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1. Introduction

Quantum chromodynamics (QCD) is the fundamental theory of the strong interactions, and its
analytical solving is important to understand the vacuum structure and non-perturbative phenomena
in QCD. However, it is a difficult problem due to its strong-coupling nature in the low-energy region.

Quark confinement is a typical example of non-perturbative QCD phenomena and under-
standing its mechanism is one of the most challenging problems in four-dimensional (4D) QCD.
Although it has not yet been solved in an analytical manner, it is known that this phenomenon is
characterized by a linear interquark potential [1] and one-dimensional squeezing of color-electric
fields [2]. Compared with the ordinary waves (e.g., electromagnetic fluxes) which spread over three-
dimensional space, this one-dimensional color-flux squeezing is a singular phenomenon. This can
be regarded as a reduction of the spatial dimension by two and can be considered as a kind of
low-dimensionalization.

A famous example of low-dimensionalization is related to a random magnetic system. Indeed,
G. Parisi and N. Sourlas showed the equivalence of a d-dimensional spin system under Gaussian
random magnetic fields and the (d — 2)-dimensional system without magnetic fields (the Parisi-
Sourlas mechanism) [3]. The QCD vacuum also has a random structure of magnetic fields. In
1977, G.K. Savvidy pointed out that the QCD vacuum is filled with color magnetic fields [4], and
J. Ambjorn and P. Olesen found that the magnetic fields have a random structure at a large scale,
which is called the Copenhagen (spaghetti) vacuum [5]. Thus, there might be some connection
between the low-dimensionalization in 4D QCD and the Parisi-Sourlas mechanism, where random
magnetic fields play an important role [6].

As another scenario of the low-dimensionalization of QCD, J. Greensite and S. Olejnik studied
quark confinement via dimensional reduction in 2+1 dimensional Yang-Mills theory, assuming an
approximate form for the ground-state vacuum in the temporal gauge [7].

In any case, “low-dimensionalization” might be a key concept in 4D QCD and give some
hints for understanding the mechanism of quark confinement. Therefore, we study the low-
dimensionalization properties of 4D QCD in this paper. In particular, we explore the possibility
of describing 4D QCD in terms of 2D QCD-like degrees of freedom. As a strategy, we use gauge
degrees of freedom and propose a new gauge fixing of “dimensional reduction (DR) gauge” [8].

This paper is organized as follows. In Sec. 2, we formulate the DR gauge and ¢z-projection in
both continuous and lattice spacetime. The lattice QCD calculations and numerical analyses in the
DR gauge are performed in Sec. 3. In Sec. 4, we discuss on a 2D modeling of 4D QCD in the DR
gauge with an approximation. Section 5 is devoted for the summary and concluding remarks.

2. Dimensional Reduction Gauge

2.1 Formalism of DR gauge in continuum QCD

We define the dimensional reduction (DR) gauge [8] so as to minimize the following function,

RpR = / d*s Y Tr[AL(s)’] = /d“s Tr [Ax(5)* + Ay (5)*] QY

1=x,y
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with the gauge transformation. In this paper, we use the subscript “L” to represent x- and y-
directions, i.e., L= x, y. From the definition (1), the amplitudes of A, (s) and A, (s) are considered
to be suppressed in the DR gauge. Since Rpr does not contain a temporal-component A, (s), the
DR gauge can be defined in both Minkowski and Euclidean spacetime. The local condition of the
DR gauge is written as

0,A; =0xAx+0,A, =0. 2)

This is alow-dimensional version of the Landau gauge (9, A, = 0) or the Coulomb gauge (V-A = 0).
The 4D Yang-Mills (YM) action in the DR gauge is expressed by

SDR:/d4s

where G, = 0,A, — 0,A, +ig[A,, A,] is the field strength tensor with gauge coupling g. The

1 1
~3Tr Gy GH” + o~ > Tr(0.AL)

L=x,y

) 3)

first term in (3) is a usual gauge-invariant 4D YM action, and the second a gauge-fixing term for
the DR gauge. Despite the gauge-fixing term, the action (3) has a residual gauge symmetry for a
transformation with Q(z, z) € SU(N,),

Arz(s) — Qt.2) (&,ASH%@,Z)QT(LZ), “)
AL(s) — Q,2) (AL(S)+é5¢)QT(t,z)=Q(t,z)A¢(S)QT(t,Z)- &)

The action (3) is invariant under the gauge transformation, and this residual symmetry is the same
as the gauge symmetry of 2D QCD on a ¢-z plane.

To explore the possibility of a 2D description of 4D QCD in terms of A;(s) and A,(s), we
introduce “fz-projection” as the removal of x- and y-directed gluons, A, (s) and A, (s), from the
gauge configuration generated in lattice QCD [8]. In fact, the 7z-projection is defined as follows,

tz-projection : Ayy(s) — 0. (6)

Applying the ¢z-projection, the 4D DR-gauged QCD action (3) becomes

S]tDZR:/dxdy/dtdz

at the tree level. Ignoring the integral with respect to x and y, the first term in (7) is the same as

Tr Gy, + ) Tr{(0.A4))* - (0,4:)°} 0

1=x,y

the 2D YM action on a -z plane. The second term represents a deviation from the 2D YM action,
which is interpreted as x- or y-directed derivative interaction between 2D systems.

Thus, after the ¢z-projection (6), 4D DR-gauged QCD can be expressed as 2D QCD-like
systems on 7-z planes. These -z planes are cross sections of 4D continuous spacetime, and there is
the x- or y-directed derivative interaction between these cross sections.

2.2 Lattice QCD formalism for DR gauge

We formulate SU(N,) lattice QCD on a 4D lattice with spacing a in the Euclidean spacetime. In
lattice QCD, the gluon field is described as the link-variable Uy, (s) = e'@84u(s) ¢ SU(N,), instead
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of A, (s) € su(N.). We use the standard plaquette action S = 8 3 [1 - NLC Zu<y RETr Py (s)

with 8 = 2N../g? and the plaquette variable, Puy(s) = Uu(s)U, (s + au)UZ(s + aV)UZ(s). Here,
a,, is the p-directed four vector of length a.
In lattice QCD, the DR gauge is defined so as to maximize

R = > > ReTr [U(s)] = ) ReTr [Uy(s) + Uy(s)] (8)

s 1l=x,y

with gauge transformation. The variation of Rlat for local gauge transformation is expressed with

€ su(N,), 9

traceless

Dor(s)= N AL Auls) = i |Vl = UL )]

1=x,y

where 0 is the backward derivative in the L-direction. A (s) is a lattice gluon field, and the
subscript “traceless” means the subtraction of its trace. Taking the continuum limit (¢ — 0), this
lattice definition with (8) leads to the continuum definition of the DR gauge (2) since the backward
derivative becomes the usual derivative. The ¢z-projection on a lattice is defined as

tz-projection : Ux,y(s) = 1. (10)

Then, the ¢z-projected plaquette action becomes

s :ﬂZS: [{1 - NicReTrPtz(s)} ) {1 - — Y ReTr[U,(s)U], (Haﬁ]}]- an

u=t,z CJ_ =X,y

Similarly in the continuum case, the first term of (11) is the plaquette lattice action of the 2D
YM theory, and the second term the interaction between neighboring #-z planes in terms of link-
variables. Thus, in lattice QCD, the tz-projection (10) reduces the 4D DR-gauged YM theory to
2D QCD-like systems on -z planes as shown in Fig.1. These 2D systems are piled in the x- and
y-directions, and they interact with their neighboring planes in these directions.

2D QCD-like systems

{7

» 1l=x,y

Figure 1: Schematic figure of the reduction of 4D QCD into 2D QCD-like systems under the #z-projection
in the DR gauge. The 7z-projected 4D QCD system is reduced to 2D QCD-like systems piled in the x- and
y-directions. These 2D QCD-like systems interact with their neighbors, as shown by the wavy dotted lines.
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3. Numerical Calculation

To investigate non-perturbative properties of the 4D DR-gauged YM theory, we perform
SU(N,) lattice QCD simulations at the quenched level. We use the standard plaquette action with
B = 6.0 and L* = 24*, corresponding to the lattice spacing @ ~ 0.1 fm and the total volume
L* ~ (2.4 fm)*. We use the pseudo-heat bath algorithm and generate 800 gauge configurations,
which are picked up every 1,000 sweeps after 20,000 sweeps for thermalization.

After the importance sampling, we perform the DR gauge fixing by numerically maximizing
the function (8) for each configuration using the iterative maximization algorithm, similar to the
setting of the Landau/Coulomb gauge fixing [6, 9]. To achieve fast convergence of the algorithm,
we adopt the over-relaxation (OR) method with the OR parameter 1.6. When R};‘}{ is maximized, the
variation (9) has to be zero. As a numerical convergence criterion, we impose that the maximization
of R stops when epg = xy- 3, Tr [ADR(S)AER(S)] < 4.0 x 10712 is satisfied.

The vacuum expectation value (VEV) is estimated using the Monte Carlo method and the error
is estimated with the jackknife method. We use (---) as a usual VEV and (---)pr as a VEV

calculated with DR-gauged configurations.

3.1 Suppression of gauge amplitudes in the DR gauge

To begin with, we investigate the suppression of gauge amplitudes A, (s) and A (s) in the DR
gauge. We calculate a distance between a link-variable U, (1= x,y) and the unit matrix / since
A, = Ocorresponds U, = @84+ = . Denoting the distance between matrices A and B as d(A, B),
we define the squared distance as d(A, B)? = ﬁcTr [(A -B)"(A - B)] , which is proportional to
the Frobenius norm of the matrix (A — B) [8].

The distance between an x- or y-directed link variable U, and a unit matrix / is calculated as

1
(d(U,D*pr=1- ~-ReTr Uy = 0.076. (12)
C

)
suppression of the amplitudes of A,(s) and A, (s) in the DR gauge.

Since (d(U,, ND*H=1- NLCReTr U, € [O 3] holds in SU(3) case [8], the result (12) shows a strong

3.2 Spatial correlation of spatial-links in DR gauge

In the previous subsection, it is found that the amplitudes of A, (s) (L= x,y) are strongly
suppressed in the DR gauge. Next, we consider the spatial correlation of A, (s) in the L-direction.
We define the spatial correlation of two L-directed link-variables U (s) in the DR gauge as

2 2
F(r) = - (T UL OU (. )on = £0A% 00A (rapon+{ 1 - (4200w [+0(a"). (13)

where L takes x or y. The right hand side is derived from the expansion of link-variables with
respect to gauge fields, and its first term is the gluon propagator. We calculate this correlation F ()
in SU(3) lattice QCD.

Figure 2 shows the lattice QCD result for F(r) at 8 = 6.0. The lattice data denoted by dots are
well reproduced with the exponential function

F(r)~Ae ™"+ B, A=~0.155 M, ~0.87a"', B=~0..85l. (14)
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The behavior of the gluon propagator is described with A and M, and a constant of the second
term in Eq. (13) corresponds to B.

The propagation of A, (s) in the L-direction is exponential. The behavior is controlled by the
parameter M, which can be regarded as the effective mass of A, (s). Thus, the spatial effective
mass of A, (s) is estimated to be M, =~ 1.71 GeV, and x- and y-components of gluon fields seem
to be massive in the DR gauge. Thus, A,(s) and A, (s) are inactive in the infrared region, and
therefore A;(s) and A, (s) are considered to be dominant for quark confinement in the DR gauge.

1.00
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0.88
0.86

0 2 4 6 8 10 12
rlal

Figure 2: The spatial correlation of L-directed link-variables, F(r) = N% (Tr U, (0) UI (ray))pr (L=x,y),
in lattice QCD at 8 = 6.0. The dots are the lattice data, and the solid line the best exponential fit Ae Mir 4 B
with A =~ 0.155, M, ~ 1.71 GeV and B ~ 0.851. This figure is taken from Ref. [8].

3.3 Wilson loops in DR-gauged QCD

In the DR gauge, A, (s) and A, (s) seem to have a large effective mass, and therefore we expect
them to be inactive in the infrared region and the other components, A;(s) and A, (), to be dominant
for quark confinement. This conjecture is inspired by confinement studies in the maximally abelian
(MA) gauge, which keeps partial U(1)N<~! gauge symmetry and strongly suppresses the amplitudes
of off-diagonal gluon components A7 (s) [10, 11]. In the MA gauge, A;j(s) have a large effective
mass of Mg =~ 1 GeV [12, 13], and the string tension is perfectly reproduced only with the diagonal
components [11]. From the analogies summarized in Table 1, the low-energy phenomena in 4D
QCD might be described only with A;(s) and A,(s) in the DR gauge. To examine this conjecture,
we investigate Wilson loops with applying the 7z-projection in the DR gauge in lattice QCD [8].

DR gauge MA gauge
Minimized functional | Rpr = [ d*s ¥, -, , Tr[AL(s)?] | Rua = [d*s 3, o [AZ(9)A,%(s)]
Residual symmetry 2D SU(N,) gauge symmetry 4D U(1)Ne~! gauge symmetry
Suppressed gluons A (x- and y-components) Ay (off-diagonal components)
Effective gluon mass M, ~ 1.7 GeV Myg = 1 GeV

Table 1: Comparison of the DR gauge and the MA gauge. Both gauges are defined in a similar manner to
minimize some functional, listed in the first row. In the DR gauge, 2D SU(N,) gauge symmetry remains, the
amplitudes of x- and y-components A (s) of gluons are suppressed, and A (s) have a large effective mass
of M, ~ 1.7 GeV. In the MA gauge, 4D U(1)Ne~! gauge symmetry remains, the amplitudes of off-diagonal
gluons A (s) are suppressed, and Aj; (s) have a large effective mass of Mo ~ 1 GeV [12, 13].
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3.3.1 rz-projected Wilson loop

First, we calculate the 7z-projected Wilson loop (W'?(r,T))pr [8] after the DR gauge fixing
and applying the tz-projection of A, , — 0 for the gauge configuration obtained in lattice QCD.
Since all loops on the ¢-z plane are trivially unaffected by the 7z-projection (10), we focus on Wilson
loops on -1 (L= x,y) planes. The 7z-projected interquark potential V'%(r) is obtained as

(W'(r,T))pgr = Ae” V" (T (15)

in the accurate lattice calculation using the gauge-covariant smearing method [14, 15].

Figure 3 shows the lattice QCD result of the 7z-projected interquark potential V*#(r) in the DR
gauge, plotted against the interquark distance r. The dots denote the ¢z-projected potential V% (r)
in the DR gauge, and the solid line the original interquark potential calculated in SU(3) lattice QCD
[15]. The rz-projected potential V'*(r) is in good agreement with the original potential. This result
shows that the interquark potential is reproduced only with A, (s) and A, (s) in the DR gauge.

3.0 1.0
0.8
_20 ~
% 0.6
015 =
— >
§1.0 %0_4++++++++++++
0.5 0.2
00 - o e o e e e o e e ° °
00 02 04 06 08 10 12 14 0.0 5 4 6 8 10 12

r [fm] T [a]

Figure 3: The rz-projected interquark potential
V'2(r), calculated from (W'?(r,T))pr on the ¢-L
plane in lattice QCD. The solid line denotes the orig-

Figure 4: T-dependence of the xy-projected Wilson
loop (W*¥(r,T))pr in the DR gauge for several r,
i.e.,r = 1 (green square), r = 3 (red diamond), r = 6

inal static intrequark potential. Taken from Ref. [8]. (orange circle) and r = 9 (orange triangle) [8].

3.3.2 xy-projected Wilson loop

Next, we examine the contribution of A, (s) to quark confinement. As an opposite operation
to the rz-projection, we define “xy-projection” by the replacement of A, (s) and A, (s) by zero,

Xy-projection : A= 06 U,—1, (16)

for the gauge configuration obtained in lattice QCD. We apply the xy-projection to the gauge
configurations and calculate the xy-projected Wilson loop {W*Y(r, T))pr.

Figure 4 shows the xy-projected Wilson loop (W*Y(r,T))pr plotted against the temporal
length 7, and (W*Y(r,T))pr is found to be independent of 7. Similarly to the ordinary potential,
we define the xy-projected interquark potential V*> (r) from (W*Y (r, T))pr and find it to be zero,

1
V*(r) = - Tlim T In(W*Y(r,T))pr =0, a7

because (W*Y(r,T))pr is a T-independent constant for each r, as shown in Fig. 4.

This result seems to indicate a tiny contribution of A, (s) and A, (s) to quark confinement in
the DR gauge. Although they might make some contribution in the full (non-projected) Wilson loop
due to the non-Abelian property of link-variables, their contribution is considered to be negligible.
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3.4 Spatial correlation of temporal-links in DR gauge

The results in the previous subsection show a dominant role of A;(s) and A,(s) for quark
confinement in the DR gauge. As an interesting possibility, low-energy phenomena in 4D DR-
gauged QCD could be described only with 2D degrees of freedom, i.e., A;(s) and A,(s). To
examine this possibility, we here focus on the deviation between 2D QCD and ¢z-projected 4D
QCD in the DR gauge.

The deviation between 2D QCD and tz-projected 4D QCD in the DR gauge is the additional
derivative interaction in (7), which is written in lattice formalism as the second term of (11),

/32 Z {1—% Z ReTr [U,l(s)UL(s+aL)]}. (18)

s p=t,z ¢ 1=xy
The _L-directed local interaction induces a non-local correlation of ¢- or z-directed link-variables in
the L-directions, as schematically depicted in Fig. 5. This non-local correlation is unchanged by
the exchange of ¢ and z in Euclidean spacetime since # and z are symmetric in this interaction (18).
Then, using lattice QCD, we investigate the L-directed spatial correlation C(r) of two temporal
link-variables in the DR gauge:

C(r)= NL(ReTr Ut(s)U:(s +ra,))pr = %(ReTr Uz(s)UZ(s +ra,))pr- (19)

In this subsection, a, is used as a lattice unit vector on the x-y plane, and both on-axis and off-axis
correlations are calculated.

1.0f ~
0.8
,:0.6
1__ _T'_ _ 1. ] 0.4
t f 1 0.2
Ui (s) Ui(s +ray) 0.0

I/Z | — 0 2 4 6 8 10 12

rla]

C g > X,y
Figure 6: The L-directed spatial correlation
Figure 5: Schematic figure of the spatial correla- between two temporal link-variables in the DR
tion between link-variables U, (s) and U] (s+ra, ) gauge. The dots are the lattice QCD data at
on the ¢-z planes separated by r in the L-direction. B = 6.0, and the solid line the best exponential fit

Ae ™™ with A =~ 0.83 and m ~ 0.64 GeV.

Figure 6 shows the L-directed spatial correlation C(r) of two temporal link-variables plotted
against distance r in the DR gauge in SU(3) lattice QCD at 8 = 6.0. This result is well reproduced
by the exponential function

C(r)~Ae™, A=~083 m=0.32a"=~0.64GeV. (20)

Thus, in the DR gauge, the propagation of U, (s) and U,(s) in the L-direction is massive with the
effective mass of m ~ 0.64 GeV, and their correlation length £ in the L-direction is given by

1
£=—=0311m, 1)
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The spatial correlation C(r) becomes small enough in larger region than the correlation length &.
Thus, the range of this L-directed correlation is approximately &, and it is a short-range correlation.

4. Two-dimensional Modeling of Non-perturbative 4D QCD

In this section, we consider a 2D QCD-like modeling of #z-projected 4D QCD in the DR
gauge. The result in the subsection 3.4 shows that there is an exponential correlation of link-
variables U, (s) (u = t,z) between two t-z planes in the L-direction (L= x,y). To take the effect
from the correlation C(r) with an analytical manner, we make a crude approximation of replacing
the correlation C(r) by a step function as shown in Fig. 7,

1 (r<é)
C(r)y = 0(&-r)= 22
(r) = 6(§-r) {0 > &) (22)
with the correlation length ¢ defined in Eq. (21).
§
C(r) —
1 A\
AN " N
\
\
\
\\
- AANNNN
0 ¢ : correlation Ie;g_th ] X

Figure 7: A crude approximation of the spatial ~ Figure 8: Schematic figure of DR-gauged QCD
correlation C(r). The broken line is the expo-  under the approximation (22). 2D QCD lives on
nential correlation, and the solid line the approx-  each layer, and 2D QCDs on different layers are
imated step-functional correlation. independent and do not interact with each other

This approximation means
C(r) = N%_(ReTr U, (s)U, (s +ra))pr = NLC(ReTr U (s)Ul(s+ra)pr=1 (r<&), (23)
ie., Ui(s) =Ui(s+ray),U,(s) = U,(s+ray) in the shorter region of r < £. In contrast, one finds
C(r)= NLC(ReTr Ut(s)U;f(s +ra,))pr = NLC<ReTr Uz(s)Ui(s +ra))pr=0 (r<é), (24

which physically means that U, (s) and U, (s + ra, ) have no correlation in the x- and y-directions
in the larger region of » > £.

After the approximation (22), tz-projected 4D QCD in the DR gauge can be regarded as an
ensemble of 2D QCD systems on #-z layers, which have the width of £ and are piled in the x- and
y-directions, as shown in Fig. 8. Within each layer, A,(s) and A,(s) are uniform in the x- and
y-directions, and these 2D QCD systems are independent and do not interact with each other.
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These independent 7-z layers are labeled by two integers i and j (instead of x- and y-coordinates),
and the gluon fields A, (s) on the layer can be expressed as 2D-like fields,

Au(s) = Au(i€, jét,2) = AlL(t,2)  (u=1,2) (25)

with I = (i, j). Here, the subscript u takes only ¢ or z since A, (s) (L= x, y) are removed by the
tz-projection (6). Rescaling AL (1, z) with the correlation length &, 2D field variables are obtained,

AlL(1,2) = €AL(t,2), G, = 0, AL - 8, AL +ig [AL AL, (26)

where gﬁv is the 2D field strength with the 2D gauge coupling g = g/¢&.
Using these 2D field variables, the 4D action (7) can be reduced to the 2D QCD action,

1 1
Stk = / didz ) 5Tr (6,6 = / didz 761,63 Gy 27)
1
where the derivative interactions in (7) have been dropped off by the approximation (22). As a
general argument in 2D QCD, the gauge coupling has a mass dimension, and the mass scale is
determined by hand. However, in DR-gauged QCD, the mass scale of the 2D gauge coupling is
automatically determined by the correlation length £ such as g = g/£.

From this reduced 2D action S’z

pr- the z-directed interquark potential on a 7-z layer is calculated

at the tree-level as [8]
g°4 2
Viree (1) = 53 =0wr. o= (28)
This potential Vi () is proportional to the interquark distance r, and it is a linear potential with
the 2D string tension o»p. Using g = 1.0 (i.e., 8 = 6/g% = 6.0) and & = 0.31 fm, the 2D coupling g

is calculated as g =~ 0.64 GeV, and the 2D string tension in Eq. (28) is evaluated as
2
o = 397 = 1.37 GeV /fm, (29)

which seems to be consistent with the 4D QCD string tension o =~ 0.89 GeV/fm in spite of the
crude approximation (22).

5.  Summary and Discussions on ''Dual Graphen'' and '""Hologram QCD"

In this paper, we have studied low-dimensionalization of 4D QCD. We have proposed a new
gauge fixing of “dimensional reduction (DR) gauge”. Defining ¢z-projection as the replacement of
Ay y(s) — 0 and applying it, 4D DR-gauged QCD is reduced into an ensemble of 2D QCD-like
systems, which are piled in the x- and y-directions and interact with neighboring planes.

We have investigated low-dimensionalization properties of 4D DR-gauged QCD in SU(3) lattice
QCD at 8 = 6.0. We have found that, in the DR gauge, the amplitudes of two gauge components
Ax(s) and A, (s) are strongly suppressed, and these components have the large effective mass of
M, ~ 1.7 GeV, which indicates that A, (s) and A, (s) are inactive in the infrared region.

Next, we have calculated the Wilson loops with the fz-projection, and have found that the
static interquark potential is well reproduced only with A;(s) and A,(s). In contrast, x- and y-
components, A, (s) and A, (s), have been demonstrated to be inactive in the infrared region. Then,

10
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we have proposed the possibility that low-energy phenomena in 4D DR-gauged QCD are described
with 2D degrees of freedom, i.e., A;(s) and A, (s).

Focusing on the deviation between 4D tz-projected QCD in the DR gauge and 2D QCD, we
have calculated the spatial correlation of two temporal links, which is induced by the deviation.
The correlation C(r) has been found to decrease exponentially with the exponent of m ~ 0.64 GeV,
which corresponds to the correlation length ¢ = 1/m =~ 0.31 fm. According to this result, we
have reduced 4D DR-gauged QCD to 2D QCD with the gauge coupling of g = g/&, and we have
approximately reproduced the string tension of o»p =~ 1.37 GeV/fm.

As a future work, it is interesting to consider the quark degrees of freedom. In the DR gauge,
the gluon propagation in the x- and y-directions is suppressed, and gluons tend to be bounded on
each t-z plane. However, quarks are not expected to be bounded on the ¢-z plane. In fact, 4D
DR-gauged QCD would be a system where gluons (bosons) are bounded on each #-z plane and
quarks (fermions) propagate between the planes. This system is similar to the graphene, where
electrons (fermions) are bounded on each 2D plane and photons (bosons) propagate between planes
[16]. Thus, the QCD system in the DR gauge can be regarded as the “dual” graphene, where roles
of fermion and boson are reversed.

In the DR gauge, A;(s) and A,(s) are considered to be strongly correlated and propagate
over long distances in the ¢- and z-directions, like 2D QCD on the ¢-z plane. However, the spatial
correlation C(r) of two temporal link-variables decreases exponentially, and this means that the
propagation of A;(s) and A,(s) in the x- and y-directions is suppressed in the DR gauge. Thus, in
the DR gauge, A,(s) and A,(s) seem to have anisotropic masses. This property seems to suggest
a similarity between 4D DR-gauged QCD and a fracton system [17], where the propagation of an
quasiparticle excitation is restricted in some direction.

In the infrared region, we have found that 4D QCD in the DR gauge is described with only 2D
gauge degrees of freedom. This suggests that infrared essence of 4D QCD can be expressed with
two-dimensional degrees of freedom. Then, as an interesting possibility, we propose an idea of
“hologram QCD” that 4D infrared QCD is a “holograph” which is constructed from a “hologram”
of the essential 2D field variables [8].
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