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1. Introduction

Recent advances in the understanding of few-nucleon systems have been significantly influenced
by the development and application of chiral effective field theory (ChEFT). This theoretical
framework provides a systematic approach to describe nuclear forces and currents, grounded in the
symmetries of quantum chromodynamics (QCD). The work presented here summarizes the recent
progresses made in studies of few-nucleon reactions, using various ChEFT potentials and related
electro-weak currents, and employing, for systems with A > 2, the Hyperspherical Harmonics (HH)
ab-initio method to achieve precise calculations.

This contribution is organized in the following sections: in Sec. 2 we briefly review the
theoretical formalism adopted for the present studies, focusing on the electro-weak nuclear current
obtained within ChEFT, and on the HH ab-initio method; in Sec. 3 we present some selected results
for the A = 2 and A = 4 systems, in particular for the muon capture on deuteron, the monopole form
factor of “He, and the parity-conserving asymmetry in the *He (7, p)*H reaction. We conclude in
Sec. 4 with a summary and an outlook.

2. Theoretical formalism

As mentioned above, ChEFT is the adopted theoretical framework, both for nuclear interactions
and currents. The description of ChEFT nuclear interactions is clearly beyond the scope of this
contribution. We only summarize the models adopted in the studies reviewed here. For a recent
review see Ref. [1]. For the nucleon-nucleon (NN) interaction, we have focused on the next-to-next-
to-next-to leading order (N3LO) potentials of Ref. [2, 3] (EM), with cutoff values of A = 500, 600
MeV, and on the more recent potentials of Ref. [4] (EMN), derived from LO up to N4LO, with cutoff
values A = 450, 500, 550 MeV. All these potentials are non local. Additionally, we have considered
also the so-called Norfolk potentials of Ref. [5—7] (NV). These are local N3LO interactions, which
retain additionally A-isobar degrees of freedom. The four NV models considered here differ for the
range of laboratory energy employed in the fitting procedure (class I or II), and for the values of the
short- and long-range cutoffs (model a or b).

The three-nucleon (3N) interaction needed to describe the A = 4 bound and scattering systems,
is constructed consistently with the NN potentials. In particular, we have included the 3N interaction
at N2LO, the first chiral order at which 3N interactions appear, with a cutoff function chosen to
make this interaction local. The low-energy constants (LECs) c¢p and cg which enter in the 3N
interaction have been obtained in all the cases by reproducing the triton binding energy and the
Gamow-Teller matrix element of tritium S-decay (see below for more details). Their values can be
found in Refs. [7-9] for the EM, EMN and NV potentials, respectively.

In the study of the muon capture and the “He monopole form factor, the electro-weak nuclear
current and charge operators are crucial components of the calculation. However, in the case
of the “He monopole form factor, the main contribution arises from the LO (one-body) charge
operator. Therefore, in this section we will focus on the weak operators. Note that the vector weak
operators are related to their electromagnetic counterpart via a rotation in the isospin space. Two
prominent research groups, the Bochum and JLab-Pisa collaborations, have developed different
power counting schemes for the weak operators, leading also to different expressions. Due to lack
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Oper. LO (Q7%) NLO(Q7?) N2LO(Q!) N3LO (Q%

p(A) _ 1b(NR) OPE -
, 1b(RC) CT(dg)
i4)  IbANR) - OPE-A* OPE
o(V)  Ib(NR) _ 1b(RC) OPE(RC)
, 1b(RC)
i) - 1b(NR) OPE OPEA

Table 1: Ordering of the chiral electro-weak currents as organized by the JLab-Pisa group. The acronyms
are defined in the text. The star is used for those terms that do not appear for the EM and EMN interactions
(A-less potentials).

of space, we focus here on the work of the JLab-Pisa group, and the various contributions, together
with the corresponding chiral orders, are summarized in Table 1. As it can be seen from the table,
indicating with Q the low-energy momentum scale of the theory, the non-relativistic (NR) one-body
(1b) contributions appear at order Q73 (LO) for the axial current (j(A)) and vector charge (p(V))
operators, and at order Q=2 (NLO) for the axial charge (p(A)) and vector current (j(V)) operators.
At NLO, there are no contributions to j(A) and p(V). Atorder Q! (N2LO), the one-pion exchange
(OPE) contributions appear in p(A) and j(V), while in p(V) and j(A) we have contributions from
relativistic corrections (RC) to the 1b term. In the axial current j(A), also the one-pion-exchange
contribution with an intermediate A-isobar excitation (OPE-A) should be retained at N2LLO, when
the A-isobar is considered as an explicit degree of freedom, as in the case of the NV potentials. At
order Q¥ (N3LO), there are no contributions to p(A), while p(V) presents the OPE contribution.
The vector current j(V) retains at this order RC to the 1b term and possibly OPE-A for the NV
potentials. Finally, at N3LO, the first contact term (CT) appears in j(A), together with OPE. At
this order, therefore, the LEC dg has to be fitted. This LEC is related to the LEC cp entering
the 3N interaction, and therefore a quite common procedure for determining cp, together with
the LEC cg in the 3N interaction, is to fit to the triton binding energy and the Gamow-Teller in
tritium S-decay [7-9]. At order Q' (N4LO) there are additional contributions to all the operators.
However, these contributions are not yet complete for the EMN and NV interactions used in the
present studies, and therefore we do not discuss them here. Finally, we remark that in the study of
the muon capture on deuteron of Ref. [9], also the different power counting scheme of the Bochum
group has been considered (see Table III of Ref. [9]). However, here we narrow our discussion to
the results obtained with the operators derived by the JLab-Pisa group [7, 10, 11].

A crucial ingredient for the study of the A = 4 processes, is the development of an accurate
ab-initio method to solve the A = 4 bound and scattering problems. In this work, we used the
HH method, which is nowadays among the most accurate methods for both bound and scattering
few-nucleon systems. In particular, using the Rayleigh-Ritz and the Kohn variational principles for
bound states and scattering states, respectively, the HH method has been applied to the A = 3,4,6
nuclei [12—15], and the A = 3,4 scattering states [13, 17]. In this contribution, we focus on the
HH method at work for the A = 4 scattering states [17]. We consider a specific clusterization
A + B, denoted by the index y, with y = 1 (2) referring to the p + *H (n + *He). The wave function
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WrLS describing incoming clusters with relative orbital angular momentum L and channel spin S,

yLS
LS LS c

an asymptotic part, ‘PX . The core part ‘Pé describes the four particles when they are close to

coupled to the total angular momentum JJ,, can be written as the sum of a core part, ¥ and
each other. It is expanded on the spin-isospin-HH functions, encoding all the spin-isospin structure
of the wave function for a given J” state, & being the parity, multiplied by known functions of the
hyper-radius p, typically Laguerre polynomials (see Ref. [16] for more details). The expansion
coeflicients are clearly unknown and need to be determined. The asymptotic part \I‘XLS describes
the relative motion of the two clusters in the asymptotic regions, where the mutual interaction
is negligible (except for the long-range Coulomb interaction). It can be decomposed as a linear
combination of the functions Qﬂg defined as

1 F ,
Qs = ﬁﬂ{[YL(ﬁy)[Qy(ijk)s,]S]” W} W
E yYy
1 G ,
QgLS = ﬁﬂ“YL(J’Aw) [(I)y(ijk)Sl]s]JJ W(l _ e—ﬁyy)2L+l} , @)
< ¥y

where y, is the distance between the center-of-mass of clusters A and B, g, is the magnitude
of the relative momentum between the two clusters, @1 7(ijk) = ®Psysy.(ijk) are the A = 3
bound state wave functions, obtained also within the HH method, and the symbols A indicate that
the expressions between the curly brackets have to be properly antisymmetrized. The functions
Fr.(ny,q,yy) and G (1, q,y,) describe the asymptotic radial motion of clusters A and B, and are
the regular and irregular Coulomb functions, respectively, with 77,, being the Sommerfeld parameter,
proportional to the clusters charges. If one of the clusters is a neutron, as in the n — *He scattering,
then n,-2 = 0, and the functions F;, and G, reduce to the regular and irregular spherical Bessel
functions. Finally, the term (1 —e™#Yr)2L*! in Eq. (2) is used to “regularize” the irregular Coulomb
function for y, — 0, with the parameter § usually chosen to be 8 = 0.25 fm~!.

F.G

Instead of working with Qy J 5> 1t is convenient to define

+ G . F
'Q;LS =Q) o +1Q /g, 3)

where Q;’, LS (Q; 1) describes the outgoing (ingoing) relative motion of the clusters specified by .

In this way, ‘PXLS can be rewritten as

v,.L,S _ AF vy’ +
Wi =Q) s+ Z T s s % s 4)

,yl’L/,S/
where the sum over L’ and S’ is over all values compatible with the given J and parity n, and
the parameters 7291, ¢ are the so-called T-matrix elements, obtained, together with the expansion
coeflicients of the core part, using the Kohn variational principle. For more details see Ref. [17].

3. Results

We present some selected results obtained within the theoretical framework highlighted in
Sec. 2. In particular, in Subsec. 3.1 we summarize the results of Ref. [9] for the muon capture on
deuteron, in Subsec. 3.2 those of Ref. [16] for the *He monopole form factor, and in Subsec. 3.3
those of Ref. [18] for the parity-conserving asymmetry in the *He(i7, p)*H reaction.
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3.1 Muon capture on deuteron

Muon capture on deuteron, i.e. the reaction u~ +d — n +n + vy, can happen in the initial
doublet or quartet hyperfine state. In Ref. [9], the capture rates in both states have been studied, but
here we focus only on the largest one, i.e. on the capture rate in the initial doublet state, I''/2. A large
variety of ChEFT potential models have been implemented. These are the EMN models, with cutoft
A =450, 500, 550 MeV, from LO up to N3LO, and the NV potentials NVIa, NVIb, NVIIa, NVIIb.
The reason behind the choice of these models resides in the novelty of this work: in fact, several
studies of muon capture on deuteron also in ChEFT have been performed, but only in Ref. [9],
the calculated values of I'!/? are accompanied by a robust theoretical uncertainty evaluation. The
sources of uncertainties are: (i) the LECs in the nuclear axial current, and in particular the LEC
dg, and the axial radius r4 entering the definition of the axial form factor g4(g?) through the
relation g4(g?) = ga ( - %riqz). For the axial radius, we have adopted r:‘; = 0.46(16) fm? [19].

Since the momentum transfer ¢ for muon capture on deuteron is quite large, the uncertainty on

2
A

impact of the uncertainty on the LEC dr. Such uncertainty is given in Refs. [7, 9] for the NV and

2
A

techniques, and the theoretical uncertainty on the LECs O'EECS has been defined as

r+ makes a significant impact on the capture rate. At the same time, it is important to study the

EMN interactions. The errors on 7% and dr have been propagated with standard error propagation

2 2
or or
OTpcs = (_(9r2) o (r3) + (%) o (dR) . )
A

(i1) A second source of uncertainty is that arising from the truncation of the chiral order both for
interactions (/) and currents (C). Starting from Ref. [20], a Bayesian analysis has been performed
in order to quantify the standard deviation of the truncation error both for the current and interaction

at different orders of the chiral expansion &, o-kc/

I 'In particular, for the current, we have stopped
at chiral order £ = 3 (see Table 1), while for the interaction k = 4 (the EMN interactions are
derived up to N4LO). However, being the NV potential at fixed N3LO chiral order, cr,ﬁ cannot be
calculated. (iii) A final source of uncertainty is that due to the dependence on various nuclear
interaction models. The use of a large number of interaction models, of quite different families, as
the EMN and NV potentials, has allowed us to estimate also this uncertainty.

The results for [''/2, of:
68% confidence level (CL). The nn final state includes contributions up to total angular momentum

30 0',{2 40 and o gcs are given in Table 2, with all uncertainties reported at

J = 4. Contributions for larger values of J have been found negligible. Since the N4LO currents
are not fully determined, the analysis is performed considering the currents only up to N3LO using
the values of dr fitted consistently at N3LO as well. As it can be seen from inspection of the table,
the power counting of the currents has a larger impact on the determination of the truncation errors.
This is even more evident with the Bochum group power counting, as reported in Ref. [9]. Although
not reported in the table, this power counting gives rise to values for a'kC: jof ~5 s7! (~ 6s71) for the
NV (EMN) potentials. Furthermore, even if the results for ['1/2 calculated with all the interactions
are compatible within errors, the values of capture rates obtained using the local interactions are
systematically lower than the ones obtained using the non-local interactions. This is partially due to
the different sign of the contact terms in the axial current at N3LO. Note that the truncation errors
associated to the interaction and the currents are studied separately. As a matter of fact, this is not
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Model r'2oC. ol , oviecs
NVIa 3935 1.1 na 3.9
NVIb 3937 1.1 na 39
NVIla 3925 1.1  na 39
NVIIb 3926 1.1 n.a. 39
EMN450 396.0 22 03 3.9
EMNS00 3973 22 03 39

EMN550 397.0 2.1 0.4 39

Table 2: Muon capture rate on deuteron for all the NV and EMN interactions. In particular, Y2 ins!,is

the computed value using the currents and the interactions at N3LO, 0152(31()4) is the standard deviation of the

truncation error, and o gcs is the uncertainties associated with the LECs appearing in the currents, defined
in Eq.( 5). All the uncertainties are reported at 68% CL. The uncertainty o-,ﬁz 4 cannot be calculated for the
NV potentials, being defined at a fixed order. All the results are given in s~!.

completely correct, because of precise relations between the Hamiltonian and the currents such as
current conservation. However, such relations are not completely fulfilled order-by-order by the
available currents yet. Therefore, our choice to treat (rkc and o-,ﬁ separately is the most practical one.

We show in Fig. 1 the recommended differential capture rate, as function of the kinetic neutron
energy, with the bands at 68%, 95%, and 99% CL. These results are obtained averaging the
differential capture rates obtained with the large variety of N3LO potential models, i.e. the EMN
with A = 450, 500,550 MeV, and the NVIa, NVIb, NVIIa, and NVIIb potentials, as explained in
Ref. [9]. To be remarked that the difference among the bands can be appreciated in fact only at the
peak of the spectra, an indication of the accuracy of the calculation.

120 [ T T T T ]

[ 99% CL | ]

100 | 95% CL | ]

— I 68% CL | 1

H:w 80f ]
% [
= 60:
3340

g

20f

O : 1 1 1 1 ]

0 2 4 6 8 10

E} [MeV]

Figure 1: The recommended differential capture rate as function of the kinetic neutron energy E|. The
green, blue, and red bands represent respectively the 99%, 95%, and 68% CL.

When integrating the differential capture rate of Fig. 1, we obtain the total capture rate, which
is found to be T'y, = (395 + 6) s™! at 68% CL. Note that using the Bochum power counting, we
obtain I'y, = (395 + 10) s~1, still at 68% of CL [9].
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3.2 The “*He monopole form factor

The “He monopole form factor is extracted from the e + *He cross section at various energies,
and is defined as the ratio between the cross section of the process and the Mott cross section. In
the study discussed in this section, we consider energies below the d + d threshold. In this case, the
contributions to be included are the “He(e, ¢’p)>H and “He(e, ¢’n) He above n + *He threshold,
and only the “He(e, ¢’p)3H below the n + *He threshold.

By performing a multipole expansion, and several algebraic steps (see Ref. [16] for all the
details), it is possible to demonstrate that the monopole form factor is given by

1 [ee)
Fu@f =12 3 [ B spymlCala- NP ©
=1

where E, is the proton (y = 1) or neutron (y = 2) energy, u, and p, are the 1+3 reduced mass and
relative momentum, respectively, and g is the momentum transferred. With Co(q, E,) we indicate
the reduced matrix element of the Coulomb multipole operator, and it is defined as

Co(g. Ey) = = (W% sl @19 CHE) ™)
with (q) being the charge operator.

The result for the form factor |Fys(q)| is shown in Fig. 2. In this calculation, the adopted
interactions are the EM N3LO potentials [2], with cutoff A = 500 or 600 MeV, augmented by the 3N
N2LO interaction. The calculations are compared with various sets of experimental data [21-24].
The dominant contribution arises from the one-body LO charge operator. In fact, the corrections
beyond LO represented by relativistic corrections and meson-exchange currents, are included, but
are found to be very small. As it can be seen from the figure, our theoretical predictions are in
nice agreement with the MAMI data [24], and the inclusion of terms beyond LO slightly reduces
the monopole form factor, especially for large values of g, bringing the calculations very close to
the MAMI data. The spread between the calculations obtained with the N3LO500/N2LOS500 and
N3LO600/N2L0O600, reflects our ignorance about the short-range part of the nuclear interaction.
Finally, comparing our results with other theoretical calculations, we obtained a nice agreement
with Refs. [25-27], but not with Ref. [28]. The origin of this discrepancy is still under investigation.

3.3 The *He(ii, p)°H parity-conserving asymmetry

The parity-conserving asymmetry Apc in *He(7i, p)*H is defined through the relation

do do . oa o a N
d_Q = (d_Q)u (1+APVSn'kp +APC(Snan)'kp) (8)
where dd—gu is the unpolarized cross section, and §,, Igp, and k,, denote unit vectors specifying the

directions of the neutron polarization, the outgoing proton momentum, and the incoming neutron
beam, respectively. The parity-conserving asymmetry Apc is measured by detecting emitted protons
with their momenta in the plane defined by §,, x k,, and k,,, and the parity-violating asymmetry Apy
in the plane defined by §, and k,. Since the parity-conserving asymmetry Apc is proportional to
1/4,, 4, being the neutron wavelength, the quantity 8 defined as 8 = 1,Apc will be considered.
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— N3LO500/N2LO500 TA
— N3LO600/N2LO600 1A
--- N3LO500/N2LO500 FULL
- -+ N3LO600/N2LO600 FULL
O Koebschall (1983)

A Frosch (1968)
X Walcher (1970)
e Kegel (2021)

\FM(q)f [in units of 10‘4]

g [fm?)

Figure 2: (color online) The monopole form factor |Fy;(¢)|?, obtained with the EM N3LO potentials, with
cutoff A = 500 or 600 MeV, augmented by the 3N N2LO interaction (curves labelled N3LO500/N2LO500 and
N3LO600/N2LO0O600, respectively). The charge operator includes the one-body LO or impulse approximation
term (full lines, labelled IA), and terms beyond LO, as described in the text (dashed lines, labelled FULL).
The experimental data are from Refs. [21-24].

Interaction Er(07) [MeV] TI'(07) [MeV] t%’llll [fm] B X 10° [A)
N3LO500 0.16 0.41 20.7 —-4.83
N3LO600 0.24 0.51 16.9 —2.68
NVlIa 0.31 0.53 17.3 -2.61
NVIb 0.30 0.54 13.0 -0.43
N3LO500/N2L0O500 0.06 0.26 30.1 —10.04
N3LO500/N2LO500%* 0.14 0.41 18.5 —2.68
N3LO600/N2LO600 0.09 0.30 25.9 —-5.28
NVIa/3N 0.04 0.36 354 -12.17
NVIb/3N 0.12 0.40 23.9 -5.15
Experimental 0.44 0.84 -1.97

+0.28 (stat) +0.12 (sys)

Table 3: Theoretical predictions for the asymmetry S obtained with the HH method and different Hamil-
tonians: in the first part of the table, only NN interactions are considered, while in the second part also 3N
potentials are included. See text for more details. We report in the table also the position Eg (0~) and width

I'r(07) of the 4He J™ = 0~ resonance obtained [17], and the values of t%llll as defined in the text.

The calculation of Apc requires to express this observables in terms of the transition matrix elements

‘72’;7;/ g defined in Sec. 2. The explicit expression can be found in Ref. [16]. In Table 3 we list

the theoretical predictions not only for 8, but also the J”™ = 0~ resonance energy and width, which
2,1
11,117

in the case J = 0, defined as 17} |, = limg, o |7h’11 |/q2, g2 being the relative n — >He momentum

significantly affect the calculation. Furthermore, we report the value for the matrix element ¢

(gy=2). In this way t%ilu does not diverge for go — 0, as we know that 7LZS’ILS ~ q%. The matrix

element tlzilll is in fact the dominant one.
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2,1 .
RIL and that there is

a very large model-dependence. In fact, tiny differences in the position of the J* = 0~ resonance
2,1
1,11

72;7; < contributions tend to cancel each other, in particular the largest ones. Furthermore, it should
be remarked, as mentioned in Ref. [16], that without 7]%%1, Apc would be positive, at variance
with what is found experimentally. Finally, we should notice that using the N3LO500/N2LO500
or the N3LO500/N2LO500* interaction, which differ only for the values of cp and cg in the 3N
force, we obtain very different results. Therefore, this observable is very sensitive to the details
of the 3N force. The difference between the N3LOS500/N2LO500 and N3LO600/N2L0O600 results
shows the sensitivity of 5 to the cutoff values, and consequently to the different treatment of the

short-range physics. This large model-dependence represents an opportunity, i.e. a possible path to

By inspection of the table we can conclude that 8 is very sensitive to ¢

result in large changes in ¢ The large model-dependence for 5 is due to the fact that the various

obtain further information on the 3N interaction.

4. Conclusion and outlook

In the present contribution we have presented some recent progresses made within the frame-
work of chiral effective field theory for few-nucleon structure and low-energy reactions. In the
A = 2 sector, we have summarized the results obtained in Ref. [9] for the rate of muon capture on
deuteron. This study is the first one for this process where a Bayesian analysis has allowed to derive
the theoretical uncertainty of the prediction in a very robust way. Then, we have focused on the
A = 4 sector, and we have presented the results obtained using the Hyperspherical Harmonics ab-
initio method for the “He monopole form factor and the *He (7, p)>H parity-conserving asymmetry.
Both these observables have turned out to be very sensitive to the A = 4 structure, and therefore to
the nuclear interaction. In particular, our predictions for the “He monopole form factor are in good
agreement with the experimental data and with the theoretical predictions of Refs. [25-27], but not
with those of Ref. [28].

In the future, on the lines presented here, we expect to apply Bayesian analysis for the chiral order
truncation error to other processes, especially those of astrophysical interest, as the proton-proton
fusion, or the proton-deuteron radiative captures. In the first case, it will be highly appreciated
for stellar evolution models, in the second one, it will make the comparison with the available
experimental data more meaningful, in order to understand whether a discrepancy between theory
and experiment is significant or not. Finally, regarding the “He monopole form factor, the first issue
to be solved will be to understand why theoretical predictions of different groups lead to different
results. Therefore, a benchmark calculation is highly desirable. Work along this line is currently
underway.
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