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Inclusive quarkonium decay and production: from NRQCD to pNRQCD Antonio Vairo

1. NRQCD

Rather surprisingly the first established effective field theory (EFT) for nonrelativistic fields
involved two heavy particles rather than just one. This EFT is nonrelativistic quantum electrodynam-
ics (NRQED) and its obvious extension to nonrelativistic quantum chromodynamics (NRQCD) [1].
Notoriously, however, in the first publication, QCD is mentioned (almost) only in the title. Applica-
tions of NRQCD were mostly restricted in the following years to lattice NRQCD [2, 3]. Few years
after NRQCD, also the EFT for systems made of one heavy quark was formulated: the heavy quark
effective theory (HQET) [4-7]. Differently from the somewhat slow start of NRQCD, HQET was
an immediate breakthrough that revolutionized heavy flavor physics. The power counting of HQET
allowed for a straightforward implementation of dimensional regularization, opening immediately
the door to higher order perturbative calculations. For NRQCD, the real breakthrough came with
its application to quarkonium annihilation and production [8, 9]. On the computational side, the
understanding of how dimensional regularization works in NRQCD [10] allowed higher order pre-
cision calculations also for quarkonium. For some observables (e.g. near threshold ¢7 observables
or bottomonium ground state observables), the precision one can reach in weakly coupled NRQCD
has no equivalent in HQET.

The phenomenological relevance of [9] can hardly be understated, as it put for the first time
quarkonium annihilation on the solid ground of QCD and gave to the computation of quarkonium
production observables a consistent and systematically improvable theoretical framework. More-
over, the NRQCD factorization is highly predictive and can be tested against numerous experimental
findings.

At the basis of NRQCD is that (i) quarkonium is a nonrelativistic bound state, whose con-
stituents, the heavy quarks/antiquarks of mass m¢, have relative velocity v < 1; (ii) a quarkonium
state, |Q), is mostly made by a heavy quark Q and antiquark Q pair in a color singlet configuration,
but it also contains components, suppressed in v, where the heavy quark-antiquark pair is in a color
octet component bound, for instance, with gluons; (iii) because of that quarkonium annihilation and
production is described in NRQCD by matrix elements of four-fermion operators, O (N) in the case
of annihilation and O?(N) in the case of production, projecting on both color singlet and color
octet states identified by the generic quantum number N. The NRQCD factorization formula for
the inclusive quarkonium width due to annihilation into light hadrons (1.h.) reads

ImfN

I'(Q — Lh) _22 —(QIO(N)|Q). (1)

Q

where dy is the dimension of the four-fermion operator. The factorization formula in NRQCD for
the inclusive quarkonium production cross section reads

Taix = ), Toom) (QION)IQ), @)
N

where |Q) is the vacuum state. High energy modes are encoded in the short distance coefficients
FN) and T 0o (N)- While low energy contributions are in the long distance matrix elements (LDMEs)
(Q|O(N)|Q) and (Q|OQ(N)|Qy), encoding contributions due to the scales mov, mgv? and Agcp.
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Particularly simple is the case of P-wave quarkonium annihilation and hadroproduction, whose
widths and cross sections, respectively, depend at leading order only on two LDMEs: a singlet one,
labeled “1”°, and an octet one, labeled “8”:

3
[(xos(nP) — Lh) =21mfn‘1# (o (1P)I01 CP) oy (nP))

Q

3
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and
1 8
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J is the angular momentum quantum number. The singlet matrix element may be expressed in terms
of the quarkonium wavefunction at the origin, while the octet matrix element is an independent
parameter to be fixed on data. According to the power counting of NRQCD, both the octet and the
singlet LDME:s contribute to the same order. The octet matrix element is crucial to cancel infrared
divergences present in the singlet short distance coefficients Im f;(*P,) and to make the above
expressions finite, scale and scheme independent.

Some open issues remain in NRQCD. (i) The power counting of the EFT is not unique, as it
still depends on the nonrelativistic scales mgv and vaz_ (ii) The bound state dynamics in the
form of the Schrodinger equation is no yet apparent, as soft fields, those scaling with mgv, are still
dynamical. (iii) While color singlet LDMEs may be related to the quarkonium wavefunction at
the origin, although the corresponding Schrodinger equation is not defined in NRQCD, color octet
LDME:s are free parameters, depending on the quarkonium state, that need to be fitted on data. As
an example, for P-wave bottomonium and charmonium states below threshold, decay widths and
cross sections, besides the three wavefunctions, depend on three octet matrix elements for the decay
widths and three independent ones for the cross sections.

2. Quarkonium annihilation in pNRQCD

The open issues of NRQCD are solved by potential NRQCD, pNRQCD, the EFT that follows
from NRQCD by integrating out modes of soft momentum and energy [11-13]. Suitable for the
description of charmonium and excited bottomonium inclusive decay and production is the version
of pNRQCD that applies to strongly coupled bound states [12, 14-22].

We start from the spectral decomposition of the NRQCD Hamiltonian, HNrqcp, in the 00
sector of the Hilbert space,

Hnraep| g = Z/ dx1 dxz |3x1, %) En(¥1,%23 V1, V2) (31, %2, ©)

where |n;x1,x;) are orthonormal states made of a heavy quark, a heavy antiquark, and some light
degrees of freedom labeled by n. E,, are operators in the coordinate, momentum and spin of the
Q0. In the static limit, E, = E ,50) are the different energy excitations of a static QQ pair. They
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may be computed in lattice QCD as a function of the QQ distance. The eigenstates of the NRQCD
Hamiltonian in the QQ sector can be written as

|Q(n, P)) =/d3x1d3x2 dQ(n,p)(X1,X2) |05 X1,X2), (6)

where P is the quarkonium center of mass momentum and # is the set of quantum numbers that iden-
tifies the quarkonium state. The functions ¢q,,p) (X1, X2) are eigenfunctions of E,, (x1,x2; V1, V2).
The quarkonium state |Q(P)) corresponds to the state |Q(0, P)), and the quarkonium state at rest,
|Q), corresponds to |Q(0, 0)).

In strongly coupled pNRQCD, the non interacting part of the Hamiltonian is given by

HpNrQeD = / d*x d*xy S} hy(x1,%2; V1, V2) Sy, @)

where S, is a color singlet field containing a QQ. The operator /4, is obtained by matching
the NRQCD energy E,; it may be identified with the quantum mechanical Hamiltonian entering
the Schrodinger equation of the bound state. The matching can be performed order by order in
1/m¢o by expanding the NRQCD Hamiltonian and the states |n; X, X2) using quantum mechanical
perturbation theory. The Hamiltonian at leading order in the velocity expansion has the form

% V% (0;n)
hn(xl,xz;V1,V2)=—%—%+V (x1,x2). (8)

The matching fixes the static potential V(%) to be the static energy E ,(,O). As a consequence of the
matching, the functions ¢, p) are eigenfunctions of the pPNRQCD Hamiltonian 4,,.
The pNRQCD factorization formula for the quarkonium annihilation matrix elements reads

1
(QIO(N)|Q) = T / dPx1dPxd x| dxy pa(x1 — x2)
[_VO(N)(xlax2;Vl,v2)6(3)(xl ~x})6® (x2 - x5) dg(x] —x5), 9

where ¢q is the quarkonium wavefunction at rest in pNRQCD (corresponding to the state n = 0
and P =0); (P=0|P=0) = / d*R is a normalization factor. The operator Vo(n) is determined

by matching NRQCD with pNRQCD order by order in 1/m o via quantum mechanical perturbation
theory.

On the example of the matching of the P-wave annihilation matrix elements entering the
leading order expression of the width, we get [16, 17]

3N. .,
(xos (nP)IOL1CP ) xos (nP)) = ZEIR)p (), (10)
1 3N., ,
(x0s(nP)|0s('So)|xos (nP)) = — IR, p(0) &3, (11
ONemy, 2n
where N, = 3 is the number of colors, R, p is the radial part of the wavefunction, R,’1 p its derivative
and | .
&=y [ diP@IE (1. 000, 1. 0E 0.0)]2) (12)
c JO
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is a universal chromoelectric correlator, ideally to be computed in lattice QCD. The quantity
d,;,(1,0) is a Wilson line in the adjoint representation connecting (¢, 0) with (0, 0). The correlator
is universal in the sense that it does not depend on the quarkonium state. The P-wave annihilation
widths in pNRQCD at leading order in the velocity expansion then read

3N¢ |, 2 I 38
Flros(iP) = 1h) = =< |k, (0) llmf1(3PJ) D
Q c

We note that the quarkonium state dependence factorizes, the infrared divergence affecting Im f; (3 P)
cancels against the chromoelectric correlator &3 that depends on a renormalization scale A, and the
P-wave decay widths of bottomonium and charmonium states below threshold depend now on only
4 nonperturbative parameters: three wavefunctions and one universal correlator [16, 17].

The universal correlator E3(A) can be obtained from a fit to the ratios of decay rates
I'(xco(1P) = Lh)/T'(xc1(1P) — Lh.), '(xc1(1P) — Lh.)/T'(xe2(1P) — Lh.), T'(xco(1P) —
Lh.)/ T'(xco(1P) — yy), and T'(yc2(1P) — 1Lh.)/T'(xc2(1P) — 7y7y) at leading order in v. The
electromagnetic decays depend on the wavefunctions only. In the MS scheme, we obtain [18]

&3(1 GeV) =2.05*0%%. (14)

&E3(A) at different scales follows from the one loop renormalization group improved expression
(Bo = 11N./3 = 2ny/3 with ny the number of light flavors)

12(N2 - 1) o as(A)
NeBo 2 au(A)

E3(A) = E3(A) + 15)

where o = g?/(4n) is the strong coupling. Computing the wavefunction with several potential
models, we get for the charmonium P-wave annihilation widths [18]

T(xco(1P) — Lh.) = 8.3"38 MeV, (16)
T(xe1(1P) — Lh.) = 0.42*99%+028 Mev, (17)
T(xc2(1P) — Lh.) = 1.4*%8 MeV, (18)

to be compared with the PDG values 10.6 £0.6 MeV, 0.552 +0.041 MeV and 1.60+0.09 MeV [23],
respectively. For the bottomonium P-wave annihilation widths using the same universal correlator,
we obtain [18]

T'(xpo(nP) — 1h.) = 1.07*%3 MeV, (19)
I'(xp1 (nP) = Lh.) = 0.14 + 0.06 MeV, (20)
['(xp2(nP) — 1h.) = 0.28*%9 MeV, (21)

which are predicted to be independent of the principal quantum number n = 1, 2, 3 at leading order
in the velocity expansion. The results for bottomonium are proper predictions of pPNRQCD, as they
exploit the universality of the chromoelectric correlator.

Updated results for S- and P-wave quarkonium inclusive and electromagnetic widths in the
context of pNRQCD factorization can be found in [18]. Older and in part superseded results are
in [16, 17].
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3. Quarkonium hadroproduction in pNRQCD

A similar factorization as the one that holds for the annihilation decay widths also holds for
the inclusive production cross section of quarkonium. The relevant color singlet and color octet
four-fermion operators for hadroproduction of quarkonia in NRQCD have the form

Oa (Neolor singlet) = XT(](N QZ’PQ(P:O)l//Tq(I/\IX’ (22)
O (Neotor octer) = X " KNT 4@} (0)Pa(p-0) D7 (00 Ky T x, (23)

where ¢ and y are the fields that annihilate a heavy quark and antiquark respectively, and @?b (x)
is a Wilson line along the direction ¢ in the adjoint representation required to ensure the gauge
invariance of the color octet LDME [24]. The operator Pq(p) projects onto a state containing
a heavy quarkonium @ with momentum P. Pq(py commutes with the NRQCD Hamiltonian as
the number of quarkonia is conserved and is diagonalized by the same eigenstates of the NRQCD
Hamiltonian, therefore, it has the form

Pap) = ) 1Q(n, P)}(Q(n, P)|. 24)

nes

The sum extends over S, which are all states where the QQ is in a color singlet at the origin in the
static limit. This is a necessary condition to produce a quarkonium.

According to (6), the projector Pq(p) depends on the wavefunction ¢q(, p) Withn € S. At
leading order ¢q(n,p) is an eigenfunction of the pPNRQCD Hamiltonian (8) with V(1) the energy
of a static Wilson loop in the presence of disconnected gluon fields. Lattice QCD determinations
of V(%) for n € S and n # 0 are not available yet. One expects, however, that disconnected gluon
fields produce mainly a constant shift to the potentials, e.g. in the form of a glueball mass. This
is supported by the large N, limit: the vacuum expectation value of a Wilson loop with additional
disconnected gluon fields factorizes into the vacuum expectation value of the Wilson loop times
the vacuum expectation value of the additional gluon fields up to corrections of order 1/N2. If the
slopes of the static potentials are the same for all n € S, then we can approximate [19]

$Qnp)(x1,x2) ~ P20 (0 ), (25)

where ¢g)) is the leading order quarkonium wavefunction in the center of mass frame.
The pNRQCD factorization formula for the quarkonium production LDME:s at leading order
reads

1
<Q|OQ(N)|Q> = m / d3X1d3X2d3X1d3Xé (]58”(.‘?1 —XQ)
X[—Voa (x1,%2; V1, V)6 (x1 —x7)6® (x2 = x2) | 60 * (] = x7). (26)
(N)\A1>A425 V1, V2 1 1 2 2 Q 1 2

The operator Vpa ) is determined by matching the NRQCD LDMESs to pNRQCD order by order in
1/m¢ via quantum mechanical perturbation theory, similarly to what done for the NRQCD matrix
elements entering the annihilation widths.



Inclusive quarkonium decay and production: from NRQCD to pNRQCD Antonio Vairo

On the example of the matching of the P-wave LDMEs entering at leading order the cross
section pp — xos + X, see (4), we eventually get [19, 20]

3N,

2m
3N,

@lore’ sy Q) =27 + D=EIR, p(O)

(©@loxes CPI Q) =(27 + 1) 4R, p(0) 2, 27)
1

9Ncm2Q

S, (28)

where LDMEs are polarization summed. The dimensionless gluonic correlator, &;1, appearing in
the octet LDME is

3 e e , , . .
&= / drt / dt' t’ (QI®[*P @™ (0;1)gET (1) g E* (1) @°C (03 1) DL IQ).  (29)
c JO 0

For a suitable choice of the sign of °, the fields in gE¢/ (1")®*(0; t’)CD?C are time ordered (7")
and those in @Z“bdﬂ“d (0;1)gE%(t) are anti-time ordered (7). Hence the correlator & may be
interpreted as the cut diagram shown in figure 1. The above expressions imply (at leading order in
v) the universality of the ratios

my(@love CsfhiQ) g,
(1] - ’
(@loxer 3Py e

t/

Figure 1: Representation of the chromoelectric fields and Wilson lines in (29) as a cut diagram: ® stand for
insertions of chromoelectric fields at the times ¢ and ¢, filled circles for the spacetime origin, double lines
for Schwinger lines, and solid lines for gauge-completion Wilson lines in the £ direction.

For the pNRQCD expressions of the LDMESs to be consistent with perturbative QCD, they
must reproduce the same infrared divergences. At two loop accuracy and at the lowest order in the
relative momentum ¢ of the Q and Q, the infrared divergences in the NRQCD LDMEs can be cast
in the infrared factor

> [ avair fol ol wtpte F vy
N
< [ anir el e F apler . 6o

The sum over N contains all possible intermediate states, p is half the center-of-mass momentum
of the QQ pair, F vy 18 the QCD field strength tensor, and (D;’,b () is an adjoint Wilson line along p
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[24-26]. Since in the expression (30) a momentum g comes from each side of the cut, the infrared
factor contributes to the production of a color-singlet P-wave state. In the rest frame of the QQ
pair: p =0, ¢° =0, (ng(/l) = ®?(0;¢) with ¢ = \/17/1, prq Fy,(Ap) = —\/PqiE“i(t) and
the expression (30) reduces to a term proportional to the contact term V5, (™) in momentum
space. Hence, the pNRQCD expressions for the color-octetlt LDMESs reproduce the same infrared
divergences of the NRQCD infrared factor [20]. Furthermore, the one-loop running of &,

d N)-1la
En(A) = 6—-5——, 31
dlog A 11(A) N, x (31)
2(N2-1
implies that (OXe’ (3S£8])) = ﬂ((y@’ (SPBH)). This agrees with the one-loop
dlog A 3N§nm2Q

evolution equation derived in perturbative NRQCD [9]. For a related study on the shape function
formalism see [27].

PNRQCD, LP+NLO
% 08 ["] pPNRQCD, NLO

® ATLAS data

O CMS data

3
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-
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I
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Figure 2: Ratio rp; of the y.2(1P) and y.;(1P) differential cross sections at the LHC center of mass energy
/s = 7 TeV and in the rapidity range |y| < 0.75, with fitted &1, compared to ATLAS [28] and CMS [29]
measurements, from [20].

2.0 [JLHCb data [ pPNRQCD
@ CMS data
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~
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Figure 3: Ratio of the x,2(1P) and x1(1P) differential cross sections at the LHC center of mass energy

/s =7 TeV and in the rapidity range 2 < y < 4.5 compared with LHCb [30] and CMS [31] measurements,
from [20].
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The chromoelectric correlator &;; may be extracted by fitting the ratio,

_doy,ap)/dpr 32)

r21 - )
doy,,ap)/dpr

on ATLAS and CMS data, see figure 2. At leading order in the velocity expansion, the ratio does
not depend on the wavefunction, but exclusively on &11. We obtain at the charm mass scale [20]

En(A=15GeV)=28+1.7. (33)

Like the correlator &3 entering the P-wave quarkonium annihilation width, also the correlator
&1 relevant for P-wave quarkonium hadroproduction is universal: it does not depend neither on the
flavor of the heavy quark nor on the quarkonium state. The universal nature of the correlator allows
to use it to compute cross sections for quarkonia with different principal quantum numbers and for
bottomonia (once accounted for the running) without having to fit new octet LDMEs. We can test the
universality of the correlator, and the validity of the pPNRQCD factorization for hadroproduction, by
looking at the ratio (doy,,(1p)/dpr)/(doy,, (1P)/dpT) that at leading order in pPNRQCD depends
only on & (at the scale of the bottom mass, according to the running given by (31)) and therefore
is expected to be the same also for 2P and 3P bottomonium states. The result compared to LHCb

and CMS data is shown in figure 3.

PNRQCD X1 (1P) LP+NLO
1k i
] PNRQCD xe1(1P) NLO
@ ATLAS data yo (1P)

(nb/GeV)

0.100F

dpr

doy,,ap)

0.010F

By..ap) %

0.001¢

Al pNRQCD y.2(1P) LP+NLO |
[] PNRQCD yeo(1P) NLO
B ATLAS data y.(1P)

(nb/GeV)

0.100

dpr

doy,ap)

0.010F

t i
0.001F \

15 20 25 30

pr (GeV)

Xea(1P) X

B

Figure 4: Production cross sections of y.1(1P) and y.»(1P) at the LHC center of mass energy /s = 7 TeV
and in the rapidity range |y| < 0.75 compared with ATLAS measurements [28], from [20].

To evaluate the absolute values of the P-wave quarkonium hadroproduction cross sections from
the pNRQCD factorization formulas (27) and (28) valid at leading order in the velocity expansion,
we need the derivatives of the quarkonium wavefunctions at the origin. For charmonium, these can
be extracted from the electromagnetic widths I"'(y.0.2(1P) — 7y7y), which satisfy at leading order
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Figure 5: Production cross sections of yp;(nP) and ypy(nP) (n = 1, 2, and 3) at the LHC center of mass
energy /s = 7 TeV in the rapidity range 2 < y < 4.5, from [20].

a factorization formula like (13), but without octet contribution. The results are plotted in figure 4
and compared with ATLAS data. Because for P-wave bottomonium the electromagnetic widths are
not known experimentally, we assign to the derivative of the yj;(nP) wavefunctions at the origin
values determined averaging several potential model predictions. The results are plotted in figure 5;
these are real predictions as measurements are not available yet.

Further results on S- and P-wave quarkonium inclusive electromagnetic and hadroproduction
in the context of pNRQCD factorization can be found in [18-22, 33]. From [22], in figure 6 we
show the production cross sections for J /¢ and ¥(2S), in figure 7 the production cross sections
for Y(2S) and Y (3S), and in figure 8 the production cross section for Y (1S) (with the caveat that
Y (1S5) has been treated as a strongly coupled bound state). The LDMEs for Y(1S), Y(2S) and
Y (3S) are related through universality relations of the same type as those that relate the LDMEs

for xp7(1P), xps(2P) and xp;(3P).

4. Conclusions

From an effective field theory point of view, potential NRQCD ideally completes the program
started 30 years ago with the NRQCD factorization, as it further factorizes the lower nonrelativistic
energy scales still dynamical in NRQCD. It supplies factorization formulas for quarkonium inclusive

10
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Figure 6: Production cross sections of prompt J /¢ and i (2S) at the LHC center of mass energy /s = 7 TeV

compared to CMS data [34, 35], B is the dimuon branching fraction, from [22].
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Figure 7: Production cross sections of inclusive Y(2S) and Y(3S) at the LHC center of mass energy
/s =7 TeV compared to ATLAS data [36], B is the dimuon branching fraction, from [22].
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Figure 8: Production cross section of inclusive Y(1S) at the LHC center of mass energy s = 7 TeV

compared to ATLAS data [36], B is the dimuon branching fraction, from [22].

annihilation widths and production cross sections that relate octet matrix elements with different

principal quantum number and heavy flavor. Octet matrix elements are a major source of uncertainty
in the NRQCD factorization.
predictive power of the theory.

Reducing this source of uncertainty enhances significantly the

In pNRQCD, the nonperturbative input for the decay and production observables is provided

11
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by the quarkonium wavefunctions at the origin and some universal correlators. The wavefunctions
at the origin, at least at leading order, may be extracted straightforwardly from the electromagnetic
decays. For P-wave charmonia, data for these decays are available, but not for P-wave bottomonia,
which is an important systematic limitation in the determination of the bottomonium observables.
Beyond leading order, also electromagnetic decay widths depend on correlators and the extraction
becomes much less straightforward [17, 18]. Wavefunctions could also be determined theoretically
as eigenfunctions of the pNRQCD Hamiltonian with the potentials computed in lattice QCD. It
is possible that in the near future, as the lattice determinations of these potentials improve (see
e.g. [37]), this will become the most reliable way to determine the quarkonium wavefunctions.
Concerning the correlators, they may be fitted on data as has been reviewed in these proceedings,
but ideally should also be computed in lattice QCD. Studies in this direction are under way [38].

I pNRQCD prompt J /¢ + Z 100¢ B pNRQCD prompt J/1 + W 1
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Figure 9: Production cross sections of prompt J /i + Z (left) and prompt J /i + W (right) at the LHC center
of mass energy v/s = 8 TeV for |y’/¥| < 2.1 in pNRQCD compared to ATLAS data [39, 40], B is the dimuon

branching fraction, from [22].
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Figure 10: pNRQCD prediction for the pp-differential cross sections for J /¢ from ep collisions at the EIC
with center of mass energy /s = 141.4 GeV and pseudo-rapidity region || < 4, from [22].

Systematic improvements of the pNRQCD expressions for decay widths and cross sections
come from higher order weak coupling corrections in the short distance coefficients and higher
order corrections in the velocity expansion. Higher order corrections in the velocity expansion
have different sources. They arise from higher dimensional operators in the NRQCD factorization
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formula, from higher order corrections in the pNRQCD expansion of the NRQCD long distance
matrix elements, and from higher order corrections to the wavefunctions originating from higher
order corrections in the pNRQCD potential and quantum mechanical perturbation theory.

The pNRQCD factorization can be applied to several quarkonium production processes, like
photoproduction [22], production associated with a weak gauge boson, see figure 9, production at the
Electron-Ion Collider (EIC), see figure 10, and others. Extensions of the formalism to quarkonium
production at heavy ion colliders and quarkonium exotica (hybrids, tetraquarks, ...) production in
hadron colliders are also being studied.
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