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The residual gauge symmetry(RGS) is the local gauge symmetry remaining even after imposing
the gauge fixing condition. Although this symmetry is “spontaneously broken” in the perturbative
vacuum, it can be restored in the true confining vacuum of QCD. Therefore, a color confinement
criterion is obtained as the condition of restoration of the RGS, namely, disappearance of the
massless Nambu-Goldstone pole associated with this spontaneous breaking, provided that the
color confinement phase is a disordered phase where all internal symmetries remain unbroken.
In the Lorenz gauge, indeed, it was shown by Hata that the restoration condition is identical to
the Kugo-Ojima color confinement criterion, if the gauge transformation function w(x) for the
residual gauge symmetry is taken to be linear in x. However, this result was obtained without
regard to topological configurations. In this talk, we reconsider this issue by taking into account
topological defects that are expected to play the dominant role for realizing confinement in the
non-perturbative way.
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1. Introduction

Quark confinement is well understood within the framework of the dual superconductor picture,
where the condensation of magnetic monopoles and antimonopoles occurs [1], which is also
developed from a gauge independent perspective [2]. However, in more general cases including
gluons and composite particles such as hadrons and glueballs, the dual superconductor picture
provides less clear understanding.

In this context, we revisit the Kugo-Ojima (KO) color confinement criterion proposed by Kugo
and Ojima [3]: if the KO criterion is satisfied, all colored objects cannot be observed. However, the
KO criterion was derived only in the Lorenz gauge 6¥.<7, = 0 and cannot be applied to the other
gauge-fixing conditions.

In the Lorenz gauge, the KO criterion is also derived as the condition of the restoration of the
residual gauge symmetry (RGS) with the special choice of the gauge transformation function w(x)
by Hata [4]. The RGS is the local gauge symmetry remaining even after imposing the gauge fixing
condition. This symmetry is “spontaneously broken” in the perturbative vacuum. Since we consider
the color confinement phase to be a disordered phase where all of symmetries are unbroken, the RGS
should be also restored in the true confining vacuum of QCD. Then, we can consider the condition
of the restoration as the disappearance of the massless Nambu-Goldstone(NG) pole associated with
this sponteneously breaking.

We try to generalize the condition of the restoration of the RGS into more general case including
topological configurations [5]. To correctly take into account topological configurations, we must
consider a finite gauge transformation, although we have used the infinitesimal gauge transformation
in the previous work. In this talk, we reconsider the condition of the restoration of the RGS by
taking into account topological configurations.

2. The restoration condition of the RGS in the Lorenz gauge
In the manifestly Lorentz covariant operator formalism on the indefinite metric state space V,

we suppose that the (nilpotent) BRST symmetry exists. Let Vs be the physical state space with
a semi-positive definite metric (phys|phys) > 0, which is defined by using the BRST charge Qg:

Vonys = {Iphys) € V; Qg |phys) =0} ¢ V. (1)
Here, we choose the Lorenz gauge fixing:
o' (x) = 0. )
Then, the Lagrangian density in the Lorenz gauge is given by using BRST transformation dg as
£ = Lym + ZLoFrp,

1 X0y -
D%YM = _Z J\ﬁycg‘\#VA + _3127r2 ij*y#VA, D%GF+FP = —i0p {CKA (6“%#‘4 + %%A)} , 3)



Restoration of RGS due to topological defects and color confinement Naoki Fukushima

where ¥ is the topological angle. We consider the generalized (finite) local gauge transformation
U(x):
Su )y (x) =Qu(x) + U (x) Ay (x)U" (x) = ) (x), Qu(x) :=ig ' U(x)d,U" (x),

SuB(x) =U(x) B(x)U" (x) - B(x),

Su6 (x) =UX)E (U (x) = €(x), 506 (x) = UX)E (U (x) = C(x). )
For U(x) to be a RGS for the Lorenz gauge, U(x) should satisfy

0=0"oye,(x) & 0=0"(Qu(x)+ U(x);z{,,(x)U%(x)). (5)

The infinitesimal version U = ¢’8“™*) ~ 1 +igw(x) is given by

0wy (x) = Dyw(x), 0o AB(x) = g(B X w), §,C(x) =g(¢ Xw), 85,F (x) = g(€ xw). (6)

In discussing the Nambu-Goldstone pole (and the restoration of the RGS), it is enough to con-
sider the infinitesimal gauge transformation. We can calculate the Noether current ¢ associated
with (6). Then the divergence of this current is equal to the transformation of the Lagrangian density
under the transformation (6)

5;4/5 = 0L =0, LGF+rp = —10,0B [%ZA ((W‘MﬂA + %%A)]
— _i5d,, [<£A (aﬂd;‘ + %%A)] = —i680, [€A0" /1] = ids[(Z, €)M w?,  (7)

where we have used the fact that the gauge transformtion and the BRST transformation commute
[5]. Therefore, the local current ¢, b is conserved in the physical state space Vphys according to (1),
because (7) is BRST exact. We follow the idea of Hata for enlarging the concept of the symmetry
by combining the state in the quantum theory without being restricted to the Noether method in the
classical theory.

The restoration condition of the RGS is written as the condition of the disappearance of the
massless Nambu-Goldstone pole. In a single gauge field sector ® = <78(y), we focus on the
following Ward-Takahashi (WT) identity

i0) ( FE)®@) = 6 (x = y) (609, (X)) +i (0 ()] (). ®)

Performing the Fourier transformation, we obtain

i [ dPx PG FEWAEO) = Cut O+ [ dPx O (60,2 (0)E ().

©)
From (7), the last term of (9) is reduced to
i/ dPx P (5, L (x) AP () = —/ dPx P R0 (x) ((2,6) (x)B. ()
=- / dPux 9w (x) [a‘%é’%x—w + (g#p - a‘(;—;’) (g x O D ()|
: : (10)
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where we have used (6g[- - - ]) = 0 and the Schwinger-Dyson equation f du &%(x)(eis F)=0
Thus we obtain the restoration condition of the RGS in the single gauge field sector 272 (y) in
the p — 0 limit of (9): [6]

XX
v

1B := lim [ dPx P304 (x) (gw, -

) J 64560 = ) 41 - )

62

=0 restoration
. 1)
# 0 no restoration
where we have defined the Kugo-Ojima (KO) function 42 in the configuration space
.X .X axax
v
(gpp 82 ) (8(? x ) (x)(2,6)" (y)) := (g,w - ’(;2 )uAB(x - ). (12)
X

In the non-compact gauge theory, it is enough to consider the infinitesimal gauge transformation
and the RGS 0#w?(x) = 64€bH (C is an arbitrary component of the Lie algebra). Indeed, (11) is
reduced to the Kugo-Ojima criterion as shown by Hata [4]

0= lim [64% +uB(p?)]. (13)

p?—0

3. Construction of the residual gauge symmetry

3.1 Witten Ansatz

For concreteness, we restrict the gauge group to SU(2) and consider the Euclidean spacetime.

The element U = ¢!9"" 5" of SU (2) group is written as
U(x) = exp (i@(x)nA(x)%) %+lsn 2) nA(0)oa (A =1,2,3), (14)

where n(x) is a three-dimensional unit vector: n(x) - n(x) = n(x)n(x) = 1 and 6(x) is an angle
of the rotation around n(x). The pure gauge form is given by

Q,(x) =iU(x)0, U (x) = - [0,0(x)n(x) +sinO(x)d,n(x) + (1 — cosH(x)) (9, n(x) xn(x))].
(15)

If we require the spherical symmetry in space R3 and adopt

XA
nd =22 r= ,/x% +x§ +x§, (16)
r

we obtain
. oaxs 00
Qo(x) =iUsU" = 22—,
0(x) = iUdo 2 r Ot
i_0a xij()Q 61Ar —XjXA Ej AKXk
Qi(x) =iU0,;U" = - 5 3 inf — 5—[1—cosé] . a7
2 or r- r
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This obserbation suggests the Witten Ansatz [7] for the SU(2) Yang-Mills field with cylindrical
symmetry in R*:

~ (¥) = Ao (1),

XX §iart —xix Ei AKX
0 = LA+ L R ) - L L (0] (= 1.23), (18)

where ¢ is the Euclidean time and r is the spatial radius. Though the Witten Ansatz was originally
introduced to derive the multi-instanton solution of the self-dual equation .%,, = +*.%,, in the
D = 4 Euclidean space (¢, x1, x2,x3), we use this Ansatz to simplify the equation (5) for discussing
existence of the RGS.

Under this Ansatz, the Euclidean Yang-Mills Lagrangian density is rewritten in terms of the
Ansatz functions into

1 9 . 1 1(1 o )
LM = Zy;fv(x)‘glf"(x) + mﬁyv yﬂv = 5(9413)2 + 5 (Egjkfﬁl?t’) + m‘?ﬂ" gf“’
1

1 1 9
= r—szQDaDyQDa + ZF/“/F'“V + ﬁ(l - gDa(,Da)Z + WSHVFHV’ (19)

where we have ignored the total derivative of the topological term [7] and used the fact that the
field strength ﬂlj‘ is given by defining F,, = 8, A, — 0,Ay, Du@a = 0upa + EapAupp (1, v =

14

0,1, a,b=1,2):

2
XiXA OiAT" —XiXA EiAkXk
o gA _N) J J J
Fay ==z o+ 3 Dogr+ —7—Doga,
1 A xijgo%+tp%—l 6]-Ar2—xij £ AKXk
~58ikeT ke =73 3 - 3 Diga+ —7—Drgr. (20)

(19) indicates that the dimensional reduction from the D = 4 SU(2) Yang-Mills theory to the D =2
(with coordinate (r,¢)) U(1) gauge-scalar theory occurs. In this dimensional reduction, the gauge
transformation U = €' 7 € SU(2) is replaced by [8]

! 0 in 0
Ap— A= Au=0,0, [F1) = [F1] = °07 P9 1)
©2 ¥5 —sinf cosf| \¢>

This is nothing but a finite U (1) gauge transformation.

3.2 Residual gauge symmetry

The Lorenz gauge condition under the Witten Ansatz is reduced to

0 (FP AL (r, 1) = 201 (r,1). (22)

In order for U = €7 7 to satisfy (5), 6 must satisfy

Ou [rZ(AM (r,t) = 0,0(r,1))] =2(cos 0(r,t)@1(r,t) +sin0(r, t)p2(r, 1))
= (9,,(1’28,19(1*, 1) =2(1 —cosb(r,1))pi(r,t) —=2sin0(r,t)pa(r,t) (u=0,1). (23)
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This is nothing but the Gribov equation [9]. For discussing spontaneous symmetry breaking, it is
enough to consider the vacuum configuration .27, = 0. This corresponds to Ag = A} = ¢; = 0 and
2 = —1. Therefore, (23) reads

8, (r*,0(r, 1)) — 2sin6(r, 1) = 0. (24)
When 6 is independent of ¢, this is simplified to
91 (r?9,6(r)) — 2sin6(r) = 0. (25)
If we define 7 := Inr and denote the differentiation with respect to 7 by dot, we can rewrite (25)
6(1) +6(t) —sinf(t) =0 (26)

This is nothing but the equation of motion of the Gribov pendulum and the solution for 6(r) indeed
exists as shown by Gribov [9].

In order to linearize the equation (25) around 6 = 6, we substitute 8(r) = 6y +(r) and extract
the linear term in J:

r26" (r) +2ré’ (r) — 2 cos 06 (r) = 2 sin By, (27)

where the prime denotes the differentiation with respect to r. This is the second order linear
differential equation of the Euler type. Therefore, the asymptotic solution forr — Oorr — oois
obtained as follows:

0y — tan Oy + Clr%(‘“V“SCOSGO) (1+8cosfy >0, r— 0)

0(r) ~ (28)

Go—tan00+C2r_%cos(% |1+800$00|1nr+a) (1+8cosfy <0, r > o)

Since (25) is a second-order differential equation, its solution 6(r) contains infinitesimal global
parameters, such as Cy and C,, which play the role of defininig the global symmetry according to
the Noether method, corresponding to 5 in Hata’s example: 04w (x) = §4CbH,

3.3 Finite action and contribution to the path integral
Under the Witten Ansatz, D = 4 Euclidean Yang-Mills action Syy = f d*x Ly is rewritten
by

© © 1 1 1 )
SYM =4 [oo d[‘/o‘ dr [ED“(,DLID#(,D“ + g”szvav + (1 - (,Da(pa)zm + @8#VF“V .

(29)

The Ansatz functions Ag, A1, ¢ and ¢, must be chosen to give a finite Euclidean action Syy < oo
so as to contribute to the path integral.

When the topological configuration is independent of ¢, in order to obtain the finite Euclidean

action (without integration over ¢ variable), we must restrict the Ansatz functions to the function
satisfying the following boundary conditions at r = 0 and r = oo:

s 3+6
D#¢a=0((%)2 l),F,u,:()((%)2 2) (r > o0, 0<61,02)
Gapa = 1+0(r1*9), Dy, = O(r~1%%), Fopy = O(r3%%5)  (r — 0, 0 < 63,04, 65)
(30)
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For D = 3, we observe that the condition (30) is not fulfilled due to the fact that ¢,¢, = 0 for
a single 't Hooft-Polyakov magnetic monopole [10] in the zero-size limit or a Wu-Yang magnetic
monopole [11], characterized by the following Ansatz functions:

EjAkXEk

Av=Ai=pi=¢r=0 © Z(x)=0, 7 (x) = 3

(3D

On the other hand, when the topological configurations depend on ¢ in the D = 4 case, we find
that a single Alfaro-Fubini-Furlan meron [12], specified by the following Ansatz functions:

2
Ao= 5. A= =25, o1 =~ 2=, (32)
results in a divergent Euclidean action, as is well known. This divergence can also be explicitly
verified by performing the full integration in (29). These topological configurations were also
considered in our previous study [5], despite their divergent Euclidean action.
For D = 3, it has been shown [13] that a 't Hooft-Polyakov magnetic monopole [10] with a
finite size yields a finite Euclidean action, with the Ansatz function:

Ag=A1=¢1 =0, ¢ #0. (33)

For D = 4, an example of a topological configuration with a finite Euclidean action is given by
the BPST instanton [14] with a nonzero size parameter A [8], described by the following Ansatz
functions:

Ao =F(r,0)r, Ay = =F(r,0)t, o1 = =F(r,t)rt, 1 + @2 = F(r,t)r%, F(r,t) = ———.

0= F(r0)r, Ay = =F(r.0t, @1 = =F(r.0rt, 1492 = F(rur’, F(r) i= 55—

(34

Thus, we can select a topological configuration that preserves the RGS while yielding a finite
Euclidean action, thereby contributing meaningfully to the path integral.

4. Conclusion and discussion

In this talk, we tried to extend the KO color confinement criterion by including the topological
configurations, formulating it as a condition for the restoration of the RGS in a single gauge field
sector. Furthermore, we have examined the existence of RGS and how the restoration of RGS can be
understood in terms of topological configurations that contribute to the path integral by introducing
the Witten Ansatz.

For a throughout understanding of confinement, it is essential to take into account interactions
among various fields, including ghost fields and gauge fields. In this context, we have provided a
physical picture in which symmetry restoration occurs due to topological configurations contributing
to the path integral. Based on this perspective, it is important to further investigate the condensation
of topological defects in arbitrary dimensions.

Since the Witten Ansatz restricts the gauge group SU(2) to the maximal torus subgroup U(1),
it is interesting to consider its relation to the Maximal Abelian gauge.

Witten Ansatz causes dimensional reduction from D = 4 SU(2) Yang-Mills theory to D = 2
U(1) gauge-scalar theory. In D = 2 U(1) gauge-scalar theory, it is known that the RGS is restored
and confinement criterion of Wilson is satisfied by the effect of instantons. It would be interesting
to explore this direction further.
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