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In this work, we investigate the potential connection between entanglement and thermalization, as
well as the dynamics of hadronization in QCD physics. Through simulations of quantum dynamics
on classical hardware, we analyze the real-time response of the massive Schwinger model coupled
to external sources, which serves as an analog for the production and fragmentation of quark jets.
This analogy is justified by the shared properties of confinement and chiral symmetry breaking
between the Schwinger model and QCD. We observe the growth of time-dependent entanglement
between the produced jets, which is driven by the increasing number of contributing eigenstates
of the reduced density matrix with sufficiently large and closely spaced eigenvalues. This growth
is intrinsically linked to the process of thermalization. The emergent eigenstates are identified as
meson-like bound states, and by tracking their temporal evolution, we are able to observe real-time
hadronization. At mid-rapidity, the long-time values of local observables approach approximately
constant values, indicating the onset of equilibrium and the approach to thermalization.
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1. Introduction

The role of quantum entanglement in high-energy hadronic interactions has recently garnered
significant interest [1–12]. Particularly, it has been found that QCD evolution generates a maximally
entangled state (MES) at large rapidity separation 𝑦 (or, equivalently, at small Bjorken 𝑥 = 𝑒−𝑦) [1].
This MES contains a large number of microstates with 𝑛 partons that possess approximately equal
probabilities 𝑝𝑛 = 𝑝𝑛 (𝑦), giving rise to a maximal value of the entanglement entropy (EE)

𝑆𝐸 (𝑦) = −
∑︁
𝑛

𝑝𝑛 ln 𝑝𝑛. (1)

The EE naturally emerges at high energies because the phase of the hadron wave function cannot
be determined during the short Lorentz-contracted time of the interaction, so the measured density
matrix corresponds to that of a pure hadron state traced over the unobserved phases [5].

If one assumes that hadron multiplicity distribution mirrors the distribution in the number of
partons measured at a given rapidity, which is a stronger form of the “local parton-hadron duality"
[13, 14], one may further postulate that the von Neumann entropy of the final hadron state 𝑆𝐻 is
equal to the entanglement entropy (1) [1–3]:

𝑆𝐸 = 𝑆𝐻 . (2)

Under this assumption, we get a relation between the soft gluon dominated parton structure function
𝑥 𝐺 (𝑥) = 𝑛̄ =

∑
𝑛 𝑛 𝑝𝑛 and the entropy of hadronic final state that should hold for a MES [1], which

has 𝑝𝑛 = N−1 (with N being the maximal number of partons):

𝑆𝐻 = lnN = 2 ln
(
𝑥 𝐺 (𝑥)

)
. (3)

This relation is directly testable in experiments [2–4].
There is growing experimental evidence from deep inelastic scattering and high energy hadron

interactions supporting the validity of the relation (3) [2, 4, 7, 15]. While the validity of (3) imposed
by the emergence of MES is intriguing, there remain unanswered questions. First is the physics
nature of the eigenstates of the reduced density matrix (known as Schmidt states). It has been
conjectured that they correspond to parton states, but this conjectures remains unproven. Second,
emergence of MES have not beed theoretically demonstrated in models with confinement (e.g., the
treatment in [1] is based on Balitsky–Fadin–Kuraev–Lipatov (BFKL) dynamics that is conformally
invariant). Third, there is compelling experimental evidence suggesting apparent thermalization
in high-energy collisions – for example, hadron abundances can be described as thermal, with
a universal effective temperature (see, e.g., [16, 17]). Whether this apparent thermalization a
consequence of the emergence of a MES and whether there is a connection between the effective
temperature and the confinement scale remain unknown.

Addressing these questions calls for a well-defined field theory model that shares key properties
with QCD, such as confinement and chiral symmetry breaking, and allows for the treatment of real-
time evolution at high energies from first principles, whether through analytical or numerical
methods. In this work [18, 19] presented in the current proceeding, we tackle this challenge by
employing a massive Schwinger model coupled to external sources. This framework mimics the
production of high-energy back-to-back jets in QCD, as previously studied in [20–23]. Although the
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massive Schwinger model cannot be solved analytically, it has been successfully investigated using
quantum simulations (see [24, 25] for recent reviews) on both quantum [26–28] and classical [18, 29–
36] hardware.

Our real-time simulations require the quantum circuit depth that exceeds the capabilities of
the current quantum computers. While the quantum simulations on quantum computers using our
approach should become possible in the near future (see for instance [27, 28]), in this work we use
quantum simulations on classical hardware — we will complete exact diagonalization simulations
on small lattices with tensor network simulations on larger lattices.

2. Quantum simulation of massive Schwinger model

To mimic the high energy collisions, we study the massive Schwinger model that couples to
an external source that consists of a fermion and antifermion pair starting at the center of the lattice
and going back-to-back along the lightcone, which was suggested in 1974 by Casher, Kogut, and
Susskind [20]. As these external charges separate, the electric field between them is screened by
dynamical fermion-antifermion pair production. Using open-boundary conditions, one is allowed
to express the electric field only in terms of fermionic operators by solving Gauss’ law, see for
instance [37] for explicit expressions. Using staggered fermions, our time-dependent Hamiltonian
reads (see [18] for more details)

𝐻 (𝑡) = − 𝑖

2𝑎

𝑁−1∑︁
𝑛=1

(
𝜒†
𝑛𝜒𝑛+1 − 𝜒

†
𝑛+1𝜒𝑛

)
+ 𝑚

𝑁∑︁
𝑛=1

(−1)𝑛𝜒†
𝑛𝜒𝑛 +

𝑎𝑔2

2

𝑁−1∑︁
𝑛=1

(
𝐿dyn,𝑛 + 𝐿ext,𝑛 (𝑡)

)2
, (4)

where 𝑛 labels lattice sites, going from 1 to the length of the lattice 𝑁; 𝜒†
𝑛 are fermionic creation

operators, 𝑚, 𝑔, and 𝑎 are the fermion mass, electric charge, and lattice spacing, respectively. In
the last term we use

𝐿dyn,𝑛 =

𝑛∑︁
𝑖=1

𝑞𝑖 , 𝐿ext,𝑛 (𝑡) = −𝜃
(
𝑡 − 𝑡0
𝑎

−
����𝑛 − 𝑁

2

����) , (5)

where the first equation defines the dynamical lattice electric field operator in terms of the local
charge operators 𝑞𝑖 = 𝜒

†
𝑖
𝜒𝑖 + (−1)𝑖−1

2 . The second equation describes the electric field due to the
external sources propagating back to back along the lightcone.

To study jet propagation in the vacuum, we begin the simulation in the vacuum state |Ψ0⟩ of
the massive Schwinger model without the external source, described by the Hamiltonian 𝐻 (𝑡 = 0).
The subsequent time evolution of this state is determined by the full Hamiltonian including the
external source:

|Ψ𝑡⟩ = T 𝑒−𝑖
∫ 𝑡

0 𝑑𝑡 ′𝐻 (𝑡 ′ ) |Ψ0⟩, (6)

whereT denotes time ordering. We perform the time evolution numerically using exact diagonaliza-
tion for small lattice (𝑁 ≤ 20), as well as tensor networks methods for larger ones (20 < 𝑁 ≤ 100).
In more detail, the Density Matrix Renormalization Group (DMRG) is used to find a Matrix
Product State (MPS) approximation of the ground state, which is subsequently evolved using the
Time-Dependent Varational Principle (TDVP). We use the open-source ITensors library [52] as
our primary software source. Exact diagonalization preserves the full information about the state
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Figure 1: Left: The distribution of electric field (left) and local fermion condensate (right, c.f. Eq.7) as a
function of space and time. The vacuum values are subtracted. Red and blue circles denote the positions of
the external positive and negative charge respectively at the corresponding time. Right: averaged electric
field energy 𝐸ele, C (𝐿) = 1

𝐿

𝑎𝑔2

2
∑𝑁/2+𝐿/2

𝑛=𝑁/2−𝐿/2+1 (𝐿dyn,𝑛 + 𝐿ext,𝑛 (𝑡))2 (upper) and fermion condensate (lower,
c.f. Eq.8), modulo their vacuum values. In both of plots, the system parameters are 𝑚 = 1/(4𝑎), 𝑔 =

1/(2𝑎), 𝑁 = 100.

(6) and allows to extract any quantity characterizing the quantum state. Tensor networks allow
to simulate much larger systems and surprisingly long-time evolution. Note that time evolution
continues until external charges reach the edges of the lattice at 𝑡 = 𝑎𝑁

2 and then the simulation
stops.

The propagating jets can modify the nonperturbative structure of the vacuum. We quantify this
modification by measuring the local scalar fermion density ⟨𝜓̄𝜓⟩ that is known to have a negative
value in the vacuum of the Schwinger model. On the lattice it is related to the local charge density
as:

𝜈𝑛,𝑡 ≡
(−1)𝑛
𝑎

𝑞𝑛 −
1

2𝑎
. (7)

In the presence of external sources this local condensate deviates from its vacuum value due to
jet propagation. This deviation as a function of both space and time for 𝑁 = 100, 𝑚 = 1

4𝑎 , 𝑔 = 1
2𝑎

is shown in Fig. 1 (left). As one can see, the condensate disruption closely follows the propagating
jets. At late times the value of the condensate settles to a nearly constant value (different from the
vacuum one) in the central region. To see how exactly this relaxation to a new value happens, we
average the deviation of the condensate from its vacuum value over a region of size 𝐿 in the center
of the system:

𝜈𝐶 (𝐿) ≡
1
𝐿

𝑁/2+𝐿/2∑︁
𝑛=𝑁/2−𝐿/2+1

(𝜈𝑛,𝑡 − 𝜈𝑛,0). (8)

In Fig. 1 (right), we show 𝜈𝐶 (𝐿) as a function of time for a few different values of the central
region size. We find that at sufficiently late times the average value of the condensate reaches
the same constant value regardless of the size of the region where averaging is performed. This
signals a step towards some equilibrium value induced by the jets in the central part of the system.
Analogous behavior is observed for the electric field and the electric energy, both of which tends to
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be fully screened. Whether or not these equilibrium values correspond to the thermal equilibrium
needs a detailed analysis of the entropy that follows.
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Figure 2: Top panel: second Rényi
entropy as a function of 𝑡 − 𝑡× ,
with 𝑡× the time at which the ex-
ternal sources cross the boundaries
of the sublattice, for different sub-
lattice in the center. The left(right)
panels correspond to odd sites-even
sites(even sites-odd sites) bound-
aries. They differ because of the
staggering, which is a lattice artifact.
Bottom panel: substracted second
Renyi entropy rescaled by the size of
the sublattice as a function of 𝑡 − 𝑡×
for different sublattice in the center.
Smaller subsystems start exhibiting
volume law at a late time, exhibited
by the fact the saturate to the same
value on this plot. The left and right
panels correspond to odd sites- even
sites and even sites-odd sites bound-
aries, respectively. Insets: the cor-
responding second Renyi entropy as
a function of time.

While the entropy of a pure state wave function (6) is aways zero, themalization could take
place in a sublattice. In the context of thermodynamics, a sublattice is a subsystem in thermal
and chemical contact with a reservoir. Thus, for a sublattice with length 𝐿, one may compute the
reduced density matrix by tracing out the complementary set (reservoir), 𝜌𝐿 (𝑡) = tr𝐿̄ ( |Ψ𝑡⟩⟨Ψ𝑡 |),
and the entropy can be estimated from the Rényi entropy:

𝑆𝛼 (𝑡) ≡
ln Tr𝐿 (𝜌𝐿 (𝑡)𝛼)

1 − 𝛼
, (9)

which resembles the definition of von Neumann entropy when its order (𝛼) approaches unity. The
time-dependence of Rényi entropies for several different values of 𝐿 is shown in Fig. 2. For
readability, we separated the cases with 𝐿/2 odd (corresponding to even and odd sites at the
boundary) and even (corresponding to odd and even sites at the boundary). While this distinction
is irrelevant in the continuum limit, the staggering induces quantitative differences. The qualitative
features, on the other hand, are the same. As soon as the external particles cross the boundaries of
the subsystem (𝑡 = 𝑡× = 𝐿/2) the Rényi entropies start growing. Initially, the growth is independent
of the subsystem size; the state still follows an area law. After some time which grows with the
subsystem size, the value of the entanglement entropy starts depending on the subsystem size, before
eventually reaching a plateau (in the present simulation the plateau is reached only for 𝐿 ∈ [6, 16]).
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Figure 3: Left: Maximal overlap of each Schmidt vector with any Fock state. Comparison between
𝑚 = 2/𝑎, 𝑔 = 1/(2𝑎) on the left panel and 𝑚 = 1/(2𝑎), 𝑔 = 2/𝑎 on the right panel is shown. In both
cases, 𝑁 = 16. To study continuous evolution, we choose to consider the 8 leading Schmidt vectors in the
vacuum state at 𝑡 = 0 and follow their evolution. Because of the level crossing in Schmidt spectrum, at
later times these vectors are not necessarily the 8 leading Schmidt vectors. Right: One-pair overlaps for
𝑁 = 16, 𝑚 = 1/(2𝑎), 𝑔 = 2/𝑎 for the select moments of time evolution from 𝑡 = 𝑎 to 𝑡 = 8𝑎. Color denotes
the magnitude of overlap with the one-pair excitation that creates the 𝑖th antifermion and 𝑗 th fermion from
the Néel state, 𝑝𝑖 𝑗 = |⟨Ψ𝑡 |𝜒𝑖𝜒

†
𝑗
|N⟩| while the horizontal and vertical directions on the grid span 𝑖 and 𝑗 ,

respectively.

Moreover, the leading dependence on the system size is linear once the plateau is reached. This
is demonstrated in the lower panel of Fig.2, where we show the value of the Rényi entropy with
the vacuum value subtracted, divided by the subsystem size. In other words, the system transitions
from following the area law to the volume law of entanglement.

We note that, even if in a different setup, the observed behavior is reminiscent of the typical
response of many-body ground states to global quenches. There, subsystems in finite volumes
follow an area law as a function for a finite time 𝑡𝑎, before transitioning to a volume law once
relaxed. Moreover, at early time 𝑡 < 𝑡𝑎, the value of the entanglement entropy is often seen to grow
linearly as a function of time (irrespectively of the subsystem size, as a consequence of the area
law) [38]. This seems also to be the case in our setup.

Analyses of condensate density, electric field, and entropy, support that excitations induced by
a high-energy collisions are thermalizing. Then a natural questions, what is the physical nature
of these excitations? To address this question, we analyze the physical meaning of the states
contributing to the entropy of the reduced density matrix:

𝜌𝐿 (𝑡) =
∑︁
𝑗

𝜆 𝑗 (𝑡) |𝜓𝐿
𝑗 (𝑡)⟩⟨𝜓𝐿

𝑗 (𝑡) |. (10)

Here, |𝜓𝐿
𝑗
⟩’s are referred to as the Schmidt basis, to which we have direct access with exact

diagonalization. In order to elucidate the relationship between the Schmidt vectors and partonic
states (with the fundamental fermions of the Schwinger model playing the role of partons) we
compare the properties of the Schmidt vectors in two regimes of the theory: at weak coupling and
at strong coupling. Throughout this section we study the system with lattice size 𝑁 = 16 and two
sets of mass and the coupling constant: i) 𝑚 = 2/𝑎, 𝑔 = 1/(2𝑎) and ii) 𝑚 = 1/(2𝑎), 𝑔 = 2/𝑎.
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At infinite fermion mass 𝑚 and in the occupation number basis, the vacuum state of our system
is the so-called Néel state: |N⟩ = |1010 . . . 10⟩ (which translates into unoccupied fermion and
antifermion sites). The Néel state is a useful zeroth approximation to the true vacuum state even
for the finite values of the fermion mass used in this study. Deviations from the Néel state can be
classified according to which pairs of sites (one for fermion and another one for antifermion) are
“excited" with respect to the Néel state. The simplest example is given by “one-pair" excitations
|𝑖 𝑗⟩ = 𝜒𝑖𝜒

†
𝑗
|N⟩, where 𝑖 is odd and 𝑗 is even. In the large mass and infinite volume limits |𝑖 𝑗⟩

would be the (𝑁2/4)-fold degenerate first excited states above the vacuum Néel state. Note that
a single excitation is prohibited in the charge-zero sector. Since the ground state is in this sector
and the Hamiltonian evolution conserves the total charge, the state (6) is always at the charge-zero
sector. All possible excitations form a basis which we will refer to as the Fock basis.

Each of the Schmidt vectors can also be decomposed in the Fock basis on half of the lattice.
In this case Fock states are not restricted to the charge-zero sector, but have the same charge as the
corresponding Schmidt vector. For each Schmidt vector, let us concentrate on the Fock state with
which it has the largest overlap. In Fig. 3 the time evolution of this maximal overlap for the 8 leading
Schmidt vectors is shown in weak coupling and strong coupling regimes. At weak coupling (Fig. 3,
left) the overlap stays close to 1 at all times, signaling that the Schmidt vectors are very close to
the partonic Fock states. On the other hand, at strong coupling (Fig. 3, mid) this overlap is also
large in the vacuum state (𝑡 = 0) but decreases during the time evolution. This is a manifestation
of hadronization in real time: at first the system is described by partonic (fermionic) degrees of
freedom but with jet fragmentation the relevant degrees of freedom become bosonic.

Finally, in Fig. 3 (right) we visualize the full quantum state evolution by calculating the
probability of finding the system in one of the one-pair states. In the initial state all the nearest-
neighbor pairs are excited almost equally, modulo the small boundary effects. In the subsequent
evolution the excitation above the vacuum state spreads along the lightcone. At strong coupling some
next-to-nearest-neighbor pairs get substantially excited later in the evolution, while still following
the lightcone propagation. This effect demonstrates that the excitations at strong coupling and
smaller fermion mass are no longer localized. Moreover, the pairs of a certain orientation (𝑖 > 𝑗)
are strongly preferred at later times. These are the states that screen the external electric field inside
them.

3. Summary and Discussions

In the studies [18, 19] presented in this proceeding, we explored the growth of entanglement and
the thermalization process of propagating jets in the 1 + 1-dimensional massive Schwinger model.
By analyzing the symmetry-resolved half-lattice Schmidt spectrum, we enhanced our understanding
of entanglement generation in the system. These findings, combined with exact diagonalization,
provided a qualitative insight into the asymptotic states of the theory.

We noted that the central rapidity region of our system reaches a steady state at late times, which
is independent of the subsystem’s size. This implies that particle production drives thermalization.
While a definitive assessment requires comparing all properties of this steady state to thermal
ensembles—a task reserved for future research—the thermalization hypothesis is further supported
by the behavior of entanglement. By calculating the second Rényi entropy over central regions,
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we observed a clear transition from the area law to the volume law for entanglement, essential for
achieving an extensive thermodynamical entropy. We concluded our analysis by measuring the
information propagation speed, confirming it saturates at the speed of light.

Additionally, we examined the nature of asymptotic states contributing to the entanglement
entropy as a function of coupling. At weak coupling, these states closely resemble partonic Fock
states. Conversely, at strong coupling, the overlap between Schmidt states and partonic states
diminishes over time, likely indicating a transition toward bosonic Fock states. In essence, we
directly observed, in real-time, the equivalent of hadronization in the massive Schwinger model.

With direct experimental measurements of entanglement becoming feasible, not only in deep-
inelastic scattering [3] but also in high-energy proton-proton collisions (e.g., recent ATLAS col-
laboration measurements [39]), advancing first-principle, real-time investigations of entanglement
structure and dynamics in relativistic field theory is crucial. This work represents a step in that
direction, opening exciting avenues for future research. One key direction is to characterize ther-
malization more precisely. Specifically, since the system is closed and evolves as a pure state,
apparent thermalization aligns with the Eigenstate Thermalization Hypothesis (ETH), a corner-
stone of quantum thermalization in many-body physics (see e.g., [40]). However, ETH applies
to finite-size systems. Clarifying this relationship or extending ETH to this dynamical context
would bridge the growing literature on thermalization in gauge theory from a quantum dynamics
perspective (e.g., [41–49]). The connection to many-body physics and quantum information theory
also introduces other intriguing quantities to explore, such as information scrambling in this model,
which is expected to relate to the saturation time of the second Rényi entropy [50], and the behavior
of mixed-state entanglement [51].

In summary, we have investigated the real-time behavior of entanglement entropy and the
entanglement spectrum in the massive Schwinger model coupled to external sources—a setup
analogous to jet production in high-energy QCD. Our findings offer valuable insights into the
microscopic dynamics of hadronization and thermalization in confining quantum field theories,
paving the way for new theoretical and experimental explorations.
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