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Using simulations of the interacting instanton liquid model (IILM) with the flavor SU(3) symmetric
quarks, we compute the free energy densify of the QCD vacuum as a function of the quark
condensate. We then compute the second derivative of the free energy density with respect to the
quark condensate at the origin. This computation allows us to investigate whether chiral symmetry
breaking in the IILM occurs in an anomaly-driven manner. This chiral symmetry breaking pattern
has been proposed in a previous study as a mechanism linking the QCD vacuum structure to meson
properties, such as the mass of the sigma meson. We also perform quenched simulations, in which
no dynamical quarks interact with instantons. Comparing these results with the full calculations
provides a better understanding of chiral symmetry breaking patterns in the IILM. We find that in
the full IILM, chiral symmetry is dynamically broken in anomaly-driven manner, whereas in the
quenched IILM, it is broken through the ordinary mechanism. Based on these results, we would
suggest that chiral symmetry breaking in real QCD might also occur in an anomaly-driven manner.
Consequently, in phenomena where chiral symmetry breaking plays a crucial role, the anomalous
effect may also have a significant impact.
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1. Introduction

The vacuum of strong interaction has a non-trivial structure, which leads characteristic phenom-
ena such as color confinement and dynamical chiral symmetry breaking (D𝜒SB). These phenomena
are fundamental to the diversity of matter in the world. For example, due to color confinement,
quarks cannot exist as elementary particles; instead, they form composite particles known as
hadrons. As a result, hadrons exhibit a remarkable diversity, with hundreds of different types.
Moreover, D𝜒SB plays a crucial role in the generation of their mass. The total mass of current
quarks accounts for less than 1% of the nucleon mass, while the remaining 99% is believed to arise
from non-perturbative mechanism associated with D𝜒SB.

The non-Abelian nature of quantum chromodynamics (QCD) results a topological structure that
has a significant impact on hadron physics. QCD is formulated based on a non-Abelian gauge group,
which allows the gauge fields to interact with themselves. As a result, Euler–Lagrange equations
admit a purely topological, non-perturbative solution known as an instanton, even at the classical
level [1]. This topological aspect of the QCD vacuum manifests itself as the axial anomaly—the
breaking of U(1)𝐴 symmetry due to the quantum fluctuations [2, 3]. The axial anomaly, mediated
by quark-antiquark correlations, significantly affects hadron physics [4, 5].

Recently, the authors in Ref. [6] discussed the patterns of chiral symmetry breaking and its
consequences on the hadron spectra based on specific model parameters. They calculated the
effective potential of the system and the hadron masses using the three-flavor Nambu–Jona-Lasinio
(NJL) model and the linear sigma model, which includes the axial anomaly term, also known as
the Kobayashi–Maskawa–’t Hooft (KMT) term [7]. In particular, in the NJL model, if the model
parameter 𝑔𝑆 , which is responsible for inter-quark attraction, is sufficiently strong (𝑔𝑆 > 𝑔crit

𝑆
), then

chiral symmetry is dynamically broken in the vacuum, meaning that the effective potential takes its
minimum at a finite quark condensate. We refer to this as the ordinary breaking. On the other hand,
even when 𝑔𝑆 > 𝑔crit

𝑆
, dynamical chiral symmetry breaking can still occur if a sufficiently large

contribution from the axial anomaly exists. This is called anomaly-driven breaking. Furthermore,
in the former case, if the mass of the sigma meson, which is the chiral partner of the pion, exceeds
800 MeV, whereas in the latter case, it remains below 800 MeV.

In this study, we investigate whether the scenarios of D𝜒SB suggested in a previous study can
occur in another model rather than in the models used in previous study. According to Ref. [6],
the axial anomaly might play a significant role in the scenario of D𝜒SB discussed there. Since
the axial anomaly originates from topological fluctuations in the QCD vacuum, which are closely
related to a classical solution to the Euclidean Yang-Mills equation, known as an instanton, we use
the QCD vacuum model that respects the instanton degrees of freedom [8, 9]. Details of this study
have already been published [11].

2. Dynamical chiral symmetry breaking driven by the axial anomaly

In this study, the criterion for identifying the pattern of D𝜒SB in the vacuum is the sign of
curvature, given by the second derivative of the vacuum energy density with respect to the quark
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condensate at its origin ⟨𝑞𝑞⟩ = 0:

𝜕2𝜖

𝜕 ⟨𝑞𝑞⟩2

����
⟨𝑞̄𝑞⟩=0

. (1)

Since the criterion used in the previous study is based on specific model parameters, it is not
clear how it can be applied beyond those specific models. Therefore, we generalize the criterion
as follows: If the curvature in Eq. (1) is positive, we identify this case as anomaly-driven chiral
symmetry breaking, whereas if the curvature is negative, we conclude that chiral symmetry is
dynamically broken in the ordinary manner. This procedure correctly reproduces the previous
result when applied to the NJL model. We apply this criterion to simulations with finite current
quark masses, while the original study fomulated the criterion in the chiral limit. We have confirmed
that this criterion remains valid slightly way from the chiral limit.

3. Methodology

3.1 Partition function of the interacting instanton liquid model

We use the partition function of the interacting instanton liquid model (IILM) in the Euclidean
space-time given by [16]:

𝑍 =
1

𝑁+!𝑁−!

∫ 𝑁++𝑁−∏
𝑖=1

𝑑Ω𝑖 𝑓 (𝜌𝑖)𝑒−𝑆int

𝑁 𝑓∏
𝑓 =1

det(𝑖𝛾𝜇𝐷𝜇 + 𝑚 𝑓 ), (2)

where the number of instantons (antiinstantons) inside the four volume𝑉4 is denoted by 𝑁+(−) . The
path integral measure 𝑑Ω includes the size, color orientation, and position of the 𝑖-th instantons,
where 𝑑Ω𝑖 = 𝑑𝜌𝑖𝑑𝑈𝑖𝑑

4𝑧𝑖 . The classical instanton amplitude 𝑓 (𝜌𝑖) is a function of the instanton
size 𝜌, which depends on the number of colors 𝑁𝑐 and the number of flavors 𝑁 𝑓 [3]. The term 𝑆int

describes the instanton-instanton interaction [10], and 𝐷𝜇 represents the covariant derivative acting
on a quark of flavor 𝑓 and current mass 𝑚 𝑓 . For more details, including the explicit expression of
𝑓 (𝜌) and 𝑆int, as well as the calculation strategy for the quark determinant, we refer the reader to
Ref. [11].

In actual computations, we generate the flavor SU(3) symmetric IILM configurations, in
which the quark masses for all flavors are set to 𝑚 𝑓 = 𝑚, using the partition function in Eq. (2)
and employing the standard Hybrid Monte Carlo (HMC) and Metropolis methods [12–14]. For
comparison, we also generate the quenched configurations, in which the quark determinant is
omitted in Eq. (2), thereby excluding the instanton-quark interaction from the system. To simulate
different instanton densities 𝑛 ≡ (𝑁+ + 𝑁−)/𝑉4, we generate the configurations while keeping
𝑁+ + 𝑁− = 32 fixed and varying the four-volume 𝑉4.

3.2 Vacuum energy density

In this study, we use the free energy density, which is referred to simply as the free energy
hereafter, to evaluate the curvature defined in Eq. (1). The free energy is given by

𝐹 = − 1
𝑉4

ln 𝑍. (3)
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According to the standard thermodynamics relation, this is identified as the vacuum energy density
at zero temperature, 𝜖 = 𝐹. Thus, we use the free energy to evaluate the curvature given in Eq. (1).
To obtain 𝐹 at a given density 𝑛, we need to calculate the partition function 𝑍 . In computing
the partition function, we directly obtain its logarithm, ln 𝑍 , where we employ the thermodynamic
integration method described in detail in Refs. [5, 11]. Consequently, we obtain the value of 𝐹 for
a given instanton density 𝑛 and a quark mass 𝑚, which characterize the configuration.

3.3 Quark condensate

We compute the quark condensate for a quark of flavor 𝑓 with a current mass 𝑚𝑞 as the
expectation value of the traced quark propagator at the same coordinate:

⟨𝑞 𝑓 𝑞 𝑓 ⟩ =
∑︁
𝐴,𝛼

⟨𝑞†
𝑓
(𝑥)𝐴𝛼𝑞 𝑓 (𝑥)𝐴𝛼⟩ = − lim

𝑦→𝑥

1
𝑍

∫
𝐷ΩTr[𝑆(𝑥, 𝑦;𝑚 𝑓 )]𝑒−𝑆int det(𝛾𝜇𝐷𝜇 + 𝑚 𝑓 ). (4)

Here, the measure in the partition function in Eq. (2) is denoted by 𝐷Ω =
∏
𝑖 𝑑Ω𝑖 for brevity. The

indices 𝐴 and 𝛼 range from 1 to 𝑁𝑐 and from 1 to 4, respectively. The trace operation is performed
over both indices. We approximate the quark propagator by 𝑆(𝑥, 𝑦;𝑚) ≈ 𝑆0(𝑥, 𝑦) + 𝑆ZM(𝑥, 𝑦;𝑚)
and consider only the zero-mode part of the second term, excluding the contribution from the free
part, whose contribution diverges at the coincident coordinate.

3.4 Evaluation of the curvature

We evaluate the curvature by fitting the data to a polynomial [15]. After performing simulations
over a wide range of the instanton densities 𝑛, we obtain data series for (𝑛, 𝐹) and (𝑛, ⟨𝑞𝑞⟩). For
a given density 𝑛, the values of 𝐹 and ⟨𝑞𝑞⟩ are uniquely determined. Thus, we use the data series
(⟨𝑞𝑞⟩ , 𝐹) to evaluate the curvature of the free energy with respect to the quark condensate. The
polynomial model to evaluate the curvature is given by

𝐹 =

𝐾∑︁
𝑗=0

𝐶 𝑗 ⟨𝑞𝑞⟩ 𝑗 , (5)

where𝐶 𝑗 represents the coefficient of the 𝑗 th order term obtained from the fitting. We are interested
in the sign of the curvature at the origin, which corresponds to the sign of the coefficient 𝐶2. Thus,
we focus on the value of 𝐶2 in the following analysis.

4. Numerical Results

In the flavor SU(3) symmetric calculations, we perform computations for three different values
of the current quark mass: 𝑚 = 37, 54 and 70 MeV. Each simulation with a given current quark
mass 𝑚 is associated with a scale parameter Λ. This scale parameter is determined so that the free
energy is minimized at the instanton density 𝑛 = 1 fm−4, following Ref. [16].

In Fig. 1, we show the dependence of the free energy on the instanton density for three different
current quark masses. In regions where the density satisfies 𝑛 < 1 fm−4, the free energy decreases
monotonically as the density increases. This indicates an attractive interaction between instantons
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Figure 1: Free energy versus instanton density
in the flavor SU(3) symmetric IILM. This figure
is based on the work [11].

Figure 2: Quark condensate versus instanton
density in the flavor SU(3) symmetric IILM. This
figure is based on the work [11].

Figure 3: Free energy versus quark condensate
in the flavor SU(3) symmetric IILM. This figure
is based on the work [11].

Figure 4: Coefficient𝐶2 in the flavor SU(3) sym-
metric IILM for different current quark masses.
This figure is based on the work [11].

in a dilute regime. At the density 𝑛 = 1 fm−4, the free energy reaches its minimum by definition.
At high densities, the free energy increases rapidly, indicating a repulsive interaction.

In Fig. 2, we show the magnitude of the quark condensate versus the instanton density for three
different current quark masses. We observe that at the vacuum instanton density, i.e., 𝑛 = 1 fm−4,
the quark condensate takes nearly the same value, independent of the current quark mass. This
suggests that explicit chiral symmetry breaking caused by the current quark mass is small compared
to the dynamical breaking.

In Fig. 3, we show the free energy versus quark condensate, obtained by combining the results
of (𝑛, 𝐹) and (𝑛, ⟨𝑞𝑞⟩). The free energy reaches its minimum at a finite vale of the quark condensate.
This suggests that chiral symmetry is broken dynamically in the vacuum of the IILM.

In Fig. 4, we show the evaluation of 𝐶2 for each current quark mass in the flavor SU(3)
symmetric IILM. The coefficient 𝐶2 remains positive, independent of the order of polynomial
fitting and the current quark mass, even though its absolute value varies slightly. From this result,
we conclude that the flavor SU(3) symmetric IILM exhibits the anomaly-driven chiral symmetry
breaking.

For comparison, we performed the quenched simulations with three different current quarks
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Figure 5: Free energy versus quark condensate.
This figure is based on the work [11].

Figure 6: Coefficient 𝐶2 for different cur-
rent quark masses. This figure is based on the
work [11].

masses: 𝑚 = 2.8, 14 and 28 MeV, which are lighter than those used in the full calculations. In the
quenched calculations, the current quark mass refers to the mass included in the quark propagator
of Eq. (4). In Fig. 5, we present the plot of the free energy versus the quark condensate, obtained
in a similar manner. This result indicates that chiral symmetry is also dynamically broken in the
vacuum for the quenched system.

Figure 6 illustrates the values of 𝐶2 for each current quark mass in the quenched calculation.
We observe that the curvature has a negative value. This result suggests that chiral symmetry is
dynamically broken in the ordinary way when the system excludes the instanton-quark interaction
is absent.

5. Conclusion

The realization of the anomaly-driven chiral symmetry breaking in the flavor SU(3) symmetric
IILM can be understood as follows. We have defined the anomaly-driven breaking as a breaking
pattern in which chiral symmetry is dynamically broken in the vacuum, and the curvature of the
vacuum energy density at the origin, as given in Eq. (1), is positive. As investigated in the previous
study [6], such a scenario occurs, for example, in the three-flavor NJL model, when the attractive
interaction between quarks is not sufficiently strong, but the KMT term is sufficiently strong. The
KMT term, which introduces the axial anomaly, is expressed as a six-quark interaction. This
interaction can be understood as part of the ’t Hooft vertex in the three-flavor case [17]. In the
context of the IILM, the ’t Hooft vertex is incorporated into the quark determinant in Eq. (2).
Therefore, full calculations that properly account for the quark determinant inherently include the ’t
Hooft vertex. Consequently, it is natural to interpret that the IILM with three-flavor quarks exhibits
the anomaly-driven chiral symmetry breaking.

The results of the quenched calculations support this interpretation. In the quenched approx-
imation, the quark determinant is set to unity, effectively suppressing the effects of the instanton-
quark interaction. As a consequence, the interaction corresponding to the six-quark KMT term
is absent, and the anomaly-driven chiral symmetry breaking does not occur. This absence of the
instanton-quark interaction manifests as a negative curvature, 𝐶2 < 0, in the quenched calculation.
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6. Outlook

Currently, we are interested in two directions for further developing our work. The first is the
investigation of chiral symmetry breaking patterns in intermediate flavor regimes, such as 𝑁 𝑓 = 2
and 𝑁 𝑓 = 2 + 1. When considering three quark flavors, a six-quark interaction like the KMT term
arises but does not appear for 𝑁 𝑓 = 0, 1 or 2. The second direction is to examine whether the
consequences of the anomaly-driven chiral symmetry breaking can also be reproduced in the IILM.
The previous study concluded that the sigma meson, as the chiral partner of the pion, becomes
lighter than approximately 800 MeV. This investigation is crucial for linking the discussion based
on the curvature sign of the free energy to actual physical observables.
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