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1. Introduction

We live in a unique era to map out the phase diagram of strongly interacting matter and its
equation of state. Figure 1 shows that, between the present and future terrestrial and cosmic obser-
vatories, we are able to cover the whole phase diagram with experimental observations that, when
supported by accurate theoretical predictions, will allow us to answer the following fundamental
questions. Do we have a critical point on the phase diagram of strongly interacting matter? What
are the degrees of freedom in the vicinity of the phase transition? Where is the transition line at
high density? What are the phases of QCD at high density? What is the nature of matter in the
core of neutron stars? From collider experiments, data are becoming available from the second
Beam Energy Scan at RHIC, which covers collision energies down to 3 GeV and will allow us to
reach value of chemical potential up to 𝜇𝐵 ∼750 MeV. To explore the low-temperature/high-density
phases of matter, terrestrial collider experiments are limited and we need to complement their results
with gravitational wave observatories.

Explorations of the phase diagram of QCD have been carried out extensively by both theory and
experiment in the past decades. It is known that a low-temperature/low-density hadron gas phase is
separated from a high-temperature quark gluon plasma (QGP) phase. At exactly zero density, the
transition was shown to be an analytic crossover [1] at around 𝑇 ≃ 155 − 160 MeV [2–7].

The equation of state of QCD is known with good precision at vanishing density from lattice
QCD [8, 9]. Lattice simulations are the main first principles method to investigate the thermodynam-
ics of the theory. Many of the established features of the phase diagram have been determined via
lattice simulations, such as the crossover nature of the transition, and its pseudo-critical temperature.
Because of the fermion sign problem, direct lattice simulations at non-zero density are extremely
costly, and are currently limited to small volumes. Most results on finite-density thermodynamics
rely on extrapolations, mainly Taylor expansion or analytic continuation from imaginary chemical
potentials. Both currently allow for an exploration of the thermodynamics to small/intermediate
densities.

One of the most challenging questions in the field of quantum chromodynamics (QCD) concerns
the existence of a first-order phase transition at finite baryon chemical potential 𝜇𝐵 and high
temperature 𝑇 , separating the hadronic and quark-gluon plasma phases. From state of the art lattice
QCD calculations, we know that the transition from hadronic matter to deconfined quark gluon
plasma at 𝜇𝐵 = 0 is an analytic, smooth crossover [2], taking place at a pseudocritical temperature
of 155 – 158 MeV [7, 10]. Because direct lattice QCD simulations are not feasible at finite density
due to the fermion sign problem, whether a first-order phase transition occurs at large chemical
potential remains an open question. Extrapolations of lattice results to small baryon densities
indicate that the analytic crossover persists at least up to 𝜇𝐵/𝑇 ≲ 3 [7, 11, 12], although a hint
of a narrowing of the crossover towards large 𝜇𝐵 was observed for the first time in [13]. Several
effective QCD theories predict a first-order phase transition at large 𝜇𝐵, originating from a critical
point (CP) where the transition is of second order (for recent reviews, see [14, 15]). While in the
past the theoretical predictions for the location of the QCD critical point were scattered all over the
QCD phase diagram, more recent ones seem to concentrate around a considerably narrower region,
with chemical potentials in the range 400 ≤ 𝜇𝐵 ≤ 650 MeV [16–21].

The universal features and peculiar behavior expected near the QCD critical point make a
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Figure 1: Cartoon of the QCD phase diagram in the Temperature 𝑇 , scaled net-baryon density 𝑛/𝑛0 and
net-isospin density 𝑛𝑛 − 𝑛𝑝 phase space.

compelling case for its experimental search in heavy-ion collisions, in particular utilizing event-by-
event fluctuations in multiplicities of produced particles [22–24]. The experimental search for the
QCD critical point is one of the primary goals of the Beam Energy Scan program at RHIC, which
finished its runs in 2021 [14, 25]. Proton cumulants are expected to show characteristic signatures of
critical behavior, although interpreting experimental results in this context is challenging. The data
from the STAR Collaboration [26, 27], including the new preliminary data from BESII on proton
number factorial cumulants [28], hint at an interesting behavior for energies√𝑠𝑁𝑁 ≤ 20 GeV. These
features cannot be explained by non-critical baselines [29, 30], even though no conclusive statement
on the critical point existence/location has been made so far either using the proton cumulants, or
other considerations such as finite-size scaling [31–33].

2. QCD Equation of State at finite density

2.1 Results from lattice QCD

For the equation of state, Taylor expansions around 𝜇𝐵 = 0 up to N4LO allow to describe
the regime 𝜇𝐵/𝑇 ≤ 2.5 − 3 [34], though at higher densities they typically break down due to the
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Figure 2: From Ref. [34]: Second, fourth, sixth and eighth order Taylor expansion coefficients as functions
of the temperature at 𝜇𝐵 = 0.

presence of unphysical behavior in some thermodynamic quantities. This is likely due to the fact
that the extrapolation is carried out at constant temperature, and is thus forced to cross the transition
line at some non-zero 𝜇𝐵. The most recent Taylor expansion coefficients are shown in Fig. 2. They
were obtained in Ref. [34]. A more recent analysis, on smaller lattices, was recently performed in
Ref. [35].

Recently, an alternative expansion has been developed [36, 37], that instead implements the
extrapolation along lines of constant density, thus avoiding crossing the transition. Such alternative
scheme allows for extrapolations up to 𝜇𝐵/𝑇 ≤ 3.5, with small uncertainties and without unphysical
behavior. It also shows better convergence properties than Taylor expansions, due to a large
separation between the LO and NLO expansion coefficients. Recently, in Ref. [38] the scheme
was compared to Taylor expansions in a number of models of QCD matter, showing superior
convergence properties around and above the transition temperature,in the 𝜇𝐵 direction though not
in the hadronic phase. A comparison with direct lattice QCD results at finite chemical potential
from reweighting methods was presented in Ref. [39], showing substantial agreement.

Figure 3 shows pressure and entropy density as functions of the temperature, for different
values of 𝜇𝐵/𝑇 , obtained with the new expansion scheme in Ref. [36].

QCD has three conserved charges: baryon number 𝐵, strangeness 𝑆 and electric charge 𝑄, or
isospin 𝐼. For example, in heavy-ion collisions we have zero global strangeness and global electric
charge equal to a fraction of the baryon number that reflects the conditions of the colliding nuclei.
However, to describe the system created in the collisions, one can use hydrodynamic simulations
in which the fluid is split into small cells, and in each one of them 𝑆, 𝑄 and 𝐵 can fluctuate away
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Figure 3: From Ref. [36]: Pressure (left) and entropy density (right) as functions of the temperature for
different values of 𝜇𝐵/𝑇 .

from their global values [40]. At the same time, in neutron stars we have global charge=0 for
stability, strangeness is most likely not in equilibrium, and we have an imbalance between protons
and neutrons which brings to a finite isospin density. Finally, for the cosmological trajectories, we
could have large lepton flavor asymmetries, that would lead to large asymmetries between quark
flavors and therefore also to trajectories at finite 𝑇 , 𝜇𝐵 and 𝜇𝑄.

For these reasons, one needs an equation of state as a function of four independent variables:
𝑇, 𝜇𝐵, 𝜇𝑆 , 𝜇𝑄. Two equations of state have been realized, based on a four-dimensional Taylor
expansion [41–43] obtained from lattice QCD results from the Wuppertal-Budapest and HotQCD
collaborations, respectively. A new version of the 4D equation of state, based on the novel expansion
scheme [36], has recently been presented [44].

2.2 Towards high densities

QCD cannot be calculated from first principles in the regime relevant for neutron stars and,
thus, either effective field theories or microscopic effective models are required to understand dense
matter under these conditions. Because of the widely different degrees of freedom and interactions
across the different layers of neutron stars, a single, uniform equation of state (EoS) approach
does not yet exist [45]. Instead, different regions inside neutron stars (sometimes a single layer or
possibly multiple layers) are described with different and separate EoSs, and then matched together
where their regimes of validity overlap. In Ref. [46], the MUSES collaboration collected all
available constraints, from heavy-ion and astrophysical observation, on the QCD equation of state.
An equation of state with a broad density and temperature coverage will have to satisfy several of
these constraints in order to be valid.

A major roadblock in understanding the neutron star EoS is that there are many different models,
and each one of them has underlying free parameters that can significantly affect their predictions
for neutron star properties. A single rendering of an EoS from tuned physical parameters cannot
cover the entire allowable phase space for a specific model. Furthermore, many software packages
that calculate EoSs are proprietary, such that they are not available to the wider public. Even when
they are open source, they may not be user-friendly and/or they may only describe a small region of
the star. One approach to begin to tackle these challenges is to store EoS tables in large repositories.
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The largest one for astrophysics is called CompOSE [47–50]. CompOSE contains over 300 EoSs
that cover different regions of the QCD phase diagram relevant to neutron stars. CompOSE has
been very important for pushing forward the dense matter astrophysics field, giving a wider range of
physicists across fields access to a broad range of neutron star EoSs using one standardized output
[51]. However, because CompOSE is a database and does not include the EoS models themselves,
one cannot vary free parameters within EoSs on CompOSE, nor can one edit or modify the EoS
models, as new data furthers our knowledge.

The MUSES collaboration was funded with the purpose of providing the community with a
software generating several equations of state, covering different regions of the QCD phase diagram,
that the users could explore by changing the parameters in a systematic way. In REf. [52], the
MUSES Calculation Engine was introduced, which was built to model the EoS across the QCD
phase diagram (including inside neutron stars and during heavy ion collisions) with a variety of
relevant models. The EoS modules that currently make up the MUSES CE are the following:
Crust Density Functional Theory (Crust-DFT, valid starting at low densities and at neutron star
temperatures), Chiral Effective Field Theory (𝜒EFT, valid around saturation density and at zero
temperatures in the current version), Chiral Mean Field (CMF, valid beyond saturation density and at
zero temperatures in the current version), Lepton (valid at any densities, but zero temperatures in the
current version), 4D Taylor-expanded Lattice (BQS, valid at low densities and high temperatures),
Ising 2D 𝑇 ′-Expansion Scheme (TExS, valid at low densities and high temperatures) [53], and
Holographic (NumRelHolo, valid across a wide range of densities, but high temperatures). Other
modules will become available in the near future.

3. QCD Transition line

In a crossover, there is no sudden jump in the first derivatives of the pressure. Nevertheless, a
chiral pseudo-phase transition line can be calculated based on where the order parameters change
more rapidly. The exact location of the QCD transition line is a hot topic of research in the field of
strong interactions. The most recent results are contained in Ref. [7]. The transition temperature,
obtained from the chiral condensate and its susceptibility, as a function of the chemical potential
can be parametrized as

𝑇𝑐 (𝜇𝐵)
𝑇𝑐 (𝜇𝐵 = 0) = 1 − 𝜅2

(
𝜇𝐵

𝑇𝑐 (𝜇𝐵)

)2
− 𝜅4

(
𝜇𝐵

𝑇𝑐 (𝜇𝐵)

)4
+ . . . . (1)

The crossover or pseudo-critical temperature 𝑇𝑐 has been determined with extreme accuracy and
extrapolated from imaginary up to real 𝜇𝐵 ≈ 300 MeV. Additionally, the width of the chiral
transition and the peak value of the chiral susceptibility were calculated along the crossover line.
Both of them are constant functions of 𝜇𝐵. This means that, up to 𝜇𝐵 = 300 MeV, no sign of
criticality has been observed in lattice results. In fact, at the critical point the height of the peak
of the chiral susceptibility would diverge and its width would shrink. The small error reflects the
most precise determination of the 𝑇 − 𝜇𝐵 phase transition line using lattice techniques. Besides
𝑇𝑐 = 158±0.6 MeV, the study provides updated results for the coefficients 𝜅2 = 0.0153±0.0018 and
𝜅4 = 0.00032 ± 0.00067 [7]. Similar coefficients for the extrapolation of the transition temperature
to finite strangeness, electric charge, and isospin chemical potentials were obtained in Ref. [10],
and are displayed in Table 1.
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𝜅𝐵2 𝜅𝐵4 𝜅𝑆2 𝜅𝑆4 𝜅
𝑄

2 𝜅
𝑄

4 𝜅𝐼2 𝜅𝐼4

0.016(6) 0.001(7) 0.017(5) 0.004(6) 0.029(6) 0.008(1) 0.026(4) 0.005(7)

Table 1: Continuum-extrapolated values of 𝜅𝑋2 and 𝜅𝑋4 (with 𝜇𝑄 = 𝜇𝑆 = 0 for 𝑋 = 𝐵, 𝜇𝐵 = 𝜇𝑄 = 0 for
𝑋 = 𝑆 and 𝜇𝐵 = 𝜇𝑆 = 0 for 𝑋 = 𝑄, 𝐼) from [10].

4. Critical point estimates from lattice QCD and other approaches

As mentioned in the previous section, in Ref. [7], by extrapolating the proxy for the transition
width as well as the height of the chiral susceptibility peak from imaginary to real 𝜇𝐵, the strength
of the phase transition was evaluated and no indication of criticality was found up to 𝜇𝐵 ≈ 300 MeV.
On the other hand, a phase transition temperature at 𝜇𝐵 = 0 of 𝑇𝑐 = 132+3

−6 MeV was found in the
chiral limit by the HotQCD collaboration using lattice QCD calculations with “rooted” staggered
fermions [54]. This transition temperature is computed with two massless light quarks and a
physical strange quark based on two unique estimators. Since the curvature of the phase diagram
is negative, a critical point in the chiral limit would sit at a temperature smaller than this one. The
expectation is that the temperature of the critical point at physical quark masses has to be smaller
than the one of the critical point in the chiral limit, and therefore definitely smaller than 𝑇𝑐 = 132+3

−6
MeV.

Several recent predictions for the location of the critical point have been obtained via functional
methods [16–18, 55–57], holography [19, 58, 59] and the analysis of experimental data [31, 33, 60,
61]. Many (but not all) of these predictions based on different approaches cluster in a rather small
region on the QCD phase diagram. Figure 4 shows a collection of these critical points on the QCD
phase diagram. Out of these approaches, I will focus here on a few that I was directly involved with.

In the first project, we use a holographic approach [63] to extrapolate lattice QCD information
from zero to large baryon chemical potential 𝜇𝐵. This model is a natural good candidate, since it can
reproduce lattice QCD results at low densities, where they are available [58, 64], and naturally leads
to the almost ideal-fluid behavior of the Quark-Gluon Plasma [65], as observed in experiments. We
use a Bayesian analysis, and two functional forms for the potential and coupling functions that are
the main unknown in our model, to perform a systematic scan of the parameters, constrained by
lattice QCD results at zero density [66, 67], with a probability given by the respective error bars.
Our predictions for the QCD critical point, based on the posterior parameter distributions, agree
within one sigma for the two model realizations, and collapse to a very small region of the phase
diagram, which is within the phase transition band from lattice QCD simulations [19].

In Ref. [68] a novel method, based solely on lattice results, was proposed to estimate the
location of the critical point by studying contours of constant entropy density on the QCD phase
diagram. The idea is to employ the entropy contours to search for the onset of a first order regime:
if different contours meet somewhere in the phase diagram, it means that the entropy has become
multi-valued, hence the transition has turned first order. By determining where the first order regime
is reached, the location of the critical point can be estimated. In Ref. [68], the entropy contours
were constructed based on existing lattice results at vanishing chemical potential for the entropy
density [66] and second order baryon susceptibility [36]. The prediction for the location of the
critical point from this analysis is indicated by the two ellipses in Fig. 4, the red one corresponding
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Figure 4: Compilation of critical points from the literature from Refs. [16–19, 33, 55–57]. Also shows is
the chemical freeze-out line from Ref. [62], to be considered a lower bound for the critical point location.

to a parameterization and the blue one to a spline fit of the lattice QCD results.
In Ref. [69], we generalized the method described above in more than one way. To reach

the necessary precision to bear predictive power, we performed a new computation of the equation
of state of QCD at zero density, with significantly reduced uncertainties compared to existing
results. Instead of extracting the constant entropy contours from 𝜇𝐵 = 0 data, we extrapolated
them from imaginary 𝜇𝐵. In addition, we increased the statistics of data sets at the three highest
imaginary chemical potentials on the finest lattice in comparison to our earlier work [37]. While the
extrapolation in Ref. [68] was done at order O(𝜇2

𝐵
), we allowed for leading corrections to the linear

𝜇2
𝐵

dependence. We used the actual statistical correlations between variables and also considered
additional sources of systematic errors in the analysis. Besides, the results presented in Ref. [68]
were obtained for zero strangeness chemical potential, while in Ref. [69] we enforce strangeness
neutrality. We were thus able to determine an exclusion probability for the existence of a critical
point as a function of the chemical potential. We found that, at the 2𝜎 level, we can exclude the
existence of a critical point below 𝜇2𝜎

𝐵
= 450 MeV.

5. Conclusions

In this contribution, I discussed the current state of the art of lattice QCD results on the
equation of state and phase diagram, where there is a continued effort to extend the coverage in
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density. New equations of state are becoming available, with extended coverage in density and
additional dependence on strangeness and electric charge chemical potentials.

To reach the densities needed to describe the lowest collision energies in colliders, or even more
neutron star mergers, we need to complement first principle results with more phenomenological
approaches. We need to constrain the parameters of these approaches through systematic analyses
of experimental data, combine with astrophysical observations. With new data from accelerator
facilities and future gravitational wave observatories, this will hopefully become possible in the
near future.
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