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1. Introduction

Nowadays, the effective field theory (EFT) approach is a standard and powerful tool in various
areas of hadron physics. It has also become popular in studies of two- and few-nucleon interactions,
in particular, due to success of chiral EFT with explicit pion degrees of freedom. The original
idea to implement chiral EFT in the few-nucleon sector was suggested by Weinberg in Refs. [1, 2].
Since then, an enormous progress has been achieved in describing various empirical data and
understanding theoretical aspects, see Refs. [3—6] for the reviews.

Chiral EFT is based on the corresponding power counting, which implies an expansion of
observables in the small quantity Q = f—b, where the soft scale ¢ is determined by the pion mass M
and external 3-momenta | 7|, while the breakdown (hard) scale is of the order of A;, = 500—700 MeV.
In turn, the effective Lagrangian is expanded in powers of the quark mass mg ~ M 2 and the number
of derivatives of the pion and nucleon fields.

To be able to make reliable predictions within an EFT, one must make sure that the theory is
renormalizable. In the context of EFTs, this means that bare parameters of the effective Lagrangian
(possibly infinite) C; are expressed in terms of the finite renormalized quantities

C,‘ = Clr +(5C,', (1)

where 0C; are counter terms. The EFT expansion for observables is then formulated in terms of the
renormalized quantities. In the case of the few-nucleon dynamics, the renormalization procedure
is complicated by the nonperturbative nature of the interaction, which requires resummation of the
leading-order potential contributions [1, 2]. This is the reason why the renormalizability of chiral
EFT in the two- and few-nucleon sectors is not yet fully understood, although a significant progress
has been made, see Refs. [6—9] for recent discussions.

In this talk, we discuss renormalizability criteria of an effective field theory in applications to
chiral EFT for the two-nucleon system and consider some toy-model examples illustrating those
constraints.

2. Regularization and renormalization

The nonperturbative treatment of the leading-order (LO) chiral nucleon-nucleon (N N) potential
including the one-pion-exchange contribution requires introducing a regulator for an infinite set of
divergent loop diagrams, typically, in the form of a cutoff A. Renormalization of the amplitude
in the spirit of a perturbative quantum field theory would then require an infinite number of
counter terms. This would allow one to remove the regulator by setting A — oo and introduce
instead a renormalization scale(s) u. In practice, incorporating an infinite number of contact
interactions explicitly is not feasible. Alternatively, one can keep the cutoff A finite and treat it as
the renormalization scale (or the quantity related to it) in the sense that it fixes implicitly the values
of higher-order renormalized coupling constants.

One can explicitly implement the idea of interpreting A as the renormalization scale by formally
splitting the effective Lagrangian into the regularized part and remaining terms:

L(x) = La(x) + 62 L(x), (@)
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and expanding the observables in powers of 55 L(x) [8, 9]. The A-independence of the full La-
arl

grangian, 75 = 0, implies the formal (before renormalization) cutoff independence of the scattering
amplitude (7-matrix) Z—i = 0. This is a manifestation of the renormalization scale invariance of
the EFT. Obviously, A independence at each EFT order is fulfilled only approximately up to higher
orders in 1/A. The fact that taking into account perturbative corrections in o, L(x) significantly
reduces the cutoff dependence of the amplitude also after renormalization was confirmed by calcu-
lations in Refs. [8, 9].

For locally regularized long-range potentials, such as the one-pion-exchange potential, one can
expand 6L (x) in powers of 1/A obtaining the series of local interactions and restoring the usual
form for the effective Lagrangian.

Note that convergence of the perturbative expansion of a field theory depends on the renormal-
ization scale also in more fundamental quantum field theories such as quantum electrodynamics (at
some scale, there appears the Landau pole [10]) and quantum chromodynamics (the problem of the
renormalization scale ambiguity [11, 12]).

As already mentioned, the cutoff value cannot be chosen to be very large A > A, (see,
however, Sec. 5). On the other hand, one cannot set A to be of the order of the soft scale (which
is possible, e.g., in the scheme with purely perturbative pions, where one can also use dimensional
regularization [13]) as it would lead to appearance of cutoff artifacts. Therefore, the natural option
is to choose the cutoff of the order of the hard scale A ~ A,. This can be understood qualitatively
[14—17] and quantitatively [8] by observing that in the iterations of the LO interactions, positive
powers of A in the amplitude are compensated by negative powers of the hard scale originating
from the potential. Thus, all terms in the series are of the same EFT order O(Q"). Nevertheless,
after the resummation, the amplitude can be enhanced due to nonperturbative effects.

For the next-to-leading-order (NLO) potential and beyond, positive powers of A from loop
integrals appear in places where one expects soft scales from dimensional arguments, thereby
violating power counting. These terms originate from the regions of momenta p ~ A. In this
case, one can expect that after renormalization, the lower-order counter terms, as defined in Eq. (1),
will cancel the power-counting breaking contributions, since there is only a finite number of the
uncompensated positive powers of A. This turns out to be a rather complicated procedure. In
practice, one typically performs implicit renormalization, which means that all bare coupling
constants are fitted for each EFT order separately. One concludes then that the power counting
is fulfilled by looking at the convergence pattern of the EFT expansion. It is, however, difficult
to identify the individual contributions from various EFT orders in such a scheme, which makes
applications to different processes less transparent and complicates maintaining the symmetries of
the underlying theory after renormalization.

Nevertheless, the implicit-renormalization approach can be trusted as long as one can show
that it is equivalent to an explicit scheme, i.e., it can be proven that explicit renormalization in the
sense of Eq. (1), can in principle be realized.

Recently, the renormalizability of chiral EFT in the NN sector has been rigorously proven at
NLO for arather general set of ultraviolet regulators provided certain requirements on the short-range
part of the LO potential are met [8, 9]. Upon analyzing the proof, it becomes clear that it is the unique
feature of the field theoretical approach that makes nuclear chiral EFT renormalizable. This allows
us to formulate the criteria of renormalizability and provide several instructive counterexamples.
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3. Renormalization of the nucleon-nucleon amplitude at NLO.

In this section we briefly discuss how renormalization can be performed explicitly in the NN
sector within nuclear chiral EFT at next-to-leading order. The LO off-shell NN amplitude satisfies
the partial-wave Lippmann-Schwinger equation 7y = Vjy + VoGTp, or explicitly:

14

72
’ ’ p dp 7’ 14 14 14
To(p ,p;pon)=Vo(p,p)+/ 207 Vo(p',p")G(P"; pon)To(P”, P; Pon),

mpy

G(p";pon) = — 3)

Pon — p//2 + iE’
where the matrix form is assumed for coupled channels. The interaction is characterized by the LO
and NLO potentials (of order O(Q°) and O(Q?)) V; and V; that consist of the long-range Vo 1, Va1
and short-range Vjy s, V2 s parts:

Vo(p',p) =VoL(p', p) +Vos(p’, p), Va(p',p) =VaL(p'. p) + Vas(p’, p), “4)

and (at least) the LO potential is regulated by a cutoff A.
The explicit solutions for the LO and (perturbative) NLO amplitudes can be represented as

To = (1 -VoG)™ 'V, ®)
T=1-V%G) "'V, (1-GVy)™. (6)

One can also expand these expressions in Vj if the series are convergent

To=Y 1", 1" = VoGV, 7
n=0

T= Y T T = (WG V(G ®)
m,n=0

We treat first the perturbative case when the above series converge and then discuss further compli-
cations due to nonperturbative effects.

3.1 Perturbative treatment

Consider the one-loop contribution to 75 for on-shell external momenta: Tz[o’l] =V,GV, or

172 g 17
d 124 124 124
Tz[o’l](pon) = T;O’l](pon, p0n§p0n) = / %VZ(ponap )G(p ;pon)VO(p ,pon)- )
At large momenta p”’, the potentials behave as (here and in what follows, we neglect logarithmic
corrections)
144 1 144 p/,z
VO(P apon) ~ _2’ VZ(pOH’p ) ~ 4 ° (10)
Ay A
so that
my A3
1" (pon) ~ =2 # 0(0?), an
Ay
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which violates the power counting. To remedy this, one can perform a subtraction of the amplitude,
e.g., at pon = 0. The estimation of subtracted integrals is based on the following bounds on the
subtracted potentials for large momenta p’ > p obtained in Ref. [8]:

’ ’ S alV (p,’p) 1 p i ’
A Va(p'.p) = Val(p ,p>—ZW Pl Vetp)h  @=02.(2)
i=0 ) p=0

This behavior of the subtracted potentials is a direct consequence of the structure of interactions
derived within chiral EFT. Particularly, the long-range part of the potential is local as it originates
from the one- and multiple-pion exchange contributions. To be more precise, the positions of the
pion-exchange singularities of the plain-wave potential are functions of the momentum transfer
squared g2 = (p’ — p)? and not of p and j’ separately (a very general form of such a potential
satisfying Eq. (12) is considered in Ref. [8]).

Bounds in Eq. (12) lead to suppression of large loop momenta. Therefore, the subtracted
renormalized amplitude fulfills the expected power counting if we choose A ~ Aj (or rather
myA ~ A2):

2
my A 2 Pon

Pon
6 4
Ay Ay

R(T,"") (pon) = 1, (pon) = 1311 (0) ~ ~0(0). (13)
This subtraction is equivalent to adding a constant counter term to Vj, i.e. redefining the renormal-
ized LO contact interactions. Now, if we make one more iteration of Vjy and consider IR(T2[O’ 1] VGV,
it is obvious that the resulting integral will still violate the power counting for the same reasons as
the one-loop term. Making another subtraction, we can again restore the power counting by adding
another counter term of the same form to V. Proceeding this way recursively, one can renormalize
all terms Tz[o’"] = Vo (GVp)"™ with just one type of the counter term. Unfortunately, the situation is
more complicated for the loop contributions of the form Tz[m’"] = (VoG)"V(GVp)" with m # 0,
n # 0, because one can obtain such a diagram by adding one more loop with V; either from
Tz[m_l’”] or from Tz[m’"_l]. This issue is analogous to the problem of overlapping divergencies in
quantum field theory. It can be handled by applying the Bogoliubov-Parasiuk-Hepp-Zimmermann
(BPHZ) subtraction scheme [18—-20] and partitioning the multidimensional integration region into
appropriate sectors. It turns out that in this case the renormalization can be carried out as well,
and the renormalized amplitude satisfies the intended power counting R(Tz[m’"]) = 0(0?) [8].
The required counter terms again correspond to the momentum-independent contact interactions
already present in the LO potential.

3.2 Nonperturbative effects

In the NN sector, the dynamics in the partial waves 180, 381 = 3D, and 3Py is essentially
nonperturbative, which means that the series in Egs. (7), (8) do not converge or converge extremely
slowly. In this case, two more steps must be done.

First, it is possible to resum the series for the renormalized ampitude R(77) in a closed form [9]:

R(T2)(pon) = ) | Ry ) (pan) = Ta(pon) + 6C (pon)’, (14)
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where the vertex function ¢ is defined as

p*dp
Y(pon) =1+ 3G (3 Pon)To(Ps Pon’ Pon)- 15)
(27)
The counter term constant (subtraction is needed only for the S-waves) is given by
7> (0
c =Tl )2 (16)
¥ (0)

so that R(7) satisfies the renormalization condition
R(73)(0) = 0. 7

The second step is to employ the Fredholm method for solving integral equations and represent
the amplitudes Ty, 7, and the vertex function ¢ as the ratio of some quantities for which the
perturbative expansion in Vj is convergent and certain powers of the Fredholm determinant Dg [9].
The Fredholm determinant is a function of the on-shell momentum D = D(p,,) and contains all
the nonperturbative dynamics including the enhancement of the amplitude due to the presence of a
(quasi-) bound state, as is the case in the channels Sp and 3§, —3D,. This approach allows one to
apply all the arguments about renormalizability of chiral EFT also in the nonperturbative regime.

The only additional constraint arises due to the inverse of (0)? in Eq. (16). If y(0) is too
small, the counter term §C becomes unnaturally large. Then the amplitude R(77) explodes away
from the threshold, and renormalizability breaks down. An explicit calculation reveals that as long
as the cutoff does not exceed the hard scale A < Ay, such a situation never occurs and the counter
terms have natural size.

To summarize, one can formulate three remormalizability criteria for nuclear chiral EFT (and
analogous theories):

* Locality of the long-range forces.
¢ Cutoff of the order of the hard scale A ~ Ay,.

* Natural size of (finite parts of) the counter terms. Note that we are talking here about the
(finite) counter terms that absorb the uncompensated positive powers of A for A ~ Ap.

In the subsequent sections, we provide several counterexamples, where these criteria are violated
to illustrate the fact that the renormalizability is not a trivial property of a theory and is not always
guaranteed.

4. Nonlocal separable interactions

In this section we discuss the toy model where the locality condition for the long-range forces is
not fulfilled. We consider a separable potential form for both LO and NLO interactions. Separable
models are frequently employed in the literature for illustrative purposes, see Refs. [21, 22] for
recent usage.

The issue of remormalization of various modifications of separable interactions is analyzed
in detail in Ref. [23]. Here, we focus on one specific model to demonstrate the situation when
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renormalization fails. In this model, both V; and V; have a simple separable form. The LO potential
is purely short-range and the NLO potential contains the long-range part that resembles the two-pion
exchange contribution in the nucleon-nucleon chiral EFT:

Vo(p',p) = CoFA(p")FA(p), (18)
p/2p2
(M2 + p’?) (M3 + p?)

Va(p',p) = Ca(p” + p?) FA(p")FA(p), (19)
where F, is some regulator with the cutoff A ~ A, and the coupling constants are of natural size
Co ~ A;z, C ~ A;“. Of course, Vj can contain also the long-range part corresponding to the
one-pion exchange interaction, but this is irrelevant to further analysis.

To understand where the renormalization problem arises, consider a one-loop contribution to
the on-shell NLO amplitude and estimate it as in Sec. 3.1:
p gn 0
VWGV ~ ———=——~ 0(Q"). (20)
(M7 + pon)
This term violates the power counting and requires a counter term that is nonlocal (long-range).
Moreover, it has a long-range structure which, as we assumed, is not present in the LO potential,
as it corresponds to the "two-pion-exchange" contribution. Similarly, we would have to introduce
such nonlocal counter terms for all higher-order interactions from the very beginning, which is
impossible within an EFT approach, where one performs an expansion order by order.

This failure of renormalizability is a direct consequence of the violation of bounds (12). In
gerneral, they do not hold for non-local long-range interactions.

5. Exceptional cutoffs in the ''renormalization-group invariant' scheme

Next, we consider the situation when nonperturbative effects hinder renormalizability (the
values of the LECs become unnatural). A typical example is the 3P, channel in the NN system
within the framework of chiral EFT. We assume that the LO potential consists of the one-pion-
exchange contribution and a contact term regularized, e.g., by a nonlocal or sharp regulator with
a cutoff A. We want to renormalize the NLO amplitude, which contains the two-pion-exchange
potential and higher order contact interactions, according to the prescription provided in Sec. 3.2.
Then, it turns out that already for cutoffs slightly larger than the hard scale A > A, (the exact value
depends on the type of a regulator) [9], the counter term determined by Eq. (16) becomes too large
to ensure renormalizability of the amplitude.

There is an approach in the literature stating that an EFT expansion must work equally well
not only for A ~ Ap but also for (much) larger values of A, while the number of the low energy
constants at each EFT order is kept finite (at least, in a single partial wave), see Rev. [6] for a review.
In particular, the following approximate "renormalization-group (RG) invariance" for the 7-matrix
at the EFT order V is postulated:

A dr'‘V)(Q,A)
T (Q,A) dA B

Q(V+1
MY A

; ey
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where Q is the typical momentum in the system and My, is the EFT expansion breakdown scale (A
in our notation). Equation (21) implies the existence of the A — oo limit. Moreover, one requires
that the amplitude be independent of the functional form of the regulator for sufficiently large values
of A [24]. Here, we do not discuss critical arguments against such a scheme from a conceptual
point of view, see Refs. [7, 25-27], but rather focus on a particular aspect of renormalizability
issues. One of the motivations for Eq. (21) is the quantum-mechanical case of the singular attractive
potentials [28], an example of which is the unregulated LO one-pion-exchange potential in the 3P
channel, see [29]. Beyond leading order, this analogy no longer holds as, e.g., the two-pion-exchange
potential can become repulsive, and its nonperturbative treatment turns impossible [30-33].

The "RG-invariance" in the form of Eq. (21) is achieved by introducing more contact interactions
as compared to naive dimensional analysis. In the Py channel, there appear one contact term at
LO and two contact terms at NLO [34]. Nevertheless, for a certain "exceptional” value of the
cutoff A > Ap, the NLO constants become extremely large (infinite for a specific A value),
and the scattering amplitude explodes. The region around the "exceptional” cutoff where the
renormalization breaks down is extremely narrow, around 0.1 MeV, which makes it difficult to
notice in numerical calculations. This carries a potential risk in practical applications.

Since in the "RG-invariant" scheme one is interested in the cutoffs A > A, one could ignore
this "exceptional" region and proceed with larger values of A. Unfortunately, there is an infinite
number of such "exceptional” cutoffs on the real axis due to the singular nature of the unregulated
one-pion-exchange potenatial [35]. Therefore, there is no continuous flow of the solution of
Eq. (21) towards A = oo (or from A = oo to A ~ Ap), and no A — oo limit exists. Consequently,
the naive requirement of the approximate (up to 1/A corrections) independence of the T-matrix of
the functional form of the regulator and the value of the cutoff must be modified.

Recently, two attempts have been made to remedy the above problem [36, 37]. The approach
of Ref. [36] suggests that one modifies the renormalization conditions in the vicinity of the "ex-
ceptional” cutoffs. This leads, however, to a discontinuous behavior of the scattering amplitude as
a function of the cutoff. In Ref. [37], one modifies the functional form of the regulator close to
"exceptional" cutoffs. In turn, this modification of the regulator is discontinuous in A, although
this feature is not mentioned in the paper explicitly. In fact, the following argument shows that
one cannot avoid an "exceptional” cutoff A by a continuous (as a function of A) change of either
the renormalization conditions renorm(A) or the functional form of the regulator Fa (A, p) in a
finite region around such a cutoff A € (A — §A, A + 6A). As A passes from A — §A to A + SA,
the position of /_\(renorm (A), FA(A, p)) makes a closed continuous path around its starting value,
and, therefore, at some point Ag they intersect: Ay = /_\(renorm(Ao), Fpy(Ag, p)). Discontinuities
of the RG flow makes the usual EFT interpretation in terms of Wilsonian RG rather unclear.

Another unfortunate aspect of the prescriptions based on modifications of the renormalization
conditions or a functional form of the regulator is that one is forced to design the LO interaction
according to information about possible (unknown at the beginning) issues appearing at higher
orders. As one goes beyond NLO or considers different processes, new "exceptional” cutoffs will
show up located at different positions, which will require further modification of the treatment of
the LO interaction.

For the case of "exceptional" cutoffs, two conditions from Sec. 3 are violated: A ~ Ap and
naturalness of the LECs, which leads to failure of renormalizability.
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6. Nonperturbative effects with short-range separable interactions

In this section we demonstrate the appearance of nonperturbative effects in renormalization
using again a simple separable model. We choose purely short-range (pionless) interactions and
artificially make them pathological to illustrate the key idea. The LO potential is the same as in
Sec. 4 with the cutoff A = Ap:

Vo(p’, p) = CoFa, (p")Fa, (p)- (22)

The regulator is taken in the following sharp form:
Fa(p) =0(A-p) (1 - =p? 23
A(p) = 0(A = p) (1= 5p7). 23)

where a is the parameter representing the short-range ambiguity of the potential (or a promotion of
the higher-order interaction). The NLO potential is simply

Va(p', p) = Ca(p* + p'). (24)

The LO and NLO on-shell amplitudes, Ty and 7, are given by

C
To(pon) = T;(Pon)’ TZ(pon) = 2C2¢(p0n)¢2(pon)a (25)
where
w( )_ 1+ CoZo(pon) W ( )_ 2 + CoZa(pon) (26)
Pond = T G2 (pony” P TP T T T (pon)
and
2d
Z(pon) = 5271')]; FA;, (p)zG(p;pon),
2d
Zo(pn) = [ B Fr (P)G (P pon).
2d
Z2(pon) = %FA;, (P)P*G (P Pon) = 22(0) + Zo(Pon) Pan- (27)

Again, T, violates the power counting due to nonzero X, (0). To remove the power-counting breaking
contribution, we add to the NLO potential V; the counter term 6Cy given by Eq. (16) and obtain the
followning term in the NLO T-matrix:

¥2(0)
¥ (0)

In the case of separable interactions, there are no overlapping "divergencies", and the restoration of

6T>(pon) = —2C2 ¥ (Pon)*. (28)

the power counting is easy to verify:

Y (pon)
¥ (0)

R(TZ)(pon) =2C [‘ﬁZ (pon)lp(o) - (O)w(pon)] . (29)
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Using the explicit expressions

myAp 2a  a? myAp a
>(0) = -1+—=—-—|, 20(0) = ——(-1+=], 30
=07 ( 3 5) o) =3 (-1+3) (30)
we choose the critical values of Cy and a leading to the condition ¢ (0) = 0:
2n)3 5+v205
Coe—Z" I 3EN205 31)
mNAb 6

Note that in this case, CpZp(0) ~ 0.93, i.e., there is no bound state, and the expansion of Ty and
(urenormalized) 7, in terms of Vj is formally convergent, although each individual term in the
expansion of 7; violates the power counting. Interestingly, after the renormalization, R(7>), which
obeys the power counting, does not converge when expanded in V. Moreover, R(7,) explodes
outside a small energy region around the threshold (zero-range region if the values of Cy and a are
taken exactly as in Eq. (31)), and renormalization does not work.

To summarize, we have demonstrated how nonperturbative effects can lead to unexpected
results and failure of renormalizability.

7. Conclusion

We have analyzed recent results on renormalizability of chiral effective field theory, specif-
ically in the nucleon-nucleon sector, and formulated three conditions needed for an EFT to be
renormalizable:

* The long-range part of the chiral forces are local, which is fulfilled automatically if a theory
is based on an effective Lagrangian with the pionic degrees of freedom.

* The ultraviolet regulator depends on a cutoff of the order of the hard scale A ~ Ap.

 The finite parts of the counter terms that absorb the uncompensated positive powers of A are
of natural size in terms of Ay.

We have provided counterexamples demonstrating how violating one or several of the above
conditions can lead to failure of renormalizability.

First, we discussed the model with a nonlocal separable long-range interaction, which is at
odds with the first renormalizability condition. In this model, one cannot absorb the power-counting
breaking contributions by local contact interactions. Moreover, even with nonlocal counter terms,
one has to include in the LO potential the ones corresponding to all higher-order interactions from
the very beginning, which is impossible within the paradigm of an EFT.

Second, we analyzed the appearance of "exceptional” cutoffs in the so-called "renormalization-
group invariant" nuclear chiral EFT when applied to the 3Py channel of the NN interaction. At
such cutoffs, the scattering amplitude explodes, and the renormalization breaks down due to the
violation of the second and third renormalizability conditions.

Finally, we constructed a separable model with a purely short-range interaction and fine-
tuned its parameters to create a pathological situation when the third renormalizability condition is

10
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maximally violated similarly to the case of "exceptional" cutoffs. As expected, renormalizability
fails for this model too.

These examples illustrate the rigor and predictive power of EFTs in the few-nucleon physics
compared to more phenomenological approaches.
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