝑓 = 2 + 1 + 1 physical point twisted mass fermion
ensembles. The red line is the continuum extrapolation with the associated error shown by the red band.
Right: Comparison of 𝐺𝐴(𝑄2) from ETMC with experimental extractions with the blue band showing the
latest results. The yellow band includes the systematic errors of the lattice QCD analysis by ETMC.

In what follows, we discuss the isovector spin densities in the transverse plane [7]. To determine
them we need the unpolarized GFFs of Eq. 3 extracted from

⟨𝑁 (𝑝′, 𝑠′) |O𝜇𝜈, 𝑓 |𝑁 (𝑝, 𝑠)⟩ = �̄�𝑁 (𝑝′, 𝑠′)
[
𝐴

𝑓

20 (𝑄
2)𝛾{𝜇𝑃𝜈}+𝐵 𝑓

20 (𝑄
2) 𝑖𝜎

{𝜇𝛼𝑞𝛼𝑃
𝜈}

2𝑚𝑁

+𝐶 𝑓

20 (𝑄
2) 𝑞

{𝜇𝑞𝜈}

𝑚𝑁

]
𝑢𝑁 (𝑝, 𝑠)

(4)
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and the first and second moments of the transversity GPDs extracted, respectively, from

⟨𝑁 (𝑝′, 𝑠′) |�̄� 𝑓 𝑖𝜎
𝜇𝜈𝜓 𝑓 |𝑁 (𝑝, 𝑠)⟩ = �̄�𝑁 (𝑝′, 𝑠′)

[
𝑖𝜎𝜇𝜈 𝐴

𝑓

𝑇10 (𝑄
2) + 𝛾 [𝜇𝑞𝜈 ]

2𝑚𝑁

𝐵
𝑓

𝑇10 (𝑄
2)+ 𝑃[𝜇𝑞𝜈 ]

𝑚2
𝑁

𝐴
𝑓

𝑇10 (𝑄
2)

]
𝑢𝑁 (𝑝, 𝑠)

(5)
and

⟨𝑁 (𝑝′, 𝑠′) |O𝜇𝜈𝜌, 𝑓

𝑇
|𝑁 (𝑝, 𝑠)⟩ = �̄�𝑁 (𝑝′, 𝑠′)

[
𝐴

𝑓

𝑇20(𝑄
2) 𝑖𝜎 [𝜇{𝜈 ]𝑃𝜌} + �̃�

𝑓

𝑇20(𝑄
2) 𝑃

[𝜇𝑞{𝜈 ]𝑃𝜌}

𝑚2
𝑁

+

𝐵
𝑓

𝑇20(𝑄
2) 𝛾

[𝜇𝑞{𝜈 ]𝑃𝜌}

2𝑚𝑁

+ �̃�
𝑓

𝑇20(𝑄
2) 𝛾

[𝜇𝑃{𝜈 ]𝑞𝜌}

𝑚𝑁

]
𝑢𝑁 (𝑝, 𝑠). (6)

By the curl brackets we denote symmetrization over the Dirac indices and subtraction of the trace
and with the square brackets antisymmetrization. In Fig. 6, we show the isovector unpolarised
and transversity GFFs, defined in Eqs. 4, 5 and 6, where the superscript 𝑢 − 𝑑 is dropped. We
use three physical point ensembles generated by ETMC to extrapolate to the continuum limit for
each 𝑄2 value, as shown for the example of 𝑄2 = 0 that determine the corresponding moments of
PDFs. Instead of 𝐵𝑇10 and 𝐵𝑇20 it is customary to use the combination �̄�𝑇10 = 𝐵𝑇10 + 2𝐴𝑇10 and
�̄�𝑇10 = 𝐵𝑇20 + 2𝐴𝑇20, respectively. Our values for the moments are as follows: i) The isovector
anomalous tensor magnetic moment 𝜅𝑇 = �̄�𝑇10(0) = 1.051(94), which implies a non-zero Boer-
Mulders function −ℎ⊥1 ; ii) the isovector momentum fraction ⟨𝑥⟩𝑢−𝑑 = 𝐴20(0) = 0.126(32) and
total angular momentum 𝐽𝑢−𝑑 = [𝐴20(0) + 𝐵20(0)] = 0.156(46); and iii) the isovector transversity
moments ⟨𝑥⟩𝛿𝑢−𝛿𝑑 = 𝐴𝑇20(0) = 0.168(44) and �̄�𝑇20(0) = 0.267(19) [8].
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Figure 6: Left: Continuum extrapolation of the isovector unpolarised and transversity GFFs for 𝑄2 = 0.
Right: Fits after continuum extrapolation to the form 𝐹 (𝑄2) = 𝐹 (0)

(1+𝑄2/𝑚2)𝑝 .

After fitting the𝑄2-dependence of the continuum extrapolated GFFs using the Ansatz 𝐹 (0)
(1+𝑄2/𝑚2)𝑝 ,

we Fourier transform the fitted Ansatz to impact parameter space. At zero skewness the spin den-
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Figure 7: Contours of the density distribution for the first (left) and second (right) moments as a function
of 𝑏𝑥 and 𝑏𝑦 . For each moment we show: Upper left for transversely polarized quarks in an unpolarized
nucleon; Upper right for unpolarized quarks in a transversely polarized nucleon; Lower left for transversely
polarized quarks in a transversely polarized nucleon; and lower right for transversely polarized quarks in a
perpendicularly polarized nucleon.

sities in the transverse plane are given by [7]

𝜌(𝑥, b⊥, s⊥, S⊥) =
1
2

[
𝐻 (𝑥, 𝑏2

⊥) +
𝑏
𝑗
⊥𝜖

𝑗𝑖

𝑚𝑁

(
𝑆𝑖⊥𝐸

′(𝑥, 𝑏2
⊥) + 𝑠𝑖⊥�̄�

′
𝑇 (𝑥, 𝑏2

⊥)
)

(7)

+ 𝑠𝑖⊥𝑆
𝑖
⊥

(
𝐻𝑇 (𝑥, 𝑏2

⊥) −
Δ𝑏⊥ �̃�𝑇 (𝑥, 𝑏2

⊥)
4𝑚2

𝑁

)
+ 𝑠𝑖⊥(2𝑏𝑖⊥𝑏

𝑗
⊥ − 𝛿𝑖 𝑗𝑏2

⊥)𝑆
𝑗
⊥
�̃�′′
𝑇
(𝑥, 𝑏2

⊥)
𝑚2

𝑁

]
,

where 𝐹′ ≡ 𝜕

𝜕𝑏2
⊥
𝐹, Δ𝑏⊥𝐹 ≡ 4 𝜕

𝜕𝑏2
⊥
(𝑏2

⊥
𝜕

𝜕𝑏2
⊥
)𝐹, 𝑥 is the longitudinal momentum fraction, s⊥ is

the transverse quark spin, S⊥ is the transverse nucleon spin, and b⊥ is the transverse impact
parameter. Taking moments ⟨𝑥𝑛−1⟩𝜌 (b⊥, s⊥, S⊥) ≡

∫ 1
−1 𝑑𝑥 𝑥𝑛−1𝜌(𝑥, b⊥, s⊥, S⊥), we obtain the

transverse densities in terms of GFFs. The transverse density distributions for the two lowest
moments, 𝑛 = 1 and 𝑛 = 2, are shown in Fig. 7. Qualitatively the behavior is similar to that
predicted in Ref. [7]. Namely, for the case 𝑛 = 1, we find a large asymmetry in particular when the
nucleon is polarized. For the case of unpolarized quarks in a transversely polarized nucleon, the
large effect is due to the 𝑄2 behavior of 𝐵10. The origin of this behavior is related to the Sivers
effect . The distortion for 𝑛 = 2 is milder than for 𝑛 = 1 due to the milder 𝑄2-dependence of 𝐴20

compared to 𝐴10.

3. Direct computation of PDFs and GPDs

GDPs are light-cone correlation matrix elements and as such cannot be computed on a Euclidean
lattice. However, X. Ji [9] showed that one can relate spatial correlators for sufficiently large boosted
nucleons to the light-cone GPDs using a perturbatively computed matching kernel within the large
momentum effective theory (LaMET). Spatial correlators can be readily computed in lattice QCD
yielding the so-called quasi-PDF �̃�Γ (𝑥, 𝑃3, 𝜇)

�̃�Γ (𝑥, 𝑃3, 𝜇) = 2𝑃3

∫ ∞

−∞

𝑑𝑧

4𝜋
𝑒−𝑖𝑥𝑃3𝑧 ⟨𝑃3 | 𝜓(0) Γ𝑊 (0, 𝑧) 𝜓(𝑧) | 𝑃3⟩|𝜇 , (8)
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Figure 8: Left: The isovector helicity PDF from Ref. [10]. The JAM17 results are shown with red bands,
while the blue bands show the resulting fits when using both lattice and experimental data. The yellow bands
show the lattice QCD data from Ref. [11]. Middle: The isovector transversity PDF from Ref. [12]. Left:
The transversity GPD for skewness 1/3 from Ref. [13].

renormalized non-perturbatively. The quasi-PDF is then matched using a kernel 𝐶 to determine the
PDF 𝐹Γ (𝑦, 𝜇)

�̃�Γ (𝑥, 𝑃𝑧 , 𝜇) =
∫ 1

−1

𝑑𝑦

|𝑦 | 𝐶
(
𝑥

𝑦
,

𝜇

𝑦𝑃𝑧

)
𝐹Γ (𝑦, 𝜇) + O

(
Λ2

QCD

(𝑥𝑃𝑧)2 ,
Λ2

QCD

((1 − 𝑥)𝑃𝑧)2

)
. (9)

In the past few years, PDFs and GPDs are being computed by several groups following this ap-
proach. For reviews, see Refs. [14, 15]. As an example, we show results on the isovector helicity
and transversity PDFs obtained by ETMC [11] and the Lattice Parton Collaboration (LPC) [12],
respectively, in Fig. 8. These results are already providing constrains to phenomenological extrac-
tions, as indicated by comparing the precision obtained for the helicity PDF when lattice QCD
data are used as input to those without. We also show the isovector transversity GPD at skewness
𝜉 = 1/3 that demonstrates the feasibility to determine directly GPDs in lattice QCD within LaMET.
A similar approach can be applied to compute TMDs.

4. Conclusions

The lattice framework provides the ab initio approach to study nucleon structure with improv-
able statistical and systematic errors. Theoretical and algorithmic progress together with larger
computational resources are enabling lattice QCD simulations to be performed using physical val-
ues of the light, strange and charm quarks at several lattice spacings ranging from about 0.1 fm to
0.5 fm and large enough volumes. With such simulations, lattice QCD can deliver precision results
for a number of key quantities, such as nucleon charges, form factors and second Mellin moments
that provide insights for its structure. New theoretical developments are also extending the range of
quantities that can be extracted within lattice QCD. Examples discussed are the direct computation
of PDFs and GPDs providing valuable input to phenomenology and experiment.
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