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The validity range of the widely used traditional effective range expansion can be severely limited
by the presence of a left-hand cut near the two-particle threshold. Such a left-hand cut emerges
in two-particle scattering processes involving either a light particle exchange in the 7-channel or a
particle exchange with a mass slightly heavier than the mass difference of the two particles in the
u-channel, which occurs in a wide range of physical systems. We propose a new parameterization
for the low-energy scattering amplitude that incorporates these left-hand cuts arising from particle
exchange diagrams. This parameterization extends the convergence radius of the effective range
expansion beyond the branch point of the left-hand cut and is applicable to a broad range of systems.
The parameterization enables the extraction of coupling strengths between the exchange particle
and the scattering particles, and reveals amplitude zeros resulting from the interplay between
short- and long-range interactions. We demonstrate the effectiveness of this new parameterization
through its application to D D* scattering with meson masses obtained in a lattice QCD calculation.
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1. Introduction

The effective range expansion (ERE) [1, 2] is a very general parameterization of low-energy
amplitudes in quantum mechanics that is extensively utilized across different fields of physics,
including particle physics, nuclear physics, and cold atom physics. It provides a simple and efficient
way to extract dynamical information about the interaction between two particles in the low-energy
regime. ERE is a direct consequence of the unitarity and analyticity of the amplitude in the vicinity
of the two-particle threshold.

Unitarity requires that the imaginary part of the inverse of the two-particle scattering amplitude
f in the elastic region is proportional to the magnitude of the relative momentum k:

Im L k (1)

7 )

in nonrelativistic kinematics. The imaginary part k = \/2,u_E leads to a cut in the complex energy
plane of the amplitude, known as the unitarity cut or right-hand cut (rhc). Here, u is the reduced
mass of the two scattering particles, and E is the center-of-mass energy of the system relative to
the threshold. Analyticity of the amplitude implies that in the vicinity of the threshold, the inverse
of the amplitude is analytic except for the unitarity cut and thus can be expanded in powers of
k* = 2uE. For an S-wave amplitude, ERE has the form:

1 1 1
— =kecotd — ik = — + —rk* —ik + O(k%), )
f a 2

where ¢ is the scattering phase shift, and the parameters a and r are the well-known scattering
length and effective range, respectively. The expansion (2) is limited by the presence of other
singularities, such as three-body threshold or left-hand cut (lhc) branch points. The lhc generated
by particle exchange is particularly important in two cases: when a light particle is exchanged in the
t-channel, or when a particle slightly heavier than the mass difference of the two scattering particles
is exchanged in the u-channel. In these cases, the branch point can be located very close to the
threshold, severely restricting the validity range of the expansion (2).

ERE is particularly widely used in hadronic and nuclear physics due to the nonperturbative
nature of the strong interaction at low energies, where unitarity plays a crucial role in the resonance
region. In the past two decades, numerous resonances have been experimentally observed in
hadron physics [3—6]. Many of these resonances are close to two-hadron thresholds, making their
corresponding two-hadron amplitudes potentially suitable for analysis using ERE. However, the one-
particle-exchange (OPE), particularly the one-pion-exchange, potential is commonly encountered
in hadron calculations, such as in NN, BB*, BB*, ND*, ND*, £(.yD*, £.D*, and others. Notably,
the unphysical pion mass used in LQCD simulations is usually larger than the physical value. This
leads to a stable D* and a left-hand cut caused by the one-pion-exchange in the DD* and DD*
scattering amplitudes in LQCD calculations, e.g. [7-14]. The left-hand cut caused by OPE near the
two-hadron threshold invalidates the applicability of ERE (2) in this energy region.

In lattice simulations, only discrete energy levels are obtained due to the finite volume. The
Liischer formalism [15-17] provides a bridge to extract the scattering phase shift, and consequently
the ERE parameters, from the energy levels in finite volumes. The original Liischer formalism does
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not account for the lhc, and therefore the extracted phase shifts can only be real values. However,
in certain LQCD calculations, the finite-volume energy levels have been found to be lower than the
corresponding infinite-volume scattering lhc branch point, for example in [18] for baryon-baryon
scattering and in [10, 12] for DD* scattering. The presence of the lhc invalidates both the original
Liischer formalism and ERE used in LQCD analyses. It has been demonstrated in [19] that the
presence of the lhc can induce significant effects on the phase shift and pole structures. Note that
different strategies have been proposed to extend the Liischer formalism for such cases [20-24].

2. The left-hand cut

The lhc is a general feature of partial wave scattering amplitudes, originating from crossed-
channel singularities. It is important to note that this cut exists in the complex energy plane of
the scattering amplitude in infinite volume, where the permitted energy is continuous above the
two-particle threshold. In finite volume, however, two-particle scattering is not well-defined, and
the permitted energy levels of the system are discrete. The lhc arising from exchanging one nearly
on-shell particle is especially significant since its branch point can be very close to the two-particle
threshold, potentially having a substantial impact on physical quantities, as shown in [19]. In this
talk, we focus specifically on this type of lhc, where the OPE potential corresponds to a long-range
but still finite-range interaction. For elastic two-hadron scattering, there are two possible types of
Feynman diagrams, corresponding to t- and u-channel exchanges, as shown in Fig. 1.

P1 g P3 P g - Pa
| n
1 1
1 1
1 1
1 1
D2 92 P4 P2 g p3
(a) (b)

Figure 1: Two particles interacting through a 7-channel (left) and a u-channel (right) particle exchange,
where g(;) denote the corresponding coupling constants.

The lhc caused by the OPE diagram in Fig. 1 exhibits a discontinuity of the partial wave
potential across the real axis below the lhc branch point. For simplicity, we consider the case where
the coupling between the scattering and exchanging particles is in S-wave with coupling constants
&(i)» as shown in Fig. 1. For an S-wave scattering between the two particles, the corresponding
partial wave is given by

(m2—m2)?
1 s—2(m2+m2)+m2+#
glgth(S)Zgng/ -dcos 6 = — §18285 4, 1 2 S ex s ’

2 t_mex /l(svml,mZ) mex
2 2 2 2 2
1 s+m 2(my+m

g2Lu(S)=—g / —dcosf = — g; - - ex 2( 12 . 2) ’ 3)
2 U — mex /l(S,ml,mz) Mmey — (ml _mz) /S

for the 7- and u-channel, respectively. Here s = (m; +my+E)%, t = (p1 — p3)%, u = (p1 — p4)?, and
A(a,b,c) = a> + b + ¢? — 2ab — 2bc — 2ca is the Killén function, with m; and m, representing
the masses of the scattering particles, and mex the mass of the exchanging particle.
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In nonrelativistic kinematics, the corresponding potential can be simplified to [25]

L,(k*) = —Llog M, L, (k%) = —Llog M’
4k2 m2, /4 4k uz /4 +n2k?

where 17 = |[my —ma|/(my +my) and u2 = dmymy (m2, — (m1 — m2)?) /(m1 +my)?. The expression
for L, (k?) reduces to that of L;(k?) in the limit A = m| — my — 0. From Eq. (4), one can deduce
that the nearest lhc branch point is located at kfhc = —mgx /4 and —u?2 /4 for the ¢- and u-channel
exchange, respectively. For u-channel exchanges, the condition that the lhc branch point is located
below the threshold requires m2, > (m; — m,)?. Otherwise, the heavier particle can decay into the
other particle and the exchanging particle, leading to a three-body cut, which is beyond the scope
of this work.

“

The form of the logarithm in Eq. (4) remains unchanged if the S-wave vertices are changed to
higher partial-wave ones. For the case where the coupling between the scattering and the exchanged
particle is proportional to the momentum, i.e., P-wave coupling, the lhc has the form

1 [ (P -p3)? 1/ ~t 2 2
LP(k?) == ———~dcosf == dcos@=—-1-m: L,(k°),
t( ) 2 t—mgx 2 t—mgx ex t( )

dcos ~ —1 — u2 L, (k%), (5)

2
U — Mgy

oo 1 —u+(m%—m§)/(m1+m2+E)
Lhuy=; [
2
with ygx = mgx — (my —mjy)?. Here the constant term (—1) has no cut and represents a short contact
interaction. The lhc/discontinuity for the P-wave coupling is also given by the L(k?) function, as
that for the S-wave vertices. Higher order couplings can be treated similarly, and for an S-wave

scattering, the general lhc has the form of L(k?). The two-hadron scattering amplitude 7' that

0
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Figure 2: The comparison between the imaginary part of the 7-matrix amplitude from LSE and that of
the tree-level OPE potential Vopg. The left and right panels correspond to the left and right panel of Fig. 3
in [19], respectively.

satisfies unitarity can be obtained by solving the Lippmann-Schwinger equation (LSE)
-

T(E,p,q) =V(E,p,k) +/ WV(E,P,C])m
where the potential V includes the Ihc from the long-range OPE potential. Across the OPE lhc, the
discontinuity of the 7-matrix amplitude matches that of the tree-level potential V used in the LSE.
The second term on the right-hand side of Eq. (6) does not contain the OPE lhc on the physical
Riemann sheet. To illustrate this, Fig. 2 compares the imaginary parts of the 7-matrix amplitude
with the OPE potential Vopg from [19]. Here we use the convention f(k?) = —u/(27)T(E, k, k).

T(E,k,q), (6)
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3. The N/D method and the ERE with the left-hand cut

3.1 The N/D method

The scattering amplitude can be constructed from dispersive relations based on analyticity
when the singularities of the amplitude are known. At low energies where only the unitarity cut
and the lhc from OPE are present, we can construct the scattering amplitude satisfying unitarity and
analyticity using the N/D method [26]. In this method, the partial wave amplitude f is expressed
as a ratio of two functions

f(k*) =n(k?)/d(k?), (7)

where the denominator d(k?) contains only the rhe, and n(k?) has only the lhc. From unitarity (1),
we have the following dispersive relations

Imd(k?) = —kn(k?), k% >0,
Imn(k?) = d(k?) Im f(k?), K< ki (8)

Both n(k?) and d(k?) can be simultaneously multiplied by any real analytical function without
changing the amplitude f(k?) or the dispersive relations (8).

When the lhc is far from the threshold and can be neglected, n(k?) has no imaginary part along
the real axis and can be set to n(k%) = 1. Since Imd(k?) = —k, we have d = —ik + r(k?), where
r(k?) is an analytical function. This function can be Taylor expanded in k% = 2uE in the complex
plane as d(k?) = —ik + ro + r1k* + O(k*), which gives the well-known ERE.

In the presence of the lhc, the solution can be given by the dispersion relations

2 ey ™R d() Tm f(K)
I’l(k ) = nm(k ) + T [00 (klZ ~ kZ)(kIZ)mdk ,
(kZ)n 00 k/n(k/Z)deZ

d(k?) = dy (k) - Tt

€))

where 7i,,,(k?) and d,,(k?) are subtracted polynomials that ensure the interaction is well defined.
Since d(k?) is real analytical below the threshold and 7(k?) has an imaginary part along the lhc, a
direct consequence of the N /D method is that no virtual state can exist along the Thc. This is because
the amplitude on the second Riemann sheet f!! is defined as fI' = (1 /1 + 2ik) on /(d +2ikn),
where the denominator (d + 2ikn) cannot be zero since k is purely imaginary.

3.2 The effective range expansion with the left-hand cut

In this presentation, we focus on the energy range where only the lhc from OPE is present (i.e.,
above the lhc arising from two-particle exchanges). As mentioned above, along the OPE lhc, the
imaginary part of the amplitude f(k?) equals that of the tree-level potential shown in Fig. 1, which
means

Im f(k?) = cIm L(k%) = —én, K<k (10)
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where c is a parameter quantifying the strength of the lhc. For the S-wave couplings, ¢ = g;g» and
g? for the ¢- and u-channel OPE in Fig. 1, respectively. For P-wave vertices in Eq. (5), ¢ = —g1gam2,
and —g?u2, for t- and u-channel, respectively.

In general, the integration of n(k?) and d(k?) rely on each other and the exact solution is
inaccessible. However, in the low-energy region where only the lhc from the OPE is present, we can
parameterize these two functions. Since d(k?) is real analytic along the lhc, it can be parameterized
as polynomials, denoted as P(k?). Then the dispersive integral can be carried out as [25]

n(k?) =i’ (k*) + P(k*)L(k*) = i(k?) + P(k*)(L(k*) - Lo), (11)

where 71"") (k?) is a polynomial. The expression for L(k?) is given by L,(k?) or L, (k?) in Eq. (4),
depending on the exchange channel. Here Ly = L(k* = 0) = —1/m2_(or —/u2 ) for t-channel (or
u-channel) is subtracted to make the lhc term vanish at the threshold. Therefore,
00 k/L(k/Z)P(kIZ) k/2

(k/2 _ kZ) (k/Z)m
= d(k?) - ikn(k*) - P(k*)d® (k*), (12)

d(k?) = d' (k) — ik (k) - (k)" /
Tt 0

where the d® (k?) function is given by

: 2+ ik
d?(kz):#log—me"/ !

Mex /2 — ik’
j 2 +ik U+ /2 +ink
ARk = L (1og Be/2HTK g el2 ¥ INKY 13
w(K) = \loe s e Tk (13)
for the #- and u-channel exchanges, respectively. The amplitude f(k2) can thus be written as
1 d(k*) = P(k*)d®(k*) d(k*) = god® (k) .
- i k= —2 S — ik, (14)
f (k%) n(k*) i(k?) + go(L(k*) — Lo)
where 7i(k?) = gO% and d(k?) = go ;l,((lli)) are rational functions with gy a parameter and
i(k?> = 0) = 1. The rational functions can be expanded into polynomials and we call an [m, n]
approximant o
L S Ak oed) s
f[m,n](kz) 1 +Z’}1:1 ﬁijj +g0(L(k2) _LO) ’
which can be regarded as an extension of ERE including the lhc. Here d;(i = 0,...,n) and
fij(j = 1,...,m) are parameters to be determined from experimental or LQCD data. In the
following, we focus on the [0, 1] approximant,
1
fion (k%) = : (16)

Cdo+ dik? — godR(K?)
L+go(L(k) ~Lo)
which reduces to the traditional ERE when OPE is absent, i.e. gg = 0.
Using the ERE with the lhc in Eq. (16), we can derive expressions for the scattering length

d*(1/f +ik
a = f(k? = 0) and effective range r = % o For the #-channel exchange:
1 = 8 4
0=\ r=2d -0 _ 780 (17)
do + g0/ Mex 3mg,  mea
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and for the u-channel exchange:

1 = 8% 3. 480 4
a=— , r=2d-—1-7")-—=(1-7n"). (18)
do+ (1 =n)go/u+ 33 pia

3.3 Couplings to the exchanging particle

Along the lhc, the discontinuity of the amplitude equals that of the tree-level OPE potential
iterated in the LSE:

e

u
I =——1ImT =-
m f 2r m 2r

Im VopE . ( 1 9)

The imaginary part of the OPE potential along the lhc is:

T

Im Vope (k%) = —gp—
m Vope (k%) = =gp >

ﬁa kz < klzhcy (20)
where gp = g1g» for t-channel exchange and gp = g2 for u-channel exchange. The factor %,
depends on the coupling structures: ¥y = 1 for S-wave vertices, while for P-wave vertices as in
Eq. (5), F¢ = —m2, for t-channel and ¥ = —u2, for u-channel exchange.

While d(k?) contains only the rhc, n(k?) encodes the lhc and satisfies:

Imn(k?) = —-g K < ki . (21)

T
Y4k’

By matching the imaginary part of f(k? = klzhc) to that of the potential Vopg, we have [25]

2rgo
8p = _ﬂ—do,lhc 77 (22)
where d%"¢ = d(k?* = kfhc) is given by:
o = gy - e mec (| 0] golog? (23)
T Ty 2 m2, Mex
for z-channel exchange, and:
- d? log[2/(1 +
d0he _ o 1:‘++%(1+8_§)+80 og[2/( 77)]7 24)
Hex H+

for u-channel exchange. Therefore, if we can determine the parameters in Eq. (16) from experimental
data or LQCD simulations, we can extract the coupling products g|g» (#-channel) or g2 (u-channel).
Conversely, if these couplings are known from other processes, we can reduce the number of free
parameters in fo, 1 (k?) using Eq. (5), which is particularly useful when data points are limited.

3.4 Amplitude zeros

Amplitude zeros [27], found in scattering processes involving three-body dynamics like in [19],
may signal excited Efimov states [28] near threshold [29]. In our parameterization, amplitude zeros
occur when n(k?) = 0. For ¢-channel exchange in the fo,1] approximant, a zero exists for y > 0 at:

m2, 1 _
k%ero == : 1+ ;W(_e yy)} > (25)
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where y = 1 +m2,/go and W is the Lambert function with two branches for real y.
For go > 0 (y > 0), we use the principal branch Wj.
For go < —m2 (0 <y < 1), we use branch W_;.
The zero can also be expressed in terms of observables:

dram?,

ngpFe
. 26
2+ amex (1 — mexr/4) (26)

1+ %amex(l —log4) —

y=1+
For u-channel exchange, the zero is determined by:

1
1+ g0 Ly (k) + —| = 0. (27)

€x

When |A] < m; (i.e., n < 1), the t-channel expressions apply to the u-channel case with mex
replaced by .

4. Application to the DD*

As an illustrative example, we apply our parameterization f[o, 1] to reproduce the DD* am-
plitudes obtained from LSE calculations in [19], where the pion and charmed meson masses are
set to the LQCD values from [10]. The tetraquark state 7.}.(3875) was discovered by the LHCb
Collaboration in 2021 through the D°DO%* invariant mass distribution [30, 31]. The 7. lies close
to the D D* threshold, and approximately 90% of the DD r events contain a D** state [31], making
the D D* molecular interpretation particularly compelling.

In physical systems, the D** (D*?) decays into D°z*/D*n° (D°2°), and the T, is located
above both the D°D%z* and D°D*#" thresholds. As demonstrated in [32], the one-pion exchange
potential generates a three-body cut that significantly affects the precise determination of the 7.
pole position. The DD™ interaction has also been studied using LQCD, for example in [10-12],
where unphysical pion masses (m, > AM = Mp- — Mp) are employed. The one-pion exchange
potential generates an lhc that can substantially modify the pole structure [19].

Using the mass parameters from [10, 19], the DDnx three-body threshold is located at
(pg,rhc/mDD*)2 = 0.019, while the nearest lhc branch point occurs at (plhc/m[)m)2 = -0.001.
This branch point lies very close to the DD* threshold mpp+ but above the lowest energy level.
The extreme proximity of the lhc to the rhc significantly impacts the phase shift and consequently
modifies the pole structure substantially [19].

In this work, we focus on reproducing the scattering amplitudes using Eq. (16) instead of
conducting a comprehensive analysis of experimental or LQCD data. To determine the parameters
do, d; and g, we fit the real part of the phase shift k cot§ = 1/f + ik shown in Fig. 3 of [19]. We
use 6 equidistant pseudo-data points for (k/mpp+)* € [-0.005,0.005] with uniform uncertainties.
The results are presented in Fig. 3, showing excellent agreement between our parameterization
and the LSE solutions for both real and imaginary parts of the phase shift. Our parameterization
accurately captures key features including the amplitude zero (divergence of k cot§) and the lhc.
The right panels of Fig. 3 compare the imaginary parts of the amplitudes from both approaches.

Using the fitted parameters, we can extract the physical P-wave DD*r coupling g through
Eq. (22). For u-channel one-pion exchange, g> = g%) perl (4F2), where gpp+, and F, are the
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Figure 3: Left: Comparison between our parameterization (Eq. (16), labeled as “ERE w/ lhc") and LSE
solutions from Ref. [19]. The two sub-panels correspond to different fits from Fig. 3 in Ref. [19]. Solid
curves show the real (blue) and imaginary (green) parts of k cot ¢ from LSE calculations, while dashed and
dotted curves represent the corresponding parts from our parameterization. Despite fitting only to real parts,
the imaginary parts show remarkable agreement. Right: Comparison of Im f between our parameterization

and LSE calculations.

DD*m coupling and pion decay constant from [19], respectively. Our two fits in Fig. 3 yield
g% =9.0 GeV~2 and 9.4 GeV 2, in excellent agreement with the input value of 9.2 GeV 2 used in

the LSE calculations [19].
In summary, we have developed a model-independent parameterization for low-energy ampli-

tudes that explicitly incorporates nonanalytic terms arising from OPE-induced lhc. Our approach
naturally reduces to the traditional ERE in the absence of lhc, making it a proper generalization
of the ERE formalism. This extension broadens the applicability range of the ERE to the next
singularity, whicn can be either the branch point of the lhc generated by two-particle exchanges or
the threshold of produciton of more particles. This parameterization has wide-ranging applications
and should prove particularly valuable in understanding near-threshold hadron resonances.
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