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1. Decay constants of the light pseudoscalar mesons

Decay constants of the light pseudoscalar meson nonet, consisting of the pions, kaons, 𝜂 a 𝜂′,
can be introduced in terms of the QCD axial-vector currents

𝑖𝑝𝜇𝐹
𝑎
𝑃 = ⟨ 0 | 𝐴𝑎𝜇 (0) | 𝑃, 𝑝 ⟩, (1)

where 𝐴𝑎𝜇 = 𝑞𝛾𝜇𝛾5𝜆
𝑎𝑞.

The 𝑆𝑈 (3) decay constant 𝐹𝜂 , which is the point of our interest, is defined identically to 𝐹8
𝜂 in

(1) and can therefore be related to the mixing parameters in the𝑈 (3) octet-singlet basis

𝐹𝜂 = 𝐹8
𝜂 = 𝐹8 cos 𝜗8. (2)

For the purpose of this work, our main input will be the recent lattice QCD determination of
𝐹8
𝜂 by the RQCD collaboration [1]

𝐹8
𝜂 = (1.123 ± 0.035)𝐹𝜋 (RQCD21). (3)

For comparison, we will also use two model dependent results from phenomenology EGMS15
[2] and EF05 [3]

𝐹8
𝜂 = (1.18 ± 0.02)𝐹𝜋 (EGMS15), (4)
𝐹8
𝜂 = (1.38 ± 0.05)𝐹𝜋 (EF05). (5)

In the framework of 𝑆𝑈 (3)𝐿 × 𝑆𝑈 (3)𝑅 chiral perturbation theory [4], the chiral expansion of
the pseudoscalar meson octet in the isospin limit can be written in the following way [5]

𝐹2
𝜋 = 𝐹2

0 (1 − 4𝜇𝜋 − 2𝜇𝐾 ) + 8𝑚2
𝜋

(
𝐿𝑟4 (𝑟 + 2) + 𝐿𝑟5

)
+ 𝐹2

𝜋𝛿𝐹𝜋 (6)

𝐹2
𝐾 = 𝐹2

0

(
1 − 3

2
𝜇𝜋 − 3𝜇𝐾 − 3

2
𝜇𝜂

)
+ 8𝑚2

𝜋

(
𝐿𝑟4 (𝑟 + 2) + 1

2
𝐿𝑟5 (𝑟 + 1)

)
+ 𝐹2

𝐾𝛿𝐹𝐾 (7)

𝐹2
𝜂 = 𝐹2

0 (1 − 6𝜇𝐾 ) + 8𝑚2
𝜋

(
𝐿𝑟4 (𝑟 + 2) + 1

3
𝐿𝑟5 (2𝑟 + 1)

)
+ 𝐹2

𝜂𝛿𝐹𝜂 . (8)

This form is obtained directly from the generation functional of two-point Green functions in the
logic of resummed approach to chiral perturbation theory (𝜒PT) [6]. 𝐹2

𝑃
𝛿𝐹𝑃 are the sum of all higher

orders, the higher order remainders, which are not neglected. 𝜇𝑃 = 𝑚2
𝑃
/(32𝜋2𝐹2

0 ) ln(𝑚2
𝑃
/𝜇2) are

the chiral logarithms, where 𝑚𝑃 are the pseudoscalar masses at leading order. In particular,
𝑚2
𝜋 = 2𝐵0𝑚̂. 𝑟 = 𝑚𝑠/𝑚̂ is the ratio of strange and light quark masses.

As can be seen from (6–8), chiral expansions of the decay constants up to next-to-leading
order does indeed depend only on the two leading-order and two next-to-leading order low energy
couplings (LECs) – 𝐹0, 𝐵0 and 𝐿𝑟4, 𝐿𝑟5, respectively. The sector of decay constants can thus be
considered as a simple, self-contained system, which can be investigated on its own.

For convenience, we introduce a reparametrization of the chiral order parameters 𝐹0 and 𝐵0
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𝑋 =
2 𝑚̂𝐹2

0 𝐵0

𝐹2
𝜋𝑀

2
𝜋

≡ 2 𝑚̂Σ0

𝐹2
𝜋𝑀

2
𝜋

, 𝑍 =
𝐹2

0

𝐹2
𝜋

, 𝑌 =
𝑋

𝑍
=

2𝐵0𝑚̂

𝑀2
𝜋

=
𝑚2
𝜋

𝑀2
𝜋

, (9)

where Σ0 is the three-flavour chiral condensate and 𝑀𝜋 is the physical pion mass. Such a
reparametrization is convenient as the parameters 𝑋 and 𝑍 are restricted to the range (0, 1).
Furthermore, the so-called paramagnetic inequality [7] puts an upper bound in the form of the
two-flavour leading order low energy couplings (LECs):

𝑍 ≡ 𝑍 (3) < 𝑍 (2), 𝑋 ≡ 𝑋 (3) < 𝑋 (2), (10)

where the two-flavour parameters are defined analogously to the three-flavour ones in (9).
The most recent next-to-next-leading order (NNLO) standard 𝜒PT fit [8] provides two different

sets for the NLO LECs. It is based on a large number of inputs, including 𝜋𝐾 and 𝜋𝜋 scattering
lengths, 𝐾𝑙4 form factors and pion scalar and vector form factors. It also uses the ratio 𝐹𝐾/𝐹𝜋 (but
not 𝐹𝜂). Their results for 𝐿𝑟4 and 𝐿𝑟5 are (at 𝜇 = 770 MeV):

103𝐿𝑟4 ≡ 0.3, 103𝐿𝑟5 = 1.01 ± 0.06 BE14 (best estimate), (11)

and
103𝐿𝑟4 = 0.76 ± 0.18, 103𝐿𝑟5 = 0.50 ± 0.07 FF14 (free fit). (12)

The Flavour Lattice Averaging Group [9, 10] cites several lattice QCD determinations of 𝐿𝑟4
and 𝐿𝑟5. The last report [10] highlights the results by HPQCD [11]:

103𝐿𝑟4 = 0.09 ± 0.34, 103𝐿𝑟5 = 1.19 ± 0.25 (HPQCD 13A), (13)

and MILC [12]

103𝐿𝑟4 = −0.02 ± 0.56, 103𝐿𝑟5 = 0.95 ± 0.41 (MILC 10). (14)

The presented work is based on our publication [13]. The results using the preliminary data
by the 𝜒QCD21 collaboration published in FLAG21 [10], which differ significantly from their final
publication [14], were omitted.

2. Bayesian statistical analysis

We use a statistical approach based on the Bayes’ theorem [6, 15]

𝑃(𝑋𝑖 |data) = 𝑃(data|𝑋𝑖)𝑃(𝑋𝑖)∫
d𝑋𝑖 𝑃(data|𝑋𝑖)𝑃(𝑋𝑖)

, (15)

where 𝑃(𝑋𝑖 |data) is the probability density function (PDF) of an explored set of theoretical param-
eters 𝑋𝑖 having a specific value given some experimental data.

In the case of independent experiments, 𝑃(data|𝑋𝑖) is the known probability density of obtain-
ing the observed values of the observables 𝑂𝑘 in a set of experiments with uncertainties 𝜎𝑘 under
the assumption that the true values of 𝑋𝑖 are known. 𝑃(𝑋𝑖) are prior probability distributions of
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𝑋𝑖 . We use them to implement the theoretical assumptions and uncertainties connected with our
parameters.

In our case we have three observables in the form of the three decay constants 𝐹𝜋 , 𝐹𝐾 , 𝐹𝜂 .
We will consider the ratios of quark masses as known and thus we are left with the following free
theoretical parameters:

– leading order: 𝑍 , 𝑌

– next-to-leading order: 𝐿𝑟4, 𝐿𝑟5

– higher orders: 𝛿𝐹𝜋 , 𝛿𝐹𝐾 , 𝛿𝐹𝜂 .

Our implementation of the Bayesian statistical analysis is numerical. It consists of two steps
- first we numerically generate a large ensemble of theoretical predictions 𝑂th

𝑘
(𝑋𝑖) for the decay

constants, depending on the free parameters, and then we calculate the probability density functions
(15), effectively using Monte Carlo integration.

3. Assumptions

For the LO LECs 𝐹0 and 𝐵0, we use similar theoretical constraints as in [15], which define our
priors for these parameters. Their approximate range then is

0 < 𝑌 < 𝑌max ≃ 2.5, 0 < 𝑍 < 𝑍 (2) = 0.86 ± 0.01, 0 < 𝑋 < 𝑋 (2) = 0.89 ± 0.01, (16)

where the explicit form of 𝑌max was derived in [6]. These assumptions lead to probability distribu-
tions for the priors depicted in Figure 1.
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Figure 1: Prior distributions based on (16).

For the purpose of obtaining constraints on the NLO LECs 𝐿𝑟4 and 𝐿𝑟5, we will use the
determination of 𝑌 from 𝜂 → 3𝜋 decays [15] as an additional assumption

𝑌 = 1.44 ± 0.32 (𝜂 → 3𝜋). (17)
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This value was obtained from a Bayesian analysis of the 𝜂 → 3𝜋 decay widths of the two decay
channels and the Dalitz parameter 𝑎 in the charged channel. As can be seen in Figure 2, this input
effectively excludes very low values of 𝑌 , which correspond to a significantly suppressed chiral
condensate. In other words, such a scenario can be understood to be excluded by the phenomenology
of the 𝜂 → 3𝜋 decays.
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Figure 2: Prior distributions based on (16–17).

As for the NLO LECs 𝐿𝑟4 and 𝐿𝑟5, where our goal is to extract constraints, we limit them to
the range (at 𝜇 = 770 MeV) 103𝐿𝑟5 ∈ (0, 2), 103𝐿𝑟4 ∈ (−0.5, 2), which we implement as a uniform
distribution. The allowed range was chosen in a way to cover the values of all recent determinations
we are aware of, including NNLO 𝜒PT [8] and lattice QCD [9, 10].

We find no credible reason to assume 𝐿𝑟5 smaller than zero. Our basic assumption is that 𝐿𝑟5 is
positive, which is consistent with available determinations, which are all clearly larger than zero.

The situation is more subtle concerning 𝐿𝑟4. This constant is suppressed in the large 𝑁𝑐 limit
and some results indeed find its value close to zero or even slightly negative [10, 16]. From the
paramagnetic inequalities (10) it follows that there is a critical value of 𝐿𝑟4 [6, 17]. For the value of
𝑟 we use (see (19) below) we find 𝐿𝑟4 > −0.5 × 10−3.

We estimate the higher order remainders statistically, based on general arguments about the
convergence of the chiral series [6]. Our initial ansatz is

𝛿𝐹𝑃 = 0.0 ± 0.1. (18)

We implement this by normal distributions. However, our initial analysis will provide us with
constraints on the higher order remainders obtained from the data for the decay constants. Subse-
quently, we will reuse these constraints as priors for the determination of NLO LECs 𝐿𝑟4 and 𝐿𝑟5,
thus effectively shifting the initial ansatz (18).

We use the lattice QCD average [10] for the value of the strange–to–light quark mass ratio 𝑟

𝑟 = 27.23 ± 0.10. (19)

Finally, we use inputs from PDG [18] for the pion and kaon decay constants as well as for the
(charged) masses of the particles.
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4. Results

4.1 Prediction for 𝑭𝜼

We will employ several ways of dealing with the system of equations (6–8). At the first stage,
it is possible to eliminate 𝐹0, 𝐿𝑟4 and 𝐿𝑟5 by simple algebraic manipulations and thus we obtain a
single equation

𝐹2
𝜂 =

1
3

[
4𝐹2

𝐾 − 𝐹2
𝜋 +

𝑀2
𝜋𝑌

16𝜋2

(
ln
𝑚2
𝜋

𝑚2
𝐾

+ (2𝑟 + 1) ln
𝑚2
𝜂

𝑚2
𝐾

)
+ 3𝐹2

𝜂𝛿𝐹𝜂 − 4𝐹2
𝐾𝛿𝐹𝐾 + 𝐹2

𝜋𝛿𝐹𝜋

]
. (20)

The equation depends, beyond the remainders 𝛿𝐹𝑃 , only on a single parameter𝑌 and the dependence
is very weak, as already noted in [5] and [6]. We numerically generated 106 theoretical predictions,
where the default assumptions (16) and (18–19) were used, leading to a Gaussian fit

𝐹𝜂 = 117.5 ± 9.4 MeV = (1.28 ± 0.10)𝐹𝜋 . (21)

This is an improved prediction over [5] and lies in between the values of EGMS15 (4) and EF05
(5), discussed above, while still being compatible with RQCD21 (3).

4.2 Higher order remainders

Next, given the weak dependence of (20) on𝑌 , we can use RQCD21 (3), EGMS15 (4) and EF05
(5) as alternative inputs for 𝐹𝜂 and employ the Bayesian statistical approach to extract information
about the remainders. A plot with confidence levels can be found in Figure 3, which leads to

𝛿𝐹𝐾 = 0.10 ± 0.07, 𝛿𝐹𝜂 = −0.08 ± 0.08, 𝜌 = 0.71 (RQCD21), (22)
𝛿𝐹𝐾 = 0.07 ± 0.06, 𝛿𝐹𝜂 = −0.06 ± 0.08, 𝜌 = 0.85 (EGMS15), (23)
𝛿𝐹𝐾 = −0.06 ± 0.08, 𝛿𝐹𝜂 = 0.05 ± 0.08, 𝜌 = 0.64 (EF05), (24)

where 𝜌 is the correlation coefficient. These values are compatible with the prior assumption (18).
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Figure 3: Constraints on higher order remainders from (20), alternative inputs for 𝐹𝜂 .

In the following, we will use the relation (20) as an additional constraint, thus effectively
implementing the results (22–24). In this way we obtain improved priors for the higher order
remainders, compared to the initial ansatz (18).
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Figure 4: Theoretical predictions for 𝐹𝐾 and 𝐹𝜂 with 1𝜎 CL (shaded+dashed) and 2𝜎 CL (dotted) contours
depicted. Horizontal lines – data from [1, 18].

4.3 Extraction of 𝑳𝒓
5

We can algebraically eliminate 𝐹0 and 𝐿𝑟4 by using equation (6), which leads to a system of two
equations for 𝐹𝐾 and 𝐹𝜂 , now depending on 𝑌 , 𝐿𝑟5 (𝜇) and the remainders 𝛿𝐹𝑃 . We numerically
generated 108 theoretical predictions for the kaon and eta decay constants (at 𝜇 = 770 MeV),
shown in Figure 4, in comparison with the data (3). Once again, the default priors (16) has been
implemented here, along with the assumptions (18).

Our first task is to verify the general compatibility of our ensemble of theoretical predictions
with the data. As can be seen in Figure 4, this is indeed quite clearly the case, as the predictions
are compatible with the data in the whole range of values. However, it is quite evident that without
additional information no values of 𝐿𝑟5 can be excluded at statistically significant levels. For this
reason we need to employ an additional assumption about the values of the LO LECs (17).

Using the priors based on the additional input 𝑌 = 1.44 ± 0.32 (17) and the relation (20),
depicted in Figure 2 and Figure 3, we obtain the following constraints on 𝐿𝑟5 by employing the
Bayesian analysis. Figure 5 shows our main result, the probability density function for 𝐿𝑟5 using
RQCD21 (3), in comparison with only using 𝐹𝐾 as an input. Quite clearly, incorporating 𝐹𝜂 into
the analysis has a strong influence.

By approximating with a normal distribution, or alternatively putting a 2𝜎 CL bound, we find

𝐿𝑟5 = (0.66 ± 0.37) · 10−3, 𝐿𝑟5 < 1.34 · 10−3 at 2𝜎 CL (RQCD21). (25)

The obtained value of 𝐿𝑟5 is compatible with both fits BE14/FF14 (11–12) and lattice QCD calcu-
lations (13–14).

4.4 Extraction of 𝑳𝒓
4

As the last option, we will try to extract information on 𝐿𝑟4. We will essentially repeat the
procedure from the last subsection, but in this case, we will use the equation (7) to eliminate 𝐿𝑟5,
which gives us a system of two equations for 𝐹𝜋 and 𝐹𝜂 , the free variables being 𝑍 , 𝑌 , 𝐿𝑟4 (𝜇) and
the remainders 𝛿𝐹𝑃 . Once again, we numerically generated 108 theoretical predictions for 𝐹𝜋 and

7
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Figure 5: PDFs for 𝐿𝑟5 from 𝐹𝐾 and 𝐹𝜂 for 𝐹𝜂 = (1.123 ± 0.035)𝐹𝜋 (RQCD21).

𝐹𝜂 , shown in Figure 6, using the default priors (16) (along with (18)). As can be seen, while the
dependence on 𝐿𝑟4 is markedly different for the two decay constants, our theoretical predictions are
compatible with the data in the whole range of values. As in the previous case, we need to employ
additional information (17).
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Figure 6: Theoretical predictions for 𝐹𝜋 and 𝐹𝜂 with 1𝜎 CL (shaded+dashed) and 2𝜎 CL (dotted) contours
depicted. Horizontal – data from [1, 18].

Following the statistical analysis based on (17) (Figure 2, Figure 3), we obtained the following
results (PDFs are depicted in Figure 7):

𝐿𝑟4 = (0.39 ± 0.36) · 10−3 (𝐹𝜋 only) (26)
𝐿𝑟4 = (0.44 ± 0.37) · 10−3 (RQCD21). (27)
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Figure 7: PDFs for 𝐿𝑟4 from 𝐹𝜋 and 𝐹𝜂 for 𝐹𝜂 = (1.123 ± 0.035)𝐹𝜋 (RQCD21).

5. Summary

We have investigated the sector of decay constants of the octet of light pseudoscalar mesons
in the framework of resummed chiral perturbation theory. Our theoretical prediction for the 𝑆𝑈 (3)
decay constant of the 𝜂 meson is

𝐹𝜂 = 117.5 ± 9.4 MeV = (1.28 ± 0.10)𝐹𝜋 , (28)

which is compatible with recent determinations [1–3].
We have applied Bayesian statistical inference to extract the values of next-to-leading order

low-energy constants 𝐿𝑟4, 𝐿𝑟5 and higher order remainders 𝛿𝐹𝐾 and 𝛿𝐹𝜂 . 𝐿𝑟5 was assumed to be
positive, while 𝐿𝑟4 > 𝐿

𝑟
4
(𝑐𝑟𝑖𝑡 ) = −0.5 × 10−3.

By using the recent lattice QCD data from the RQCD Collaboration [1], which provided us
with the best estimate 𝐹𝜂 = (1.123 ± 0.035)𝐹𝜋 , we have obtained our main result (at 𝜇 = 𝑀𝜌):

𝐿𝑟4 = (0.44 ± 0.37) · 10−3, 𝐿𝑟5 = (0.66 ± 0.37) · 10−3 (RQCD21) (29)
𝛿𝐹𝐾 = 0.10 ± 0.07, 𝛿𝐹𝜂 = −0.08 ± 0.08, 𝜌 = 0.71.
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