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The scattering lengths on the interactions between the spin-1/2 doubly charmed baryons and
Nambu-Goldstone bosons are of great importance for the investigation of the spectroscopy of
heavy flavored baryons. To that end, we have conducted a systematic analysis of the low-energy
dynamics of doubly charmed baryons within the frameworks of chiral perturbation theory (ChPT)
and lattice quantum chromodynamics (QCD). On the one hand, the S- and P-wave scattering
lengths are predicted in a manifestly relativistic baryon ChPT at leading one-loop order. On the
other hand, results of the S-wave scattering lengths for four elastic scattering single channels are
obtained in lattice QCD for the first time.
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1. Introduction

In the quark model with four quarks of (𝑢, 𝑑, 𝑠, 𝑐), the spin-1/2 doubly charmed baryons
(DCBs) emerge in the 20𝑀 -plet representation of flavour SU(4) group [1]. Their existence is of
crucial importance in classifying the heavy hadron spectroscopy. Furthermore, they provide a
unique platform for exploring the non-perturbative dynamics of light quarks in the environment of
two heavy quarks, which can be used to test the correctness of various theoretical models. Therefore,
both theoretical and experimental investigations of the DCBs have been extensively carried out in
recent years.

The search for Ξ+
𝑐𝑐 was first conducted by the SELEX collaboration two decades ago [2].

However, the reported results of Ξ+
𝑐𝑐 in Refs. [2, 3] remain unconfirmed by any other experiments:

FOCUS at the Tevatron proton-antiproton collider [4], BaBar and Belle at electron-positron collid-
ers [5, 6], and LHCb at the LHC proton-proton collider [7, 8]. The Ξ+

𝑐𝑐 mass reported by SELEX
also disagrees with theoretical predictions obtained by heavy quark effective theory [9], lattice
QCD [10–12], relativistic quark model [13], effective potential models [14] and so on. These
discrepancies have cast long-standing doubts on the existence of doubly charmed baryons. The
puzzle was addressed by the discovery of Ξ++

𝑐𝑐 at LHCb [15, 16]. Hopefully, the other two states,
Ξ+
𝑐𝑐 and Ω+

𝑐𝑐, will be observed in the near future as more data are being accumulated [8, 17, 18].
In this proceeding, investigations of the interactions between the DCBs and Goldstone bosons

(GBs), both within the frameworks of baryon chiral perturbation theory (BChPT) and lattice
quantum chromodynamics (QCD), are discussed. Results of scattering lengths are predicted.

2. Scattering lengths and phase shifts from BChPT

The Lorentz decomposition of the invariant amplitude for a given process of the type,
𝜓𝑐𝑐 (𝑝)𝜙(𝑞) → 𝜓′

𝑐𝑐 (𝑝′)𝜙′(𝑞′), can be written as

T𝜓𝑐𝑐𝜙→𝜓′
𝑐𝑐𝜙

′ (𝑠, 𝑡) = 𝑢̄(𝑝′, 𝜎′)
{
𝐴(𝑠, 𝑡) + 1

2
(/𝑞 + /𝑞′)𝐵(𝑠, 𝑡)

}
𝑢(𝑝, 𝜎) , (1)

where 𝜓𝑐𝑐 ∈ {Ξ++
𝑐𝑐,Ξ

+
𝑐𝑐,Ω

+
𝑐𝑐} and 𝜙 ∈ {𝜋±, 𝜋0, 𝐾±, 𝐾0, 𝐾̄0, 𝜂} denote doubly charmed baryons

and Goldstone bosons, respectively. Here, 𝑢(𝑝, 𝜎) (𝑢̄(𝑝′, 𝜎′)) is the spinor of the initial (final)
baryon with momentum 𝑝 (𝑝′) and spin 𝜎 (𝜎′). There are two independent Lorentz invariant scalar
products for a 2 → 2 scattering process. As usual, the commonly used Lorentz invariants are
defined as

𝑠 = (𝑝 + 𝑞)2 , 𝑡 = (𝑝 − 𝑝′)2
. (2)

The symbols 𝐴 and 𝐵 are scalar functions of the Mandelstam variables 𝑠 and 𝑡. Analogously to 𝜋𝑁
scattering [19, 20], one always introduces a combination of 𝐴 and 𝐵 (with 𝑢 =

∑
𝑚2
𝑖
− 𝑠 − 𝑡),

𝐷 (𝑠, 𝑡) = 𝐴(𝑠, 𝑡) + 𝜈𝐵(𝑠, 𝑡) , 𝜈 =
𝑠 − 𝑢

2(𝑚𝜓𝑐𝑐 + 𝑚𝜓′
𝑐𝑐
) , (3)

which is practically suitable for performing chiral expansion. For a calculation of the 𝜓𝑐𝑐-𝜙
scattering amplitude up to O(𝑝3), the following chiral effective Lagrangian is required,

Leff = L𝜙𝜙 + L𝜓𝑐𝑐𝜙 , (4)

2



P
o
S
(
C
D
2
0
2
4
)
0
6
5

ChPT and lattice QCD studies of doubly charmed baryons De-Liang Yao

with the mesonic and baryonic pieces given by [21–24]

L𝜙𝜙 =
𝐹2

4
⟨𝜕𝜇𝑈𝜕𝜇𝑈† + (𝜒𝑈† +𝑈𝜒†)⟩ +

8∑︁
𝑖=4

𝐿𝑖O (4)
𝑖

, (5)

L𝜓𝑐𝑐𝜙 =

[
𝜓̄𝑐𝑐 (𝑖 /𝐷 − 𝑚)𝜓𝑐𝑐 +

𝑔

2
𝜓̄𝑐𝑐/𝑢𝛾5𝜓𝑐𝑐

]
+

7∑︁
𝑗=1

𝑏 𝑗O (2)
𝑗

+
20∑︁
𝑘=11

𝑐𝑘O (3)
𝑘

. (6)

In the above Lagrangians, 𝐹, 𝑚 and 𝑔 denote the pion decay constant, the baryon mass and the axial
coupling constant in the chiral limit, in order. Besides, 𝐿𝑖 (𝑖 = 4, · · · , 8) are O(𝑝4) mesonic low
energy constants (LECs), which are determined elsewhere [21, 22]. The 𝑏 𝑗 ( 𝑗 = 1, · · · , 7) and 𝑐𝑘
(𝑘 = 11, · · · , 20) are O(𝑝2) and O(𝑝3) baryonic LECs, in units of GeV−1 and GeV−2, respectively.

q

Q̄

1/Λ
QCD

q

Q
Q

1/Λ
QC

D

1/(mQv)

Heavy Diquark

Antiquark Symmetry

Figure 1: Heavy diquark-antiquark symmetry.

The baryonic LECs are unknown parameters. Nevertheless, one may estimate them by imposing
the so-called heavy-diquark-antiquark (HDA) symmetry [25]. That is, the 𝑐𝑐 di-quark system has a
3̄ representation of the SU(3) color group, which is nothing but identical to the 𝑐 quark, as illustrated
in Fig. 1. The HDA symmetry indicates that the doubly charmed baryons 𝜓𝑐𝑐 and the charmed
meson 𝐷̄ degenerate to form a superfield. As a result, the LECs involved in 𝜓𝑐𝑐𝜙 scattering are
related to the ones appearing in 𝐷̄𝜙 scattering. For a detailed discussion, the readers are referred to
Appendix D of Ref. [26]. In Table 1, we show the values of the relevant LECs, which are obtained
by using the HDA symmetry. The definition of the 𝐷̄𝜙 LECs can be found in, e.g., Refs. [27, 28].
Their values are pinned down by fitting to lattice QCD data [29]. Aspects of the LECs in the 𝐷̄𝜙
Lagrangian are comprehensively discussed in Ref. [30].

We are now in the position to make predictions of scattering lengths. For elastic scatterings,
S- and P-wave scattering lengths can be written in terms of 𝐴 and 𝐵 amplitudes,

𝑎
(𝑆,𝐼 )
0+ =

𝑚𝜓𝑐𝑐

4𝜋
(
𝑚𝜓𝑐𝑐 + 𝑚𝜙

) {𝐴(𝑆,𝐼 ) (𝑠, 0) + 𝑚𝜙𝐵 (𝑆,𝐼 ) (𝑠, 0)
}

q2=0
,

𝑎
(𝑆,𝐼 )
1+ =

𝑚𝜓𝑐𝑐

6𝜋
(
𝑚𝜓𝑐𝑐 + 𝑚𝜙

) { [𝜕𝑡𝐴(𝑆,𝐼 ) (𝑠, 𝑡)
]
+ 𝑚𝜙

[
𝜕𝑡𝐵

(𝑆,𝐼 ) (𝑠, 𝑡)
] }

𝑡=0, q2=0
,

𝑎
(𝑆,𝐼 )
1− = 𝑎

(𝑆,𝐼 )
1+ − 1

16𝜋𝑚𝜓𝑐𝑐
(
𝑚𝜓𝑐𝑐 + 𝑚𝜙

) {𝐴(𝑆,𝐼 ) (𝑠, 0) −
(
2𝑚𝜓𝑐𝑐 + 𝑚𝜙

)
𝐵 (𝑆,𝐼 ) (𝑠, 0)

}
q2=0

. (7)

The superscripts 𝑆 and 𝐼 stand for the quantum numbers of strangeness and isospin, respectively,
while the subscripts 𝐽𝑃 represent the spin 𝐽 and parity 𝑃. Here, |q| is the modulus of the momentum
in the center-of-mass (CM) frame. The chiral expressions of the 𝐴 and 𝐵 functions are calculated
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Table 1: Values of the LECs determined by imposing HDA symmetry.

𝜓𝑐𝑐𝜙 scattering 𝐷̄𝜙 scattering [27]
LEC value LEC value

𝑔 −0.19 𝑔0 1.095
𝑏1 −0.04 ℎ0 0.0172
𝑏2 −0.11 ℎ1 0.4266
𝑏3 −1.46+0.43

−0.46 ℎ3 5.59+2.07
−1.96

𝑏4 0.66 ± 0.19 ℎ2 2.52+0.73
−0.74

𝑏5 −0.17+0.05
−0.06 ℎ5 −0.71+0.23

−0.24

𝑏6 0.11 ± 0.04 ℎ4 −0.47+0.17
−0.17

𝑐11 −0.08+0.21
−0.14 𝑔2 −0.16+0.52

−0.39

𝑐12 0.08+0.03
−0.02 𝑔3 0.08+0.03

−0.03

𝑐20 0.49+0.09
−0.15 𝑔1 −0.99+0.30

−0.18

up to O(𝑝3) with the Lagrangian specified in Eq. (4) by using the extended-on-mass-shell (EOMS)
scheme and heavy-baryon (HB) formalism in Refs. [26] and [31], respectively. Based on EOMS-
BChPT amplitudes, numerical results of the scattering lengths are predicted and compiled in
Table 2. It is worth noting that, for future reference, the S-wave phase shifts for the elastic scattering
processes, as listed in the first two columns, are plotted for the energy region near the respective
lowest thresholds in Ref. [26].

Table 2: Results of scattering lengths in BChPT. The S- and P-wave scattering lengths are in units of fm and
10−2 fm3, respectively.

(𝑆, 𝐼) Processes 𝑎0+ [𝐽𝑃 = 1
2
−] 𝑎1+ [𝐽𝑃 = 3

2
+] 𝑎1− [𝐽𝑃 = 1

2
+]

(−2, 1
2 ) Ω𝑐𝑐𝐾̄ → Ω𝑐𝑐𝐾̄ −0.09+0.12

−0.13 −2.47+3.04
−2.64 −0.13+3.03

−2.64

(1, 1) Ξ𝑐𝑐𝐾 → Ξ𝑐𝑐𝐾 −0.60 ± 0.13 −0.73+3.02
−2.62 −1.90+3.01

−2.61

(1, 0) Ξ𝑐𝑐𝐾 → Ξ𝑐𝑐𝐾 1.03 ± 0.19 −6.93+2.83
−3.21 −7.59+2.82

−3.20

(0, 3
2 ) Ξ𝑐𝑐𝜋 → Ξ𝑐𝑐𝜋 −0.16 ± 0.02 −40.6+3.20

−2.97 19.3+3.19
−2.97

(−1, 0) Ξ𝑐𝑐𝐾̄ → Ξ𝑐𝑐𝐾̄ 1.19+0.22
−0.21 6.19+4.78

−5.40 −3.61+4.77
−5.37

Ω𝑐𝑐𝜂 → Ω𝑐𝑐𝜂 0.42+0.18
−0.19 + 0.55𝑖 0.93+2.04

−1.96 + 0.01𝑖 −0.32+2.03
−1.95 + 0.01𝑖

(−1, 1) Ω𝑐𝑐𝜋 → Ω𝑐𝑐𝜋 −0.01 ± 0.02 −6.32+1.85
−1.82 −6.75+1.85

−1.82

Ξ𝑐𝑐𝐾̄ → Ξ𝑐𝑐𝐾̄ 0.27+0.13
−0.13 + 0.10𝑖 −4.2+1.23

−1.21 + 0.01𝑖 −4.72+1.24
−1.22 + 0.01𝑖

(0, 1
2 ) Ξ𝑐𝑐𝜋 → Ξ𝑐𝑐𝜋 0.34 ± 0.02 21.9+3.39

−3.70 −104.1+3.38
−3.70

Ξ𝑐𝑐𝜂 → Ξ𝑐𝑐𝜂 0.06+0.14
−0.15 −2.30+1.13

−1.13 + 0.01𝑖 −3.79+1.13
−1.14 + 0.01𝑖

Ω𝑐𝑐𝐾 → Ω𝑐𝑐𝐾 0.66+0.13
−0.13 + 0.55𝑖 1.0+2.67

−3.01 + 0.01𝑖 −2.69+2.67
−3.00 + 0.01𝑖
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3. Lattice QCD simulation

As mentioned above, BChPT calculations of the scattering lengths [26, 31] for DCBs have
utilized the LECs derived from HDA symmetry. However, a systematic first-principle investigation
using lattice QCD is still lacking. With the help of Lüscher’s formula [32] and effective range
expansion(ERE) [33, 34], S-wave interactions of four single channels, Ξ𝑐𝑐𝜋(0, 3/2), Ξ𝑐𝑐𝐾 (1, 0),
Ξ𝑐𝑐𝐾 (1, 1) and Ω𝑐𝑐𝐾̄ (−2, 1/2), are analyzed in this section. S-wave scattering phase shifts and
scattering lengths are determined.

Four 2 + 1 flavor ensembles with different volumes but the same lattice spacing at two pion
masses ∼ 300 MeV and ∼ 210 MeV, provided by the CLQCD collaboration [35], are used in our
numerical computations (see Table 3). These configurations are generated using tadpole-improved
stout smeared-clover fermion and Symanzik gauge actions. The action of the valence charm
quark is the Fermilab action [36], which controls discretization errors of O(𝑎𝑚𝑐)𝑛. The tuning
of the parameters in the Fermilab action follows the method applied in Ref. [11]. To enhance the
signal-to-noise ratio, we implemented the distillation smearing method [37] to calculate the quark
propagators.

ID 𝛽 𝑎(fm) 𝑎𝑚𝑙 𝑎𝑚𝑠 𝑀𝜋(MeV) 𝐿3 × 𝑇 𝑁cfgs.

F32P30 6.41 0.07746(18) −0.2295 −0.2050 303.9(0.6) 323 × 96 750
F48P30 6.41 0.07746(18) −0.2295 −0.2050 304.9(0.4) 483 × 96 359
F32P21 6.41 0.07746(18) −0.2320 −0.2050 208.1(1.9) 323 × 64 459
F48P21 6.41 0.07746(18) −0.2320 −0.2050 207.4(0.7) 483 × 96 222

Table 3: Summary of gauge ensemble parameters employed in this work, including ensemble identifier (ID),
gauge coupling 𝛽, lattice spacing 𝑎, dimensionless bare quark mass parameters for light and strange quarks
(𝑎𝑚𝑙 , 𝑎𝑚𝑠), pion mass 𝑀𝜋 , lattice volume 𝐿3 × 𝑇 , and number of gauge configurations 𝑁cfgs..

3.1 Finite-volume spectrum

The finite-volume spectrum is extracted from correlation functions of appropriately constructed
operators. For single-particle states GBs and DCBs, we employ interpolating operators of the form:

O𝜋+ (𝑥) = 𝑑 (𝑥)𝑎𝛼 (𝛾5)𝛼𝛽𝑢(𝑥)𝑎𝛽 , OΞ++
𝑐𝑐 (𝑐𝑐𝑢) (𝑥) = 𝜖

𝑖 𝑗𝑘𝑃+ [𝑄𝑖𝑇𝑐 (𝑥)𝐶𝛾5𝑞
𝑗
𝑢 (𝑥)]𝑄𝑘𝑐 (𝑥), (8)

O𝐾+ (𝑥) = 𝑠(𝑥)𝑎𝛼 (𝛾5)𝛼𝛽𝑢(𝑥)𝑎𝛽 , OΞ+
𝑐𝑐 (𝑐𝑐𝑑) (𝑥) = 𝜖

𝑖 𝑗𝑘𝑃+ [𝑄𝑖𝑇𝑐 (𝑥)𝐶𝛾5𝑞
𝑗

𝑑
(𝑥)]𝑄𝑘𝑐 (𝑥), (9)

O𝐾0 (𝑥) = 𝑠(𝑥)𝑎𝛼 (𝛾5)𝛼𝛽𝑑 (𝑥)𝑎𝛽 , OΩ+
𝑐𝑐 (𝑐𝑐𝑠) (𝑥) = 𝜖

𝑖 𝑗𝑘𝑃+ [𝑄𝑖𝑇𝑐 (𝑥)𝐶𝛾5𝑞
𝑗
𝑠 (𝑥)]𝑄𝑘𝑐 (𝑥), (10)

where 𝐶 is the charge conjugation matrix and 𝑃+ = (1 + 𝛾0)/2 is the parity projector. As for the
two-particle 𝜓𝑐𝑐𝜙 operators [38] with different momenta, they can be written as

OΞ𝑐𝑐𝐾, 𝐼=0
p1,p2 =

∑︁
𝛼,p1,p2

𝐶𝛼,p1,p2

(
1
√

2
OΞ++

𝑐𝑐 ,𝛼
(p1)O𝐾0 (p2) −

1
√

2
OΞ+

𝑐𝑐 ,𝛼
(p1)O𝐾+ (p2)

)
, (11)

OΞ𝑐𝑐𝐾, 𝐼=1
p1,p2 =

∑︁
𝛼,p1,p2

𝐶𝛼,p1,p2

(
OΞ++

𝑐𝑐 ,𝛼
(p1)O𝐾+ (p2)

)
, (12)
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OΩ𝑐𝑐𝐾̄ , 𝐼=1/2
p1,p2 =

∑︁
𝛼,p1,p2

𝐶𝛼,p1,p2

(
OΩ+

𝑐𝑐 ,𝛼
(p1)O𝐾̄0 (p2)

)
, (13)

OΞ𝑐𝑐 𝜋, 𝐼=3/2
p1,p2 =

∑︁
𝛼,p1,p2

𝐶𝛼,p1,p2

(
OΞ++

𝑐𝑐 ,𝛼
(p1)O𝜋+ (p2)

)
, (14)

where the coefficients 𝐶𝛼,p1,p2 are taken from Table I in Ref. [39].
The energies of the single particles and two-particle systems are then extracted from the

correlation functions of the corresponding operators. For the two-particle systems, we employ the
generalized eigenvalue problem (GEVP) method [40]. A correlation matrix is constructed as:

𝐶𝑖 𝑗 (𝑡) =
∑︁
𝑡src

〈
O𝑖 (𝑡 + 𝑡src) O†

𝑗
(𝑡src)

〉
. (15)

The GEVP is solved with a fixed and small timeslice 𝑡0 (𝑡0 = 4 in lattice units for this study):

𝐶 (𝑡)𝑣𝑛 (𝑡) = 𝜆𝑛 (𝑡)𝐶 (𝑡0) 𝑣𝑛 (𝑡), (16)

and the eigenvalues are fitted to the two-exponential form:

𝜆𝑛 (𝑡) = (1 − 𝐴𝑛) 𝑒−𝐸𝑛 (𝑡−𝑡0 ) + 𝐴𝑛𝑒−𝐸
′
𝑛 (𝑡−𝑡0 ) , (17)

where 𝐴𝑛, 𝐸𝑛, and 𝐸 ′
𝑛 are free parameters.

F32P30 F48P30 F32P21 F48P21

𝜋 𝑚0 [GeV] 0.3040(6) 0.3049(4) 0.2085(19) 0.2077(7)
𝑐2 1.0069(42) 1.0075(22) 1.0582(94) 1.0157(37)

𝐾 𝑚0 [GeV] 0.5230(4) 0.5241(3) 0.4917(7) 0.4911(3)
𝑐2 1.0026(23) 1.0034(15) 1.0097(52) 1.0081(25)

Ξ𝑐𝑐 𝑚0 [GeV] 3.6330(8) 3.6369(12) 3.6055(14) 3.6080(16)
𝑐2 0.9915(61) 0.9641(186) 1.0056(101) 1.0520(218)

Ω𝑐𝑐 𝑚0 [GeV] 3.7139(6) 3.7179(10) 3.6938(8) 3.6995(10)
𝑐2 0.9747(37) 0.9665(205) 0.9801(51) 0.9976(131)

Table 4: Dispersion relation fit results for the single particles.

The masses of the single particles are determined by fitting the correlation functions to a cosh
function for the mesons and an exponential form for the baryons. The results are in Table 4. The
dispersion relation 𝐸2 = 𝑚2

0 + 𝑐
2𝑝2 is analyzed using the lowest five momenta on lattice for each

of the single particles, with fit results also presented in Table 4. While most particle effective
masses exhibit good agreement with dispersion relations, the Ξ𝑐𝑐 and Ω𝑐𝑐 baryons show deviations
in certain ensembles due to lattice artifacts induced by their heavy quark content.

The finite-volume energy levels and energy shifts for scattering channels are determined from
both single- and two-particle energies, as shown in Fig. 2. At spatial extent 𝐿 = 48, all channels
remain close to their respective non-interacting thresholds. The Ξ𝑐𝑐𝐾 (1, 0) channel displays
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attractive interactions, while the other three channels exhibit repulsive behavior. The observed
attraction in Ξ𝑐𝑐𝐾 (1, 0) suggests possible bound state or virtual state existence, requiring further
investigation through scattering analysis. Notably, certain high energy levels are excluded from our
analysis due to the effect of nearby channels. As illustrated in Fig. 2, the highest energy level in the
Ω𝑐𝑐𝐾̄ channel exceeds the Ω𝑐𝐷 threshold, indicating coupling to this nearby channel.

2.0 2.5 3.0 3.5 4.0

L(fm)

4.3

4.4

4.5

4.6

4.7

4.8

E
(G

eV
) ΩcD thr

ΩccK̄(−2, 1
2)

2.0 2.5 3.0 3.5 4.0

L(fm)

4.2

4.3

4.4

4.5

4.6

4.7

E
(G

eV
)

ΣcDs thr

ΞccK(1, 1)

2.0 2.5 3.0 3.5 4.0

L(fm)

4.2

4.3

4.4

4.5

4.6

4.7

E
(G

eV
)

ΛcDs thr

ΞccK(1, 0)

2.0 2.5 3.0 3.5 4.0

L(fm)

4.0

4.1

4.2

4.3

4.4

4.5

4.6

E
(G

eV
)

ΣcD thr

Ξccπ(0, 3
2)

2.0 2.5 3.0 3.5 4.0

L(fm)

4.2

4.3

4.4

4.5

4.6

4.7

4.8

E
(G

eV
) ΩcD thr

ΩccK̄(−2, 1
2)

2.0 2.5 3.0 3.5 4.0

L(fm)

4.1

4.2

4.3

4.4

4.5

4.6

4.7

E
(G

eV
)

ΣcDs thr

ΞccK(1, 1)

2.0 2.5 3.0 3.5 4.0

L(fm)

4.1

4.2

4.3

4.4

4.5

4.6

4.7

E
(G

eV
)

ΛcDs thr

ΞccK(1, 0)

2.0 2.5 3.0 3.5 4.0

L(fm)

3.8

3.9

4.0

4.1

4.2

4.3

4.4

4.5

4.6

E
(G

eV
)

ΣcD thr

Ξccπ(0, 3
2)

Figure 2: Energy levels of two-particle systems for the four single channels. Upper panels: 𝑀𝜋 ∼ 300 MeV;
Lower panels: 𝑀𝜋 ∼ 210 MeV. The blue data points are the finite-volume energies and the black bands
indicate free energies of the non-interacting threshold with different momenta.
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3.2 Scattering analysis

The infinite-volume scattering parameters are extracted through the Lüscher’s finite-volume
method. For a general multi-channel system, the quantization condition reads:

det[1 + 𝑖𝜌 · t · (1 + 𝑖M)] = 0, (18)

where 𝜌 denotes the phase-space factor, 𝑡 is the infinite-volume t-matrix, and𝑀 is a matrix of known
functions of scattering momentum 𝑞 = 𝑝𝐿/2𝜋. In the case of single-channel S-wave scattering,
this reduces to the well-known relation:

𝑝 cot 𝛿0(𝑝) =
2

𝐿
√
𝜋
Z00

(
1; 𝑞2

)
, (19)

with 𝛿0 the S-wave phase shift. The scattering parameters can be further analyzed through ERE:

𝑝 cot 𝛿0 =
1
𝑎0

+ 1
2
𝑟0𝑝

2 + O
(
𝑝4
)
, (20)

where 𝑎0 and 𝑟0 are the scattering length and effective range, respectively. The corresponding
partial wave amplitude follows:

𝑡 ∼ 1
𝑝 cot 𝛿0 − 𝑖𝑝

. (21)

The scattering parameters are extracted through the implementation of Lüscher’s formula (19)
combined with ERE (20). As shown in Table 5, our lattice QCD determinations of S-wave scattering
lengths are in good agreement with ChPT predictions within uncertainties, even at the unphysical
pion masses employed in this study.

(𝑆, 𝐼) Processes 𝑀𝜋 ∼ 300 MeV 𝑀𝜋 ∼ 210 MeV EOMS HB

(−2, 1
2 ) Ω𝑐𝑐𝐾̄ → Ω𝑐𝑐𝐾̄ −0.161(20) −0.136(12) −0.09+0.12

−0.13 -0.20(1)

(1, 1) Ξ𝑐𝑐𝐾 → Ξ𝑐𝑐𝐾 −0.177(23) −0.212(14) −0.60 ± 0.13 −0.25(1)
(1, 0) Ξ𝑐𝑐𝐾 → Ξ𝑐𝑐𝐾 0.63(10) 0.694(90) 1.03 ± 0.19 0.92(2)
(0, 3

2 ) Ξ𝑐𝑐𝜋 → Ξ𝑐𝑐𝜋 −0.140(15) −0.143(24) −0.16 ± 0.02 −0.10(2)

Table 5: S-wave scattering lengths for four single channels, in units of fm. The last two columns show
BChPT results using EOMS renormalization scheme [26] and HB formalism [31] at physical pion mass.

4. Summary and outlook

The interactions between the DCBs and GBs have been studied both in BChPT and lattice
QCD. The S- and P-wave scattering lengths for all the elastic channels are predicted with the LEC
values estimated by implementing the HDA symmetry. On the other hand, the scattering lengths
in the single channels, Ξ𝑐𝑐𝜋(0, 3/2), Ξ𝑐𝑐𝐾 (1, 0), Ξ𝑐𝑐𝐾 (1, 1), Ω𝑐𝑐𝐾̄ (−2, 1/2), are determined
at two unphysical pion masses by using four 2 + 1 flavor full-QCD ensembles provided by the
CLQCD collaboration. The BChPT and lattice QCD results are compared with each other, and
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good agreement is found, indicating the validity of HDA symmetry in the study of heavy hadrons.
Note that, for the channels with large scattering lengths, it is actually necessary to refine the chiral
amplitudes by performing unitarization, as done in Refs. [41, 42]. The obtained results provide
basic inputs for future studies, which aim at performing high-precision chiral extrapolations to
physical quark masses and advancing our understanding of double-heavy baryon spectroscopy.
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