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Long-range forces in a finite volume Akaki Rusetsky

1. Introduction

Recent years have seen a considerable rise of interest in the study of the two-body scattering on
the lattice in the presence of the long-range force. While the short-range interactions are routinely
treated within the standard framework based on the Lüscher equation [1], the long-range force
introduces several novel features that do not fit the standard framework. Namely, the left-hand cut
in the scattering amplitude moves very close to the elastic threshold, and the lowest energy levels in
a finite volume might be located in the region of this cut. Obviously, the standard Lüscher approach
cannot be used in this case, since it yields a real scattering amplitude below the elastic threshold.
Even neglecting these levels in the analysis of lattice data, one faces a problem of large partial-wave
mixing in the Lüscher equation, and of large exponential corrections, which represent a source of
systematic uncertainty. All these problems call for the change of a paradigm.

In order to search for alternative solutions, it is useful to step back and consider the reasons,
why the standard approach fails in the presence of the long-range force. To start with, the standard
approach aims at a direct extraction of the scattering amplitude (or, equivalently, the 𝐾-matrix)
which, in the presence of a long-range force features singularities in the energy region we wish to
analyze. Therefore, one needs to find quantities that do not have this property, and write down the
quantization condition in terms of these quantities. For example, in Refs. [2, 3], the quantization
condition is written in terms of the parameters of the low-energy effective Hamiltonian, and the
scattering amplitude is constructed later, by solving scattering equations in the infinite volume, with
the input obtained from the fit to the lattice data. In Ref. [4], the role of such a quantity is played
by the so called modified effective range function, in which the left-hand cut is removed, and so
on. Furthermore, a poor convergence of the partial-wave expansion in the presence of a long-range
force is well known from the potential scattering theory. Hence, to circumvent the problem of
partial-wave mixing in the analysis of lattice data, one should either rewrite the quantization in
a basis that does not use partial-wave expansion at all (say, the plane-wave basis), or apply the
partial-wave expansion to the short-range part of the potential only.

It should be pointed out that at least two systems featuring the long-range force due to one-pion
exchange are studied in lattice QCD at present. In particular, the energy levels in the two-nucleon
system have been calculated in Ref. [5]. As mentioned earlier, the lowest energy levels in some
irreducible representations are located in the left-hand cut region, where the standard Lüscher
approach does not apply. Furthermore, much effort has been invested recently in the study of the
𝐷∗𝐷 energy spectrum and the 𝑇+

𝑐𝑐 (3875) state [3, 6–8], where the effect of the left-hand singularity
plays a very important role. Hence, the interest to the formulation of an appropriate framework
for the analysis of data in the presence of a long-range force is fully justified. In Ref. [4], we have
worked out such an approach, which will be briefly reviewed in the present work. In addition, a
comparison to the alternative approaches, which can be found in the recent literature, will be given.
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2. Modified effective range expansion

In the physical systems we are dealing with, the origin of a long-range force can be usually
well identified. As a rule, this is an exchange of a light particle (the pion, in our case).1 One could
consider more elaborate mechanisms, say, the two-pion exchange, whose range is smaller than that
of the single pion exchange but could still be sizable. In any case, we take it that the explicit form of
the long-range force is known, and the few parameters entering this expression, like the pion mass
or the pion-nucleon coupling, can be determined separately. On the contrary, the short-range part
is unknown and is exactly what we are aiming at to extract from lattice data.

Our approach is based on the so-called modified effective range expansion by van Haeringen
and Kok [9], which was derived in the potential scattering theory. Here, the potential is split into the
long- and short-range pieces 𝑉 (𝑟) = 𝑉𝐿 (𝑟) +𝑉𝑆 (𝑟). Furthermore, one assumes that the long-range
potential is local and superregular, lim

𝑟→0
𝑟−2ℓmax𝑉𝐿 (𝑟) < ∞ (here, ℓmax denotes the maximally allowed

value of the orbital angular momentum). In contrast, no strong restrictions are put on 𝑉𝑆 (𝑟).
Here, we wish to briefly comment on the requirement that the potential is superregular (in the

field-theoretical formulation this requirement is equivalent to demanding that all Feynman diagrams
with the insertion of𝑉𝐿 in the internal lines are ultraviolet-finite). Obviously, the one-pion exchange
potential, obtained from the chiral effective Lagrangian, does not obey this requirement and should
be regularized. One may invoke, for example, as in Ref. [4], the Pauli-Villars regularization,
or use the sharp cutoff. These methods become however numerically unstable for higher partial
waves, whereas dimensional regularization with minimal subtraction does not suffer from the same
problem. It should be understood that the difference between the regularized and the full potential
is, by definition, a short-range operator that could be included in 𝑉𝑆 .

The main result of the paper by van Haeringen and Kok is the demonstration of the fact that
the modified effective range function which is defined as

𝐾𝑀
ℓ (𝑞2) = 𝑀ℓ (𝑞) +

𝑞2ℓ+1

| 𝑓ℓ (𝑞) |2
(cot(𝛿ℓ (𝑞) − 𝜎ℓ (𝑞)) − 𝑖) . (1)

where ℓ ≤ ℓmax is the angular momentum and 𝛿ℓ (𝑞), 𝜎ℓ (𝑞) denote, respectively, the full phase shift
and the phase shift in the problem with the long-range potential 𝑉𝐿 (𝑟) only, has a larger radius
of convergence than the original 𝐾-matrix. As we shall see below, this radius of convergence is
defined, in fact, by the short-range potential. In the above equations, the following notations are
used: the quantity 𝑀ℓ (𝑞) is given by

𝑀ℓ (𝑞) =
1
ℓ!

(
− 𝑖𝑞

2

)ℓ
lim
𝑟→0

𝑑2ℓ+1

𝑑𝑟2ℓ+1 𝑟
ℓ 𝑓ℓ (𝑞, 𝑟)
𝑓ℓ (𝑞)

, (2)

where 𝑓ℓ (𝑞, 𝑟) is the Jost solution for the long-range potential, and

𝑓ℓ (𝑞) =
𝑞ℓ𝑒−𝑖ℓ 𝜋/2(2ℓ + 1)

(2ℓ + 1)!! lim
𝑟→0

𝑟ℓ 𝑓ℓ (𝑞, 𝑟) , (3)

denotes the Jost function.
1Note also that we do not consider here the inclusion of the electromagnetic force that would lead to an infinite

interaction range.
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For our purposes, it is important that 𝐾𝑀
ℓ
(𝑞2) does not possess the left-hand cut. Hence, it is

an appropriate quantity to be extracted from lattice data. Furthermore, partial-wave expansion of
the short-range potential 𝑉𝑆 (𝑟), unlike the full potential 𝑉 (𝑟), converges fast and, therefore, large
partial-wave mixing in a finite volume is no more expected.

The most convenient way of the derivation of the two-body quantization condition is to write
down the Lippmann-Schwinger equation in the non-relativistic effective field theory (NREFT)
framework, use dimensional regularization and discretize the intermediate three-momenta in a
(cubic) box. In order to achieve our goal, we have first to reformulate the modified effective range
expansion in the NREFT framework.

3. The NREFT framework

In the NREFT approach, the short-range interaction is given by a string of terms containing the
three-dimensional 𝛿-function and the derivatives thereof. In the momentum space, this potential is
a polynomial in 𝒑, 𝒒:

⟨ 𝒑 |𝑉𝑆 |𝒒⟩ = 𝐶00
0 + 3𝐶00

1 𝒑𝒒 + 𝐶10
0 ( 𝒑2 + 𝒒2) + · · · (4)

Here 𝐶00
0 , 𝐶

00
1 , 𝐶

10
0 , . . . stand for the effective couplings. The scale Λ that is implicitly present in

these couplings to render them dimensionless, is much larger that the soft scale determined by the
mass of the lightest exchanged particle (the pion, in our case).

The main idea beyond the modified effective range expansion is to split off the explicitly known
part, corresponding to the scattering on the long-range potential only. This can be achieved by using
a well-known technique for the scattering on two potentials. The full scattering amplitude is given
by

𝑇 = 𝑇𝐿 + (1 + 𝑇𝐿𝐺0)𝑇𝑆 (𝐺0𝑇𝐿 + 1) , (5)

where 𝐺0 denotes the free two-particle Green function, and 𝑇𝐿 , 𝑇𝑆 are by

𝑇𝐿 = 𝑉𝐿 +𝑉𝐿𝐺0𝑇𝐿 ,

𝑇𝑆 = 𝑉𝑆 +𝑉𝑆𝐺𝐿𝑇𝑆 ,

𝐺𝐿 = 𝐺0 + 𝐺0𝑉𝐿𝐺𝐿 . (6)

Assume, for simplicity, that the potential 𝑉𝐿 does not create bound states, and let 𝜓 (±)
𝒌

( 𝒑) denote
the scattering wave functions on the potential𝑉𝐿 (here, ± stands to distinguish boundary conditions,
imposed on the wave function at infinity). One can easily write down the spectral representation
for the Green function 𝐺𝐿:

⟨ 𝒑 |𝐺𝐿 (𝑞2
0) |𝒒⟩ =

∫
𝑑3𝒌

(2𝜋)3

𝜓
(±)
𝒌

( 𝒑)
(
𝜓
(±)
𝒌

(𝒒)
)∗

𝒌2 − 𝑞2
0 − 𝑖𝜀

, (7)

where 𝑞0 denotes the magnitude of the on-shell three-momentum.
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In order to explain the essence of the method, we consider here the lowest-order approximation
when 𝐶00

0 ≠ 0, 𝐶00
1 = 𝐶10

0 = · · · = 0. In this case, the scattering occurs only in the S-wave. The
generalization to higher partial waves, as well as the inclusion of the higher partial waves proceeds
straightforwardly and is considered in detail in Ref. [4]. The quantity 𝑇𝑆 at this order is given by

⟨ 𝒑 |𝑇𝑆 (𝑞2
0) |𝒒⟩ =

1
(𝐶00

0 )−1 − ⟨𝐺𝐿 (𝑞2
0)⟩

, ⟨𝐺𝐿 (𝑞2
0)⟩ =

∫
𝑑3 𝒑

(2𝜋)3
𝑑3𝒒

(2𝜋)3 ⟨ 𝒑 |𝐺𝐿 (𝑞2
0) |𝒒⟩ . (8)

In order to establish the link the effective range expansion of van Haeringen and Kok, we need two
more relations. The first one was derived in [4]:

⟨𝐺𝐿 (𝑞2
0)⟩ =

1
4𝜋

𝑀0(𝑞0) + real polynomial in 𝑞2
0 , (9)

where the polynomial depends on the ultraviolet regularization used. It can be safely neglected,
since this amounts to a particular choice of the renormalization prescription. Furthermore, we use
a well-known relation ∫

𝑑3𝒌

(2𝜋)3

���𝜓 (±)
𝒌

( 𝒑)
��� = 1

| 𝑓0(𝑘) |
. (10)

Here the quantities 𝑀ℓ (𝑞), 𝑓ℓ (𝑞) were defined in Eqs. (2) and (3). Expressing, finally, the on-shell
matrix element of 𝑇𝑆 through the scattering phases, we arrive at the formula (1) for ℓ = 0.

4𝜋
𝐶00

0
= 𝑀0(𝑞0) +

𝑞0

| 𝑓0(𝑞0) |2
(cot(𝛿0(𝑞0) − 𝜎0(𝑞0)) − 𝑖) . (11)

The physical meaning of this formula is now crystal clear: the first term of the expansion of the
quantity 𝐾𝑀

0 (𝑞2
0) is given by the short-range potential only. This relation is modified by long-range

interactions at higher orders and in the higher partial waves, but the conclusion remains the same:
the convergence of the effective range expansion of 𝐾𝑀

ℓ
(𝑞2

0) is defined by the scale Λ and not by
the mass of the exchanged light particle.

4. Modified Lüscher equation

As already mentioned above, the Lüscher equation is derived, just letting the intermediate
three-momenta take discrete values, determined by the periodic boundary conditions imposed on
the boundaries of a cubic box of a size 𝐿. We refer to Ref. [4] for the technical details and display
only the final result here. The two-body quantization condition takes the form

det A = 0 , (12)

with

Aℓ𝑚,ℓ′𝑚′ (𝑞0) = 𝛿ℓℓ′𝛿𝑚𝑚′𝐾𝑀
ℓ (𝑞2

0) − 𝐻ℓ𝑚,ℓ′𝑚′ (𝑞0) . (13)

The quantity 𝐻ℓ𝑚,ℓ′𝑚′ (𝑞0) can be interpreted as the modified Lüscher zeta function in the presence
of the long-range interaction. This quantity includes an infinite number of ladder diagrams with the
insertion of 𝑉𝐿 in a loop, see Fig. 1, and is given by

𝐻ℓ𝑚,ℓ′𝑚′ (𝑞0) =
4𝜋
𝐿6

∑︁
𝒑,𝒒

Y ∗
ℓ𝑚( 𝒑)⟨ 𝒑 |𝐺𝐿 (𝑞2

0) |𝒒⟩Yℓ′𝑚′ (𝒒) , (14)
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+ + + · · ·

Figure 1: Modified Lüscher zeta-function: an infinite number of insertions of the long-range potential.
Standard zeta-function emerges from the first term only.

where Yℓ𝑚( 𝒑) = 𝑝ℓ𝑌ℓ𝑚(𝑝) and 𝑌ℓ𝑚(𝑝) denotes the spherical function. If the polential 𝑉𝐿 is taken
to be superregular, there are no ultraviolet divergences in the loop.

The modified Lüscher equation (12)-(13) can be used even in the left-hand cut region, since
𝐾𝑀
ℓ
(𝑞2

0) is regular there. The full 𝐾-matrix and the phase shift can be then directly calculated by
using Eq. (1).

5. Comparison to the existing approaches

Different approaches to the problem of the left-hand cut can be found in the recent literature.
The most straightforward approach is based on a direct calculation of the finite-volume energy
levels by diagonalizing the effective Hamiltonian, containing both the long- and the short-range
interactions, in the plane-wave basis [2, 3, 6, 10]. The approach, introduced in Ref. [11], like our
approach, is based on the explicit splitting of the long- and short-range interactions. The short-
range part is summed up to all orders, defining an auxiliary 𝐾-matrix similar in spirit to 𝐾𝑀

ℓ
(𝑞2

0),
where the left-hand singularities are absent. The authors write down their final expressions in
two bases: in the plane-wave basis and in the angular-momentum basis. The former is rather
similar to Refs. [2, 3, 6], whereas in the latter form it resembles the equations given in the present
paper. Using the 𝑁/𝐷 approach for carrying out the effective-range expansion in the presence
of a nearby left-hang cut was considered, e.g., in Ref. [12]. Finally, in Refs. [13–15] the authors
have “embedded” the two-body problem of the 𝐷∗𝐷 scattering into the three-body one and have
argued that the left-hand cut problem disappears in this setting. This does not, of course, come at a
surprise since, in case of a stable 𝐷∗, the approach is formally equivalent to using the plane-wave
basis. However, it allows one to study the smooth transition from stable to unstable 𝐷∗ and thus
provides more information than a purely two-body approach to the same problem. To summarize,
all existing approaches are largely equivalent at the conceptual level and differ mainly by the choice
of auxiliary non-singular quantities (either 𝐾𝑀

ℓ
(𝑞2

0), or couplings of the effective Hamiltonian, or
something else), which are extracted from lattice data. A direct extraction of the 𝑆-matrix elements
is not possible, owing to the left-hand singularities. Furthermore, there exists no particular physical
reason to prefer one set of auxiliary variables to the other. Last but not least, we mention that
recently the 𝐷∗𝐷 scattering has been treated within the HAL QCD approach [16] whose findings,
however, are rather different from all above methods. Namely, an explicit form of the long-range
potential is not postulated in HAL QCD approach. Ref. [16] concludes that lattice data do not
support the assumption about the one-pion exchange, and the two-pion exchange turns out to play
the leading role. Arguably, this conclusion runs against one’s intuition and should be put under a
renewed scrutiny.
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6. Conclusions

We give a brief review of a modified Lüscher equation in the presence of long-range interactions,
which was derived in Ref. [4]. It is very similar in form to a conventional Lüscher equation and
should be straightforward to implement in practice.

In our opinion, the following questions need to be answered next:

i) The three-body quantization condition should be also modified, if the long-range interactions
are present in the two-body subsystems. Obviously, this is the case with three nucleons on
the lattice (the triton). In addition, the tree-nucleon force contains a long-range component
as well. Some effort in this direction has already been undertaken, see [17, 18].

ii) Two- and three-body quantization condition has certainly to be modified, if electromagnetic
interactions are turned on. In the context of the two-body problem, the first such attempt has
been undertaken in Ref. [19]. Several questions remain, however, open. First, only static
Coulomb force is considered in Ref. [19] and the transverse photons are neglected from the
beginning. Second, the QED𝐿 implementation of the electromagnetic field is considered,
which leads to a non-local theory. In its turn, this fact will have implications, when matching
to the NREFT that is needed for the derivation of the modified Lüscher equation. Last but not
least, perturbation theory was used to construct the modified Lüscher zeta-function, which
fails in the vicinity of the free-particle poles. All these issues call for a further scrutiny of the
problem in question.
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