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In the lattice gauge-scalar model with a single scalar field in the fundamental representation of the
gauge group 𝑆𝑈 (2) , we have quite recently found that there exists a gauge-independent transition line
separating the Confinement and Higgs phases without contradicting the well-known Osterwalder-
Seiler-Fradkin-Shenker analyticity theorem between the two phases by performing numerical simula-
tions without any gauge fixing. This was achieved by examining the correlation between the original
fundamental scalar field and the so-called color-direction field constructed from the gauge field
through the gauge-covariant decomposition due originally to Cho-Duan-Ge-Shabanov and Faddeev-
Niemi.
In this presentation, we give further numerical evidence for the gauge-independent separation between
the Confinement and Higgs phases in the above model to establish their physical origin. For this
purpose, we investigate the separation line precisely. We also investigate the contributions of magnetic
monopoles to examine their role in confinement from the viewpoint of the dual superconductor picture.
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1. Introduction

We investigate the gauge-scalar model on the lattice to clarify the mechanism of Confinement
in the Yang-Mills theory in the presence of matter fields. We also investigate the non-perturbative
characterization of the Brout-Englert-Higgs (BEH) mechanism [1], providing the gauge field with
the mass in a gauge-independent way (without gauge fixing). However, it is impossible to realize
the conventional BEH mechanism on the lattice unless the gauge fixing condition is imposed since
gauge non-invariant operators have vanishing vacuum expectation value on the lattice without gauge
fixing due to the Elitzur theorem [2]. This difficulty can be avoided by using the gauge-independent
description of the BEH mechanism proposed recently by one of the authors, which needs neither the
spontaneous breaking of gauge symmetry nor the non-vanishing vacuum expectation value of the scalar
field [3, 4]. Therefore, we introduce the gauge-independent description of the BEH mechanism on the
lattice and study the Higgs mechanism in a gauge-invariant way.

As for the gauge-scalar model with radially fixed scalar field (no Higgs mode) which transforms
according to the fundamental representation of the gauge group 𝑆𝑈 (2), we have quite recently found
that there exists a gauge-independent transition line separating the Confinement and Higgs phases
without contradicting the well-known Osterwalder-Seiler-Fradkin-Shenker analyticity theorem [5, 6]
between the two phases by performing numerical simulations without any gauge fixing [7]. On the
other hand, for the gauge-scalar model with a radially-fixed scalar field in the adjoint representation
of the gauge group 𝑆𝑈 (2), Brower et al. have shown that the Confinement and Higgs phases are
completely separated into two different phases by a continuous transition line in the unitary gauge [8].
However, we have recently found a new transition line that divides completely the Confinement phase
into two parts without gauge fixing [9].

This presentation gives further numerical evidence for the gauge-independent separation between
the Confinement and Higgs phases in the above model to establish its physical origin. For this purpose,
we accumulated the data for an extensive set of parameters (𝛽, 𝛾) using the method in [7, 9] with higher
statistics. We further investigate the magnetic monopole in order to clarify the physical characteristics
of each phase from the view of the dual superconductor picture.

2. SU(2) lattice gauge-scalar model and gauge covariant decomposition

We introduce the lattice SU(2) gauge-scalar model with a single scalar field in the fundamental
representation of the gauge group where the radial degrees of freedom of the scalar field is fixed (no
Higgs modes) [7]. The action of this model with the gauge coupling constant 𝛽 and the scalar coupling
constant 𝛾 is given in the standard way by

𝑆[𝑈, Θ̂] = 𝛽

2

∑︁
𝑥,𝜇>𝜈

Re tr
(
1 −𝑈𝑥,𝜇𝑈𝑥+𝜇̂,𝜈𝑈

†
𝑥+𝜈̂,𝜇𝑈

†
𝑥,𝜈

)
+ 𝛾

2

∑︁
𝑥,𝜇

Re tr
(
1 − Θ̂†

𝑥𝑈𝑥,𝜇Θ̂𝑥+𝜇̂
)
, (1)

where 𝑈𝑥,𝜇 ∈ SU(2) is a (group-valued) gauge variable on a link ⟨𝑥, 𝜇⟩, and Θ̂𝑥 ∈ SU(2) is a (matrix-
valued) scalar variable in the fundamental representation on a site 𝑥 which obeys the unit-length (or
radially fixed) condition: Θ̂†

𝑥Θ̂𝑥 = 1 = Θ̂𝑥Θ̂
†
𝑥 . This action is invariant under the local SU(2)local gauge

transformation and the global SU(2)global transformation for the link variable𝑈𝑥,𝜇 and the site variable
Θ̂𝑥: 𝑈𝑥,𝜇 ↦→ 𝑈′

𝑥,𝜇 = Ω𝑥𝑈𝑥,𝜇Ω
†
𝑥+𝜇 and Θ̂𝑥 ↦→ Θ̂′

𝑥 = Ω𝑥Θ̂𝑥Γ for Ω𝑥 ∈ SU(2)local , Γ ∈ SU(2)global .
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In our investigations, the color-direction field defined shortly plays the key role. This new
field was introduced in the framework of change of field variables which is originally based on the
gauge-covariant decomposition [10, 11] of the gauge field due to Cho-Duan-Ge-Shabanov[12–14] and
Faddeev-Niemi[15]. (see [16] for a review.)

The color-direction field on the lattice is a (Lie-algebra valued) site variable: 𝒏𝑥 := 𝑛𝐴𝑥𝜎
𝐴 ∈

su(2) − u(1) (𝐴 = 1, 2, 3) with the unit length 𝒏𝑥 · 𝒏𝑥 = 1, where 𝜎𝐴 are the Pauli matrices. We
require the transformation property of the color-direction field 𝒏𝑥 as 𝒏𝑥 ↦→ 𝒏′𝑥 = Ω𝑥𝒏𝑥Ω

†
𝑥 .

For a given gauge field configuration {𝑈𝑥,𝜇}, we determine the color-direction field configuration
{𝒏𝑥} (as the unique configuration up to the global color rotation) by minimizing the so-called reduction
functional 𝐹red [𝒏;𝑈] under the gauge transformations:

𝐹red [{𝒏}; {𝑈}] :=
∑︁
𝑥,𝜇

1
4

tr
[ (
𝐷𝜇 [𝑈]𝒏𝑥

)† (
𝐷𝜇 [𝑈]𝒏𝑥

) ]
=
∑︁
𝑥,𝜇

1
2

tr
(
1 − 𝒏𝑥𝑈𝑥,𝜇𝒏𝑥+𝜇̂𝑈

†
𝑥,𝜇

)
. (2)

In this way, a set of color-direction field configurations {𝒏𝑥} is obtained as the (implicit) functional of
the original link variables {𝑈𝑥,𝜇}, which is written symbolically as

𝒏∗ = argmin
𝒏

𝐹red [{𝒏}; {𝑈}] . (3)

This construction shows the nonlocal nature of the color-direction field.
By way of the color-direction field, the original link variable 𝑈𝑥,𝜇 ∈ SU(2) is gauge-covariantly

decomposable into the product of two field variables 𝑋𝑥,𝜇, 𝑉𝑥,𝜇 ∈ SU(2): 𝑈𝑥,𝜇 = 𝑋𝑥,𝜇𝑉𝑥,𝜇 . We
require that 𝑉𝑥,𝜇 has the transformation law in the same form as the original link variable 𝑈𝑥,𝜇 and
that 𝑋𝑥,𝜇 has the transformation law in the same form as the site variable 𝒏𝑥:

𝑉𝑥,𝜇 ↦→ 𝑉 ′
𝑥,𝜇 = Ω𝑥𝑉𝑥,𝜇Ω

†
𝑥+𝜇̂ , 𝑋𝑥,𝜇 ↦→ 𝑋 ′

𝑥,𝜇 = Ω𝑥𝑋𝑥,𝜇Ω
†
𝑥 . (4)

This decomposition is uniquely determined by solving the defining equations simultaneously (once the
color-direction field is given):

𝐷𝜇 [𝑉]𝒏𝑥 := 𝑉𝑥,𝜇𝒏𝑥+𝜇̂ − 𝒏𝑥𝑉𝑥,𝜇 = 0 , tr
(
𝒏𝑥𝑋𝑥,𝜇

)
= 0 , (5)

where 𝐷𝜇 [𝑉] denotes the covariant derivative in the adjoint representation. Indeed, the exact solution
is obtained in the following form [11] :

𝑉𝑥,𝜇 = 𝑉̃𝑥,𝜇/
√︂

1
2

tr
(
𝑉̃
†
𝑥,𝜇𝑉̃𝑥,𝜇

)
, 𝑉̃𝑥,𝜇 := 𝑈𝑥,𝜇 + 𝒏𝑥𝑈𝑥,𝜇𝒏𝑥+𝜇̂ , 𝑋𝑥,𝜇 = 𝑈𝑥,𝜇𝑉

†
𝑥,𝜇 . (6)

By introducing the color-direction field, we obtain the deformed theory in which the expectation
value of an operator 𝒪 including the color-direction field is calculated according to

⟨𝒪[𝑈, Θ̂, 𝒏]⟩ = 1
𝑍

∫
D𝑈DΘ̂𝑒−𝑆 [𝑈,Θ̂]

∫
D𝒏 𝜹(𝒏 − 𝒏∗)𝒪[𝑈, Θ̂, 𝒏], (7)

where D𝒏 =
∏

𝑥 𝑑𝒏𝑥 is the invariant measure for the color-direction field and 𝜹(𝒏 − 𝒏∗) is the Dirac
delta function which plays the role of replacing 𝒏 by 𝒏∗ determined by (3).

It should be remarked that these new variables have been successfully used to understand con-
finement based on the dual superconductor picture. For example, it has been shown in the pure gauge
theory without the matter field that the restricted field𝑉 gives the dominant part for quark confinement,
while the remaining field 𝑋 corresponds to the massive modes and decouples in the low-energy region.
This gives the gauge-independent version of the Abelian dominance observed in the maximal Abelian
gauge. See [16] for more details and more applications of this reformulation of the gauge theory.
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Figure 1: Left: Plots of ⟨𝑃⟩ for various 𝛽 = const. Right: Plots of 𝜒(𝑃) for various 𝛽 = const. Lines in the plots
are the eye guides for 𝛽 = const.

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  1  2  3  4  5  6  7  8

<
M

>

γ

 Scalar-action Density

β= 0.001
β= 0.25
β= 0.5
β= 0.75
β= 1.0
β= 1.25
β= 1.5
β= 1.75
β= 2.0
β= 2.2
β= 2.4
β= 2.6
β= 3.0
β= 3.5
β= 4.0

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0  1  2  3  4  5  6  7  8

χ(
M

)

γ

β= 0.001
β= 0.25
β= 0.5
β= 0.75
β= 1.0
β= 1.25
β= 1.5
β= 1.75
β= 2.0
β= 2.2
β= 2.4
β= 2.6
β= 3.0
β= 3.5
β= 4.0

 Susceotibility of scalar-action Density

Figure 2: Left: Plots of ⟨𝑀⟩ for various 𝛽 = const. Right: Plots of 𝜒(𝑀) for various 𝛽 = const.

3. Lattice results

We perform the numerical simulation on the 164 lattice with the periodic boundary condition.
Link variables {𝑈𝑥,𝜇} and scalar fields {Θ𝑥} are updated alternately by using the HMC (Hamiltonian
Monte Carlo) algorithm with integral interval Δ𝜏 = 1 without gauge fixing. After the thermalization
of 5000 sweeps, we store 3000 configurations every five sweeps.

We search for a separation line that separates the phases or distinguishes the physical origin of
confinement by measuring the expectation value ⟨O⟩ of a chosen operator O by changing 𝛾 (or 𝛽)
along the 𝛽 = const. (or 𝛾 = const.) line. We identify the separation line by using singular property
such as bends, steps, jumps, and gaps observed in the graph of the ⟨O⟩ plots or peaks in the graph of
susceptibility 𝜒(O) plots.

3.1 Thermodynamic phase transition

We reexamine the separation line obtained from the action density with high statistics for an
extensive set of parameter (𝛽, 𝛾) as in the previous work [7]:

𝑃 =
1

6𝑁site

∑︁
𝑥

∑︁
𝜇<𝜈

1
2

tr
(
𝑈𝑥,𝜇𝑈𝑥+𝜇̂,𝜈𝑈

†
𝑥+𝜈̂,𝜇𝑈

†
𝑥,𝜈

)
, 𝜒(𝑃) = (6𝑁site)

{〈
𝑃2〉 − ⟨𝑃⟩2} , (8)

𝑀 =
1

4𝑁site

∑︁
𝑥

∑︁
𝜇

1
2
𝑅𝑒tr

(
Θ†

𝑥𝑈𝑥,𝜇Θ𝑥+𝜇̂
)
, 𝜒(𝑀) = (4𝑁site)

{〈
𝑀2〉 − ⟨𝑀⟩2} , (9)
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where ⟨O⟩ represents the average of the operator O over configurations. In this analysis, we focus on
the susceptibility to determine the separation line.

Figure 1 shows the result of measurements for the plaquette density (8). The left panel shows the
plot of ⟨𝑃⟩ for various 𝛽 = const. , and the right panel shows the plot of the susceptibility 𝜒(𝑃) for
various 𝛽 = const. There exist bends or gaps in the ⟨𝑃⟩ and peaks in the 𝜒(𝑃) which correspond to the
separation line. Note that there are two types of peaks for 𝜒(𝑃) : a narrow and sharp peaks observed
in 𝛽 > 𝛽𝑐 ≃ 0.75, and a broad and gradual peaks observed in 𝛽 < 𝛽𝑐. In the same way, Fig.2 shows
the result of measurements for the scalar density (9). The left panel shows the plot of ⟨𝑀⟩ for various
𝛽 = const., and the right panel the plot of susceptibility 𝜒(𝑀) for various 𝛽 = const.

The left panel of Fig.4 shows the phase diagram determined from the action density. The dark blue
plots represent the separation line determined from both the average of action densities, ⟨𝑃⟩, ⟨𝑀⟩, and
their susceptibilities, 𝜒(𝑃), 𝜒(𝑀). This separation line could be the first order phase transition line
and disappears in the region 𝛽 < 𝛽𝑐, which is pointed out by the Osterwalder-Seiler-Fradkin-Shenker
analyticity theorem [5, 6]. On the other hand, the orange plots in 𝛽 < 𝛽𝑐 represent the separation
line suggested only by the susceptibility 𝜒(𝑃). This separation line could be the second order phase
transition or the cross over. However, those peaks are not narrow and sharp but broad and gradual.

In addition, there exists the other separation line obtained only from 𝜒(𝑃) (the orange plots in the
region 0 ≤ 𝛾 < 1 and 2 < 𝛽 < 2.5) that separates between the scaling and non-scaling region, which
corresponds to the "critical" point already discovered in the pure 𝑆𝑈 (2) Yang-Mills theory (𝛾 = 0) in
[17, 18].
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Figure 3: Left: Plots of ⟨|𝑹 |2⟩ for various 𝛽 = const. Right: Plots 𝜒( |𝑹 |2) for various 𝛽 = const.

3.2 Scalar-color correlation

In order to reexamine the correlation between the scalar field and the color-direction field, as in
the previous work [7]:

𝑹 =
1

𝑁site

∑︁
𝑥

Θ†
𝑥n𝑥Θ𝑥 ⟨|𝑹 |2⟩ , 𝜒( |𝑹 |2) = (4𝑁site)

{〈
|𝑹 |22

〉
− ⟨ |𝑹 |2⟩2} , (10)

where |𝑹 |2 represents the 2-norm defined by |𝑹 |2 =
√︁
|𝑅1 |2 + |𝑅2 |2 + |𝑅3 |2 with 𝑅𝐴 = tr

(
𝑹𝜎𝐴

)
.

The left panel of Fig.3 shows the plots of ⟨|𝑹 |2⟩ v.s. 𝛾 for various 𝛽 = const. We observe bends
or gaps for all the 𝛽 = const., which correspond to the separation line. The right panel of Fig.3 shows
the plots of the susceptibility 𝜒( |𝑹 |2) v.s. 𝛾 for various 𝛽 = const. , and we observe sharp peaks for all
the 𝛽 = const.
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The right panel of Fig.4 shows the separation line obtained from the scalar-color correlation. We
determine the location of the phase separation line by using peaks of the susceptibility 𝜒( |𝑹 |2) plots
rather than the bents or jumps in the ⟨|𝑹 |2⟩ plots, which causes its location to shift toward a larger 𝛾
compared to the previous work [7]. This suggest the separation between the Confinement and Higgs
phases completely for all the region.
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Figure 4: Left: The phase transition line determined from action density, ⟨𝑃⟩, 𝜒(𝑃), ⟨𝑀⟩, and 𝜒(𝑀). The
orange plots represent that obtained only from 𝜒(𝑃). Right: The separation line determined from the scalar-color
correlation ⟨|𝑹 |2⟩, 𝜒( |𝑹 |2).

3.3 Contribution of the magnetic monopole

Moreover, we investigate the contribution of the magnetic monopole to clarify the physical origin
of the separation of the Confinement and Higgs phases in view of the dual superconductor picture [19]
where magnetic monopoles play the dominant role in confinement.

We can define the magnetic monopole, 𝑘𝑥,𝜇 in a gauge-independent (gauge-invariant) way through
the gauge-covariant decomposition [16]:

𝐹 (𝑥)𝜇𝜈 := arg𝐹 tr
{
(1 + 𝒏𝑥)𝑉𝑥,𝜇𝑉𝑥+𝜇̂,𝜈𝑉

†
𝑥+𝜈̂,𝜇𝑉

†
𝑥,𝜈

}
,

𝑘𝑥,𝜇 :=
1
2
𝜖 𝜇𝜈𝛼𝛽

(
𝐹 (𝑥 + 𝜈̂)𝛼,𝛽 − 𝐹 (𝑥)𝛼𝛽

}
=: 2𝜋𝑚𝑥,𝜇 , 𝑚𝑥,𝜇 = 0,±1,±2, · · · , (11)

where 𝑉𝑥,𝜇 represents the restricted field obtained from the gauge-covariant decomposition (6), and
𝒏𝑥 the color-direction field determined by (3). This magnetic monopole takes the integer value and
satisfies the current conservation law, i.e., 𝜕𝜇𝑘 𝑥,𝜇 =

∑
𝜇 (𝑘𝑥+𝜇̂,𝜇 − 𝑘𝑥,𝜇) = 0. Therefore, we define the

magnetic-monopole-charge density:

𝜌𝑘 :=
1

4𝑁site

∑︁
𝑥,𝜇

|𝑚𝑥,𝜇 | . (12)

Figure 5 shows the plot of the magnetic-monopole-charge density ⟨𝜌𝑘⟩. The left panel shows the
plot of ⟨𝜌𝑘⟩ along various 𝛾 = const. lines. ⟨𝜌𝑘⟩ decreases as 𝛽 increases and there exist no singular
points in the plots. Note that we observe very small ⟨𝜌𝑘⟩ for large 𝛽, which is measured not in the
physical unit but in the lattice one. This is because the lattice spacing in the physical unit is a decreasing
function of 𝛽, and for large 𝛽 the physical volume becomes small against the lattice with fixed size.
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Figure 5: Left: Plots of ⟨𝜌𝑘⟩ v.s. 𝛽 for various 𝛾 = const. Right: Plots of ⟨𝜌𝑘⟩ v.s. 𝛾 for various 𝛽 = const. The
lines in the plots are eye guide with 𝛽 = const. or 𝛾 = const.

The right panel of Fig.5 shows ⟨𝜌𝑘⟩ along various 𝛽 = const. lines. In the region 𝛾 < 𝛾𝑐 (𝛽),
where 𝛾𝑐 (𝛽) represents the separation line in the right panel of Fig.4), the magnetic-monopoles-charge
density ⟨𝜌𝑘⟩ is rich and constant along the 𝛽 = const. line. It suggests that the magnetic monopole
plays a dominant role in this region, which we call Confinement phase. In contrast, we observe less
or vanishing magnetic monopoles in the region 𝛾 > 𝛾𝑐 (𝛽). In the region 𝛽 > 𝛽𝑐 ≃ 0.75, we observe
bends or steps at 𝛾 being the phase separation line, 𝛾 = 𝛾𝑐 (𝛽), and the magnetic monopoles disappear
for 𝛾 > 𝛾𝑐 (𝛽). Therefore, the gluons gain mass due to the BEH mechanism and are confined. We call
this region the Higgs phase. While, in the region 𝛽 < 𝛽𝑐 there exist no more bends or steps for ⟨𝜌𝑘⟩,
and ⟨𝜌𝑘⟩ decreases rather smoothly as 𝛾 increase. The separation line 𝛾𝑐 (𝛽) could not be a phase
transition line but be the boundary where the two physical origins switch over continuously.

4. Summary

We have reexamined the 𝑆𝑈 (2) gauge-scalar model with the scalar field in the fundamental
representation to obtain further numerical evidence for the gauge-independent separation between the
Confinement and Higgs phases based on the method in the previous work [7, 9]. We have confirmed
the thermodynamic phase transition, which is consistent with the Osterwalder-Seiler-Fradkin-Shenker
analyticity theorem. We have also reexamined the separation line that separates the Confinement and
Higgs phases based on the covariant decomposition of the gauge field and confirmed it. Although it
could not be the thermodynamic phase transition line, it could be the separation line that distinguishes
the physical origin of the confinement.

Moreover, we have investigated the magnetic-monopole-charge density to clarify the physical
origin of the separation line. We have confirmed that in the Confinement phase the magnetic monopole
plays a dominant role in confinement, while in the Higgs phase the magnetic monopoles disappear and
the Yang-Mills field acquires the mass through the BEH mechanism and is confined.
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