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1. Introduction

Elastic scattering of 7 in the isospin limit, with the EM interactions neglected, can be described
by an amplitude A (s, 7, u) (for more detail see [1])

< 7§ (pa)n§ (p3)|7f (p1)7s (p2) > = 671+ 2m)*is™W (Py — Py)-
(69P5UA (s t,u) + 69PN A n(t,u, s) + 69460 A (u, 5,1)]. (1)

Based on the generic properties of analyticity, unitarity and crossing symmetry, the amplitude can
be written in terms of subthreshold parameters @, ., S, and 4; [2, 3]:

Birn

Apr(s,t,u) = (3 —4M )+%( —2M,2T)2+% [(t—2Mﬂ)2+(u—2Mﬂ)2]

72r
( 2M2) +

/g

—‘;[(z—zM)+(u—2Mﬂ)]+K(szu)+0( ) )

where K (s, 1, ) contains unitarity corrections.

Such a representation of the amplitude is useful because good convergence of @, and S, is
expected within the framework of 3-flavour chiral perturbation theory (yPT) [4]. As shown in [5],
the sum of next-to-next-leading order (NNLO) and all higher orders, written in a convenient form
of the chiral expansion of these parameters, is proportional to

Oapn ~ O(myamy), 6p.,. ~ O(myams), 3)

[e7 5.4

instead of O(m?), as is generally expected in SU(3) xPT. Here, m,4 denotes the average mass of
the u- and d-quarks.

In this work, we take advantage of the experimental data collected by the NA48/2 collaboration
[6], which extracted mrr scattering lengths from the K.4 decay and K—3x cusp measurements. In
addition, the scattering lengths have also been calculated by several lattice QCD groups, e.g. ETM
[7, 8], RBC/UKQCD [9], Mai et al. [10], Fu, Wang [11] and others [12—14]. In the following, we
will utilize the results by the ETM collaboration.

In the first part of the analysis we extract the coefficients of the nrr scattering amplitude using
inputs for the scattering lengths from experimental data [6] or lattice QCD [7, 8]. The outline of
the procedure is:

ag and ag from exp./lattice data + solutions to the Roy equations

l

phase shifts and imaginary parts of partial wave amplitudes

1

phenomenological representation

i
bi’S
l

Ann, Brx and A;
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The procedure is implemented numerically, with all uncertainties modelled by using Monte
Carlo sampling. Here, the phenomenological representation [1, 15] is based on the application of
Roy equations [16] and contains two free parameters - the scattering lengths ag and a%. As an
intermediate results, we also obtain the coefficients b;, which were introduced in the context of
two-loop calculation of 7 scattering within two-flavour yPT [17].

In the second part, employing Bayesian inference, we use the obtained results for @ ., and 8,
to extract constraints on the leading-order low-energy constant (LEC) By in the context of three-
flavour chiral perturbation theory. We implement the Bayesian statistical analysis numerically,
using Monte Carlo sampling to obtain the probability distribution functions.

2. Representations of the 7 scattering amplitude

Derived by [16], the fixed-¢ dispersion relations for isospin amplitudes of 7 scattering can be
expressed in terms of imaginary parts in the physical region of the s-channel. This representation
for the amplitude contains two subtraction constants, which we may identify with scattering lengths
ag and ag, the coefficients of partial wave decomposition. The amplitude can then be written as:

4ms
_ 2
Aqr(s,t,u) = 16may+ Ve

T

(2a8 - Sa(z)) + P(s,t,u) + W(s, t,u)+ O(ps), 4

where P(s, 1, u) is the polynomial part and W (s, ¢, u) contains the unitarity corrections (see ACGL
[1] for details). Both of these can be expressed as integral functions of the partial wave amplitudes
depending on phase shifts 6{ (s)

I L st (8) wimr sl
i1 (s) = — ' sin(6] (5)). &)
o (s)

which can then be in-turn written in terms of the Schenk paramaterization [18]

AM?2 AM2 - s!
tan(s7) :\/1—T”q21 (A,’+B,’q2+c{q4+Dl’q4)s’:—S,l, ©6)
1

0
0

solution for the Schenk parameters from Roy equations were calculated in the seminal paper [1],

where XlI are second order polynomials in a; and a(z), while ¢° = %(s — 4M?2). The numerical
which was then extended by DFGS [15] to include the uncertainty of phase shifts at the matching
point (4/so=800MeV). Using such a solution allows us to compute phase shifts and subsequently
the amplitude in the phenomenological representation (4) given inputs for the scattering lengths.

Introduced in the context of two-loop calculation in [17], another alternative representation can
be formulated as follows:

2 4

_ M7r Mﬂ' T T T 2 7 2
Apn(s,t,u) = F—%(s—1)+F—i(b1+b2s+b3s + by (t—u) )+
MS [ _
+ F—g (195s3 + bgs (1 — u)z) + F(s,t,u) + O(p®), @)

T
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where F (s, t, u) contains the unitarity corrections in this case. Both the representation expressed in
terms of the subthreshold parameters (2) and the one containing coefficients Ei (7) can be matched
to the phenomenological representation (4) (see CGL [19]) and thus the procedure outlined in the
introduction can be undertaken in order to extract the values of these parameters from available data
on the scattering lengths.

As noted in the Introduction, we use the experimental data published by the NA48/2 collabo-
ration [6]. Their main result (model C) relies on a correlation between ag and ag, which is based
on the relation between the scalar pion radius and the scattering lengths [19]. Our input thus is

ag =0.2196 + 0.0034 ®
aj = —0.0444 +0.236(a) — 0.22) — 0.61(a) — 0.22)* = 9.9(a) — 0.22)* + 0.0008.  (9)

In addition, we take advantage of the lattice QCD results by the ETM collaboration [7, 8], expressed
in the form:

ad=0.198 £0.011, aj = —0.0442 + 0.0005. (10)

3. Chiral perturbation theory

i scattering can be calculated in the framework of three-flavour chiral perturbation theory
[3, 5, 20]. The leading order effective Lagrangian has two couplings By and Fy [4]

F2
£, = DTDUDHY + 2BMUT )], (b

where the matrix field U = U(n,K,n) contains the pseudoscalar meson fields, while M =
diag(my,, mg, mg).

We utilize the so-called resummed approach to yPT [5], which can be summarized in the
following way:

standard yPT Lagrangian and power counting [4, 21]
- irregularities in the expansion allowed

- only expansions related linearly to Green functions
of the QCD currents trusted (safe observables)

- explicitly to NLO, higher orders implicit in remainders

- remainders not neglected, treated as sources of error

all manipulations in non-perturbative algebraic way

In this framework, the chiral expansion of the subthreshold parameters @, and 8, takes the
form (see [5] for explicit formulae):

™ (Fo, Bo) = a2 +a'®) + 6axr, B (Fo, Bo) = B2 +BY + 6Brr, (12)
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where da,, and 0B, , are the higher-order remainders. The NLO terms contain the yPT low-
energy coupling constants L;, which we algebraically reparametrize using chiral expansions of Fp
and Mp, following [5]. Indirect remainders 6 f,, 0, are generated. NNLO LEC’s C; are implicit
in the higher order remainders 6. After the procedure, we have 10 free parameters:

mudamS$BO7F0’6aﬂ'7t’ 6ﬁﬂ'ﬂ'76Fn96Mna5FKa5MK (13)

4. Statistical analysis and assumptions

We employ Bayesian inference in order to extract constraints on the LO LEC B from obtained
results for the subthreshold parameters a ., and S, in the first part of the analysis. For our case,
the Bayes’ theorem can be written as

P(data|By)P(By)
[ dBy P(data|Bo)P(By)’
where P(By|data) is the probability density of By being true given input data.

P(Bg|data) = (14)

P(data|By) is the known probability density of obtaining observed data for a particular value
of By being true. We have two correlated observables, @, and 8., an thus

(th) (eXP))
—Ugx
(15)

P(data|By) = geXp (—%VTCV) ., V= (a?tff) _ Llexp)
V(93 V(%3
Here C is the covariance matrix.

P(By) is the prior probability distribution of By, which we use to implement available experi-
mental and theoretical information. It should be also noted, that there is an implicit dependence of
a'l and B! on Fp, the quark masses, the higher order remainders as well as uncertainties of all
the inputs. The prior P(By) can thus be understood to include all uncertainties and assumptions.

We treat the free parameters (13) in the following way:

myq, my: lattice QCD values from FLAG [22]
By, Fy: priors based on paramagnetic inequalities [23]

The assumptions for the remainders are [5, 23]:
0Urn =0Brr=0.0+£0.03, J6f, =0m, =0m =0.0x0.1, 6, =0.1+£0.07. (16)

Here we take advantage of the expected good convergence in the case of @, and 8, as discussed
in the Introduction. The assumptions (16) are implemented as normal distributions, not limited by
any bound.

Finally, it is convenient to express By in terms of the parameter Y:

2
_ 2myuqBy (Mz0)

Y = — = B (17)
M M5

the square of the ratio of the pion mass at leading order and the physical pion mass.
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5. Results

Following the procedure outlined in the Introduction, we have prepared a numerical ensemble
of 5 - 10* entries for all our inputs. First, for comparison purposes, we have tried to reproduce
the results from CGL [19] and DFGS [15], using our methodology with their published inputs. In
order to take the uncertainty in the phase shifts at the matching point sg into account, we used the
extended solution by DFGS, as discussed in Section 2. While we were unable to get an exact match,
our results were in general agreement with a few exceptions - we obtained somewhat larger error
bars for b; in the case of CGL and for b4 and A, in the case of DFGS.

Our main results for the inputs (8-10) can be found in Table 1. As can be seen, the obtained
values are compatible with the two-flavour yPT predictions of CGL and, in the case of NA48/2 and
ETM, the uncertainties are competitive. The error bars are significantly reduced for some of the
parameters compared to the DFGS extended fit. In particular, this is the case for b; and @, for
which we can also exclude the large mean values suggested by DFGS. As will be discussed later,
this has significant consequences for the values of ¥ and By, extracted in the second part of the

analysis.
NA48/2 input | ETM input DFGS [15] CGL [19]
b, -12.32+1.89 | -11.17+0.93 || -1.51+7.01 | -12.4+1.6
by 11.24+0.67 | 7.07+2.08 8.93+1.62 11.8+0.6
b3 -0.27+£0.06 | -0.35+0.07 | -0.36+0.07 | -0.33+0.07
by 0.73+0.01 0.69+0.02 0.71+0.01 | 0.74+0.01
bs 3.65+0.41 2.89+0.49 3.21+0.44 | 3.58+0.37
b 2.31+0.03 2.14+0.08 2.2+0.08 | 2.35+0.02
Ornx | 1.054+0.071 | 0.860+0.108 || 1.384+0.267 | 1.08+0.07
Brx | 1.115£0.008 | 1.051+0.032 || 1.077+0.025 | 1.12+0.01
Pap -0.17 0.94 -0.23
10732, | -3.58+0.65 | -4.19+0.66 || -4.18+0.63
10732, | 9.22+0.12 8.71+0.25 8.96+0.12
107423 | 2.37+0.16 2.09+0.19 2.22+0.16
10742, | -1.44+0.02 | -1.35+0.04 || -1.38+0.04

Table 1: Comparison of our results (red) with literature

For the second part, our goal has been the extraction of the leading order LEC By from the
values of the subthreshold parameters obtained in the previous section from experimental and lattice
QCD inputs. Figure 1 illustrates the ensemble of theoretical predictions in comparison with some of
the discussed values obtained from experimental data on the scattering lengths (2.5 x 107 samples).
As can be seen, both parameters show a significant dependence on Y, although the theoretical
uncertainties are quite substantial in the case of 8 .

With regard to the dependence of @, on Y, we can observe a difference in compatibility
with the NA48/2 and DFGS data. As discussed in Kolesér, Novotny [24], for DFGS the central
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Figure 1: Comparison of theoretical predictions (blue) with DFGS [15] (global fit) (gray) and our result
using NA48/2 (model C) data (red). 1o~ CL (shaded+dashed) and 20~ CL (dotted) contours depicted.

experimental value is outside the 20 CL band of the theoretical distribution in the whole range
of the free parameters. Clearly, such a high value of a,, would lead to a very small value of Y
and thus a vanishing chiral condensate. However, this would be quite inconsistent with current
expectations (see Table 2). In contrast, our results extracted from the NA48/2 data do not confirm
such a scenario and a value Y ~ 1 can be expected.

Using the Bayesian procedure described in Section 4, we have extracted the probability density
functions (PDFs) for Y. Figure 2 depicts PDFs for the @, 8, inputs obtained from the NA48/2
(model C) data [6] and lattice QCD calculations by the ETM collaboration [7, 8].

NA48/2 (model C) ETM

0.020 [ 0.020

0.015} ] 0.015}
> 0.010; . T oot0
o [a

0.005 / f 0.005! J

e S 0.000l—C . =
00000 05 10 15 20 25 7700 05 10 15 20 25
Y Y
Y = 0.94 +0.32 Y = 1.08 £0.27
By =2.67 +0.91 GeV By = 3.08 £ 0.77 GeV

Figure 2: PDFs obtained from input data by NA48/2 (model C) and ETM. Semitransparent - priors.

Table 2 compares our main results with values of Y derived directly from selected published
sources. As can be seen, our main results are broadly compatible with the values derived from
literature. We find that our i scattering analysis suggests ¥ ~ 1, which confirms the two-loop
xPT fits [25]. A high value of Y, as suggested by n — 3 data [24], seems less probable.
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Phenomenology Y
Bijnens, Ecker (main fit) [25] 1.07
Bijnens, Ecker (free fit) [25] 0.94

Kolesar, Novotny (7 — 37) [24] | 1.44 + 0.32
Lattice QCD

MILC 09 [26] 0.86 (*030)

Bernard et al. [27] 0.71 = 0.10

xQCD 24 [28] 1.32 £ 0.63
Our results

NA48/2 input 0.94 +£0.32

ETM input 1.08 £ 0.27

Table 2: Comparison of our results with literature

6. Summary

Let us summarize the presented work:

- Using recent experimental and lattice QCD data on nr scattering lengths, we extracted the

values of the coefficients b; and the subthreshold parameters ., B and A; of the nx

scattering amplitude.

- We excluded large values of by and @, p suggested by analysis based on BNL-E865 data [15].

- Using the obtained values for a ., and 8., we applied the Bayesian statistical framework to

extract the value of the leading order 3-flavour yPT coupling constant By.

- The results confirm that the dominant contribution to the pion mass is probably at the leading

order.
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