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It is exciting that the heavy-ion collision experiments are now entering the high baryon density
region in the QCD phase diagram, with an increasing number of high-statistics measurements
expected in the near future. In this proceeding, we discuss possible signatures of QCD confinement
at high density in two specific thermodynamic observables: the isentropic trajectories, and the
baryon number fluctuations. For predicting the thermodynamic properties of these observables,
new theoretical frameworks are developed for a direct calculation on the QCD equation of state
via continuum correlation functions, especially for the confinement aspect via the Polyakov loops
and the gluonic background field, which can be useful to tackle the urgently needed high density
region, in parallel to experimental studies.
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1. Introduction

With new facilities established, heavy-ion collision experiments are now entering the high
baryon density region, where interesting physics phenomena such as the QCD critical end-
point (CEP) and possible new phases are expected [1–3]. Correspondingly, an increasing amount
of measurements and high-statistics data for the high density nuclear matter will come in the near
future. In order to explain the phenomena in the observations and extract possible signals of new
physics, there is a urgent need for theoretical analysis with precision at high baryon density in
parallel. The key of such a combined study is to connect theory and experiment through specific
thermodynamic observables. Typically, there are various observables discovered which shed lights
on the chiral phase transition, see e.g. [4–6] for reviews. Yet, the confinement aspect, including the
interplay between confinement and chiral symmetry, is much less understood, and its experimental
signature is not quite clear. In this proceeding, we will show some recent progress on this at finite
density, and highlight two thermodynamic observables that are characteristic to the confinement
phase transition: the isentropic trajectories, and the baryon number fluctuations.

2. Phenomenology in the isentropic trajectories

The isentropic trajectories are the evolution trajectories of the system, along which the total
entropy (𝑆) of the system stays constant. For strong interaction matter where the net-baryon number
𝑁𝐵 is conserved, one can further rewrite the isentropic condition as: 𝑠/𝑛𝐵 = 𝑆/𝑁𝐵 = 𝑐𝑜𝑛𝑠𝑡, with 𝑠

and 𝑛𝐵 the entropy and the net-baryon densities, respectively. In a recent work, we demonstrate that
the thermodynamic properties encoded in the QCD isentropic trajectories, can be well captured via
a refined QCD effective model which includes confinement phenomenology [7]. The key points of
this model are summarised as follows.

2.1 Confinement via a refined effective model

Traditionally, the mean-field effective models start from constructing a model for the effective
action Γ, then the quantum equation of motion (EoM) is qualitatively captured by a series of order
parameters O:

𝜕Γ[O]
𝜕O = 0. (1)

For QCD, some common choices are the quark condensate O𝜒 = ⟨𝑞𝑞⟩ and the Polyakov loop
Oconf. = L, which correspond to the chiral phase transition and the confinement-deconfinement
transition, respectively. In principle, (1) determines all properties of the system, including the
correlation functions. Take the quark propagator 𝐺𝑞 for example, in the momentum space it
follows:

[𝐺O
𝑞 ( 𝒑, 𝜔𝑛)]−1 ≈ i(𝜔𝑛 + i𝜇𝑞 − 𝑔𝐴0 [Oconf.])𝛾0 + i𝜸 · 𝒑 + 𝑀𝑞 [O𝜒] . (2)

As a price to pay in the mean-field models, the mass function 𝑀𝑞 is momentum-independent, i.e.
it does not carry the specific dynamics of the strong interaction.

Alternatively, one can also start directly from modeling the correlation functions, and this
is what we have explored recently. As a preliminary attempt, we still consider the form in (2)
for simplicity and focus on its thermodynamic properties. Then, we implement the 𝑇 and 𝜇𝐵
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dependencies of the order parameters from calculations which incorporate the full quantum, thermal
and density fluctuations. These dependencies are what the first-principles lattice QCD simulation,
as well as functional QCD approaches and so on, can provide. Remarkably, functional QCD
approaches provide a direct access at finite density, with converging results for the chiral order
parameters towards the onset CEP location of QCD, see [8–10]. We then refer to these data as
inputs.

The advantage of such a framework is that, one can establish a direct relation between the
observables and the current-best knowledge on the order parameters, particularly the Polyakov loop
L. This can be seen in the net-quark number density 𝑛𝑞 as a crucial thermodynamic observable:

𝑛𝑞 = −Tr 𝛾0𝐺
O
𝑞 =

∫
𝑑3 𝒑

(2𝜋)3

[
𝑓 +𝑞 ( 𝒑,L) − 𝑓 −𝑞 ( 𝒑,L)

]
, (3)

with 𝑓
+/−
𝑞 the modified quark/anti-quark distribution functions being analytic to L, see the details

in [7]. As a consequence, we found that the underlying phase transition line:

𝑇 (𝜇𝐵) ≃ 𝑇𝑐 (0)
[
1 − 𝜅2

(
𝜇𝐵

𝑇𝑐 (0)

)2
]
, (4)

offers a way for further simplifications of the data inputs in (3). Specifically, one can further
parameterise the order parameter data according to (4) and using the 𝑇 ′ expansion [11]:

L(𝑇, 𝜇𝐵) ≃ Ldata(𝑇 ′(𝑇, 𝜇𝐵), 0), (5)
𝑇 ′ = 𝑇 (1 + 𝜅(𝜇𝐵/𝑇)2 + · · · ), (6)

then at small 𝜇𝐵, such parameterisations can offer the same precision level as a direct input of
data. However, towards higher 𝜇𝐵, the phenomenology of CEP has to be further included. We
accomplish this by referring to the up-to-date estimate of the CEP location 𝜇CEP

𝐵
≈ 600 MeV [8–10],

and then combining (4) with the Ising parameterisation form [12, 13] for the order parameter.

2.2 Confinement signatures in the trajectories

The finite density contribution to QCD thermodynamic functions can be fully determined by
the correlation function of matter sector (2), using the general thermodynamic relations:

𝑃(𝑇, 𝜇𝐵) = 𝑃(𝑇, 0) +
∑︁
𝑞

∫ 𝜇𝐵

0
𝑛𝑞 (𝑇, 𝜇) 𝑑𝜇, 𝑠 =

𝜕𝑃

𝜕𝑇
, · · · . (7)

The isentropic trajectories in QCD 𝑠/𝑛𝐵 = 𝑐𝑜𝑛𝑠𝑡. can then be extracted, see our results for the finite
𝜇𝐵 region in the left column of Figure 1. It is interesting to notice that with a minimal treatment of
(3), the obtained thermodynamic functions already agree well to the lattice QCD extrapolation [14]
within the error bars, in the region of 𝜇𝐵/𝑇 ≲ 2 where the lattice extrapolation still have a good
control of convergence. However, there are still limitations in the framework, such as for the
description of thermodynamic functions with high-order 𝜇𝐵 derivatives, please find the discussions
in [7]. On the other hand, we observed that the trajectories shows clearly a bending behaviour from
high to low temperatures, and the onset temperature of the bending is close to the phase boundary.
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Figure 1: Left: QCD isentropic trajectories 𝑠/𝑛𝐵 = 𝑐𝑜𝑛𝑠𝑡. in the 3-flavour degenerate case (B) and in the
2+1-flavour case with strangeness neutrality (BS); for the strangeness-neutral case, the lattice QCD result
from [14] is displayed for comparison. Right: evolution trajectories for heavy-ion collision systems, predicted

by combining the equilibrium equation of state with hydrodynamic simulation (MUSIC+AMPT).

We verified that by setting the Polyakov loop as the fully deconfined value L = 1, the trajectories
show a sizable difference to the ones in the left column of Figure 1, especially at low temperatures,
and the bending feature can even disappear. This suggests that the bending of the trajectories has a
phenomenological connection to the confinement phase transition.

We then further investigate the bending of the evolution trajectories in realistic systems. For
heavy-ion collisions, we combine with the hydrodynamic simulation (MUSIC+AMPT) [15] and
show that the observed bending behaviour in the trajectories remains unchanged, when the dynamical
evolution of non-equilibrium effect is further included, see in the right column of Figure 1. As
a by-product, we also give an estimate on the onset 𝑠/𝑛𝐵 value of the trajectory that crosses the
CEP, which is 𝑠/𝑛𝐵 ≈ 13. Preliminary estimate also shows that the trajectory bends sharply when
crossing the first-order transition region, which indicates that the chiral and confinement aspects of
QCD have strong overlaps near and above CEP. In fact, in the cosmological scenario, the critical
lensing phenomenon is further observed in the cosmic trajectories close to the CEP [16], which
may also be an outcome of such overlaps. Together, it indicates that the isentropic trajectory may
serve as a universal observable for inspecting the change of relevant degrees of freedom in the high
density system during a phase transition.

3. Self-consistent resolution of confinement and baryon number fluctuations

Microscopically, the dynamics of confinement and center symmetries is encoded in the gluon
background field 𝐴0, which is a 1-point correlation function in QCD. Such a correlation function
is directly accessible at finite temperature and density using functional QCD approaches, including
the Dyson-Schwinger equations (DSE) approach [17–19] and the functional renormalisation group
(fRG) approach [10, 17, 20–22]. As a brief demonstration, the quantum EoM for 𝐴0 in the DSE
approach is shown diagrammatically as Figure 2. Its computation requires only the knowledge
of full propagators and the full interaction vertices, marked as the solid grey blobs, which have
been carefully studied in previous literatures [17, 18]. In fact, it was also shown that the 2-loop
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Figure 2: Diagrammatic description of the Dyson-Schwinger equations for the background field 𝐴0.
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Figure 3: Baryon number fluctuations, including the second-order susceptibilities 𝜒𝐵
2 (left) and the kurtosis

𝜒𝐵
4 /𝜒

𝐵
2 (right) at zero chemical potentials. A comparison of the results with and without background field is

shown for both 𝐴3
0 and 𝐴8

0 components. The corresponding results from hadron-resonance gas (HRG) model,
lattice QCD [23, 24] and fRG [25] are also displayed.

contributions can be minimised by properly setting the renormalisation scale, see the analysis
in [17]. This then enables further simplifications with the diagrammatic “one-loop” truncation and
taking only the full propagators as inputs, see the applications in [18], which is also applied in our
studies.

We then discovered that the gluon background 𝐴0 can offer a unified solution on both the
confinement-deconfinement phase transition, as well as QCD thermodynamic observables. The
idea is to implement the 𝐴0 solution from the quantum EoM in Figure 2 as a feedback into the
matter sector, namely the full quark propagator𝐺𝑞, which then offers a self-consistent determination
on:

chiral condensate: ⟨𝑞𝑞⟩ = −𝑇
∑︁
𝑛∈Z

∫
𝑑3 𝒑

(2𝜋)3 tr𝐺𝑞 ( 𝒑, 𝜔̃𝑛 − 𝑔𝐴0), (8)

net-number density: ⟨𝑞𝛾0𝑞⟩ = −𝑇
∑︁
𝑛∈Z

∫
𝑑3 𝒑

(2𝜋)3 tr 𝛾0𝐺𝑞 ( 𝒑, 𝜔̃𝑛 − 𝑔𝐴0), (9)

and so on, where the Matsubara frequencies 𝜔̃𝑛 = (2𝑛 + 1)𝜋𝑇 + i𝜇𝑞.
By comparing (8) and (9) to the case without 𝐴0 feedback, we identify that the density

fluctuations, namely the 𝜇𝐵 susceptibilities of (9):

𝜒𝐵
𝑘 =

𝜕𝑘 (𝑃/𝑇4)
𝜕 (𝜇𝐵/𝑇)𝑘

=
𝜕𝑘−1(𝑛𝐵/𝑇3)
𝜕 (𝜇𝐵/𝑇)𝑘−1 , 𝑘 = 1, 2, · · · , (10)
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are characteristic of the finite density signatures of confinement phase transition. The comparisons
are given in Figure 3 for the second-order susceptibility 𝜒𝐵

2 and for the kurtosis 𝜒𝐵
4 /𝜒

𝐵
2 . Here, the

propagators take inputs from a recent work on the QCD phase structure [26], in order to solve the
DSEs in Figure 2. In addition, the full color SU(3) structure of 𝐴0 is considered:

𝐴0 = 𝐴3
0 𝑡

3 + 𝐴8
0 𝑡

8, (11)

since at finite chemical potentials, the Cartan 𝑡8 component of 𝐴0 takes generally a finite value [27].
In concrete, it is observed that at low temperatures, the 𝐴0 feedback suppresses the value of second
order susceptibility, while it gives an enhancement on the kurtosis. Both 𝐴3

0 and 𝐴8
0 components

are crucial, regarding their contributions to high-order fluctuations, such as the kurtosis in the right
column of Figure 3. With a full consideration of 𝐴0 effect, we obtain the temperature dependence
of the baryon number susceptibilities with precision, compared with the lattice QCD results with a
high order of Taylor expansions [23, 24] and the fRG results [25] as benchmarks. Remarkably, it
provides for the first time a qualitative reliable calculation of the kurtosis within the DSEs approach,
considering its low temperature limit. Further applications are also available for this background
field framework, such as the determination on the QCD equation of state at finite density, which
may serve as a useful framework to tackle the in-demand high density region for predictions on
QCD thermodynamics. A separate article will come up soon for the specific discussions in the near
future.

4. Conclusion

With the continuum approaches of QCD, we have developed new frameworks for studying
the dynamics of confinement at finite density. The starting point is the QCD correlation functions
of the matter sector, typically the full quark propagator. Then, the aspect of confinement can be
captured either by a direct input from its order parameter - Polyakov loop, or by a self-consistent
resolution via the gluon background field 𝐴0. We then demonstrated two possible observables
which are characteristic to the confinement-deconfinement phase transition. One is the isentropic
trajectories, which show a bending feature near the phase boundary. Such a bending feature is
not altered for realistic QCD systems, and it might indicate an overlap between the chiral and
the confinement aspect of QCD at high density. The other one is the baryon number fluctuation,
where we demonstrated the contributions of different 𝐴0 components and their connections to the
confining regime in QCD. Remarkably, we have presented for the first time a qualitative reliable
calculation of the kurtosis within the DSEs approach. Together, the present studies may offer new
strategies for solving the QCD thermodynamics in the in-demand high density region.
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