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Gluon Parts of Gravitational Form Factors and Mass Distribution

1. Introduction

The gluon contributions to hadron properties and structure have long received much less
attention than traditional quark contributions. That situation has changed in recent years due to
developments in both experiment and theory. When the attention to hadron structure broadened
to include not only internal electromagnetic properties and parton distribution functions (PDFs),
but also internal distributions of energy, angular momentum, and mechanical properties then the
hadron matrix elements of the energy-momentum tensor operator (EMT) provide a coordinated
viewpoint [1–5] via the gravitational form factors (GFFs) of the EMT. The lattice-regulated approach
to QCD calculations (LQCD) is now able to use the EMT to address both the quark and gluon parton
components of the gravitational form factors including the angular momentum and the mass/energy
distribution. Recent LQCD results include all the form factors of the nucleon including the gluon
component of the mass/energy distribution [6] and all the form factors of the pion [7].

There is a close connection between the gravitational form factors of the EMT and the quark
and gluon ⟨𝑥⟩ moments of generalized parton distributions (GPDs) [1, 8], and we utilize that for our
calculations in this work. The GPDs are of broader interest [3] because they contain information on
imagining of hadrons [9], their mass decomposition [10, 11], and cross sections for hard exclusive
reactions [1, 12] that can be measured at facilities such as Jefferson Lab and an Electron Ion Collider.
The lowest Mellin moments of hadron GPDs at𝑄2 = 0 relate to static properties such as the electric
charge, magnetic moment, axial charge, and quark spin 𝑆q. From the 𝑄2 derivative, it is possible to
obtain the quark and gluon parton shares of total angular momentum 𝐽 of the nucleon [13]. Other
recent theoretical approaches and models for the parton content of GFFs include an approach from
the Instanton Liquid Model [14]; the light-front Hamiltonian method with an explicit one-gluon Fock
space component [15]; a contact quark-quark interaction model [16]) where the constituent quarks
are structureless and the gluon contribution is not accessible; and an algebraic GPD model [17] in
which gluon contributions are only generated by scale evolution.

Here we exploit the close mathematical connection between hadron matrix elements of the
EMT and generalized momentum fraction moments to obtain the parton decomposition of the
EMT for nucleon and pion from the Dyson-Schwinger equation approach (DSE) using methods
previously applied for standard parton momentum fractions [13]. We use the ladder-rainbow (RL)
truncation that selects an infinite subset of gluon emission and absorption processes anticipating
that the quark dressing mechanism, so strong because of dynamical chiral symmetry breaking, will
generate most of the gluon contributions to parton PDFs and GPDs at the model scale. That same
DSE-RL approach has previously proven very successful and efficient for ground state masses,
decay constants, and electromagnetic form factors [18–21] especially for light quark pseudoscalar
and vector mesons [22, 23].

2. The Energy-Momentum Tensor and the Energy Distribution in Hadrons

The object of interest is the hadronic matrix element ⟨𝑃′ |𝑇 𝜇𝜈 (0) |𝑃⟩ where 𝑃 = 𝐾 −𝑄/2,
𝑃′ = 𝐾 +𝑄/2 with 𝑄 spacelike and with hadronic states covariantly normalized as ⟨𝑃′ |𝑃⟩ =
2𝐸 (2𝜋)3 𝛿3(𝑃′ − 𝑃). The QCD Energy-Momentum Tensor (EMT), in the symmetric Belin-
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Figure 1: Left panel: The gravitational form factor 𝐴𝑁 (𝑄2) of the nucleon at the model scale showing
quark (𝑞 + 𝑞) and gluon contributions. Right panel: The same but at scale 𝜇 = 2 GeV. The filled circles are
the values of 𝐴q (0), 𝐴g (0) that result from a recent global data analysis [25].

fante [24] form, is given by the operator 𝑇 𝜇𝜈 (𝑥) = 𝑇 𝜇𝜈𝑞 + 𝑇 𝜇𝜈𝑔 , where

𝑇
𝜇𝜈
𝑞 (𝑥) =

𝑖

4
𝑞(𝑥)

[
↔
𝐷𝜇𝛾𝜈 +

↔
𝐷𝜈𝛾𝜇

]
𝑞(𝑥) , (1)

and

𝑇
𝜇𝜈
𝑔 (𝑥) = 𝐺𝜇𝛼 (𝑥)𝐺𝛼𝜈 (𝑥) +

𝑔𝜇𝜈

4
𝐺𝛼𝛽 (𝑥)𝐺𝛼𝛽 (𝑥) , (2)

where we have eliminated the 𝑔𝜇𝜈 𝑞(𝑥) [𝐷̸ − 𝑚] 𝑞(𝑥) term via the equations of motion. In the
above we use a standard notation [4]

↔
𝐷𝜇 =

→
𝐷𝜇 −

←
𝐷𝜇 with

→
𝐷𝜇 =

→
𝜕𝜇 − 𝑖𝑔𝐴𝜇 and

←
𝐷𝜇 =

←
𝜕𝜇 + 𝑖𝑔𝐴𝜇,

where the gluon field 𝐴 includes the flavor factor. Since the Hamiltonian operator is
∫
𝑑3𝑥 𝑇00(𝑥),

information on how mass/energy associated with parton p is distributed in a hadron is expressed by
the normalized 3-space distribution

Ep( ®𝑄2) =
〈
𝑃′
��𝑇00

p (0)
��𝑃〉

2 𝐸 ( ®𝑄2)
. (3)

2.1 The EMT Gravitational Form Factors and GPDs

We will utilize two different basis vectors: the light-like longitudinal vector 𝑛𝜇 = (1; ®0𝑇 , −1)
and the rest frame vector 𝑒𝜇 = (1; ®0𝑇 , 0). We take 𝑄 to be transverse, 𝑄·𝑛 = 𝑄·𝐾 = 𝑄·𝑒, where
𝐾 = (𝑃′ + 𝑃)/2 = (𝐾0, ®0). The mass-shell condition yields (𝐾0)2 = 𝐸2( ®𝑄2) = (𝑀2 + ®𝑄2/4). For
a spin-0 hadron like the pion the matrix element of 𝑇 𝜇𝜈q/g (0) has the general form [1, 5]

⟨𝜋(𝑃′) |𝑇 𝜇𝜈q/g (0) |𝜋(𝑃)⟩ = 𝐴
𝜋
𝑞/𝑔 (𝑄

2) 2𝐾𝜇 𝐾𝜈 − 𝐷 𝜋
𝑞/𝑔 (𝑄

2) 𝑄
2 T 𝜇𝜈 (𝑄)

2
+ 𝐶̄ 𝜋q/g(𝑄

2) 2𝑀2 𝑔𝜇𝜈 , (4)
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with the transverse projector being T 𝜇𝜈 (𝑄) = 𝑔𝜇𝜈 −𝑄𝜇𝑄𝜈/𝑄2. The 𝐴𝜋
𝑞/𝑔 (𝑄

2) are the parton
components of the prominent gravitational form factor whose limit 𝐴𝜋

𝑞/𝑔 (0) = ⟨𝑥⟩𝑞/𝑔 yields the
parton momentum fractions associated with the DIS process. The other gravitational form factors
relate to the distribution of internal pressure and stress. The nucleon version of Eq. (4), with spinors
normalized as 𝑢̄(𝑃)𝑢(𝑃) = 1, and thus 𝑢̄(𝑃′)𝑢(𝑃) = 𝐸 ( ®𝑄2)/𝑀 , is [1, 5]

⟨𝑁 (𝑃′) |𝑇 𝜇𝜈q/g (0) |𝑁 (𝑃)⟩ = 𝑢̄(𝑃
′)
{
𝐴𝑁
𝑞/𝑔 (𝑄

2) 2𝐾𝜇𝐾𝜈 + 𝐽𝑁
𝑞/𝑔 (𝑄

2) 𝑡𝜇𝜈 (𝐾,𝑄, 𝜎)

−𝐷𝑁
𝑞/𝑔 (𝑄

2) 𝑄
2 T 𝜇𝜈 (𝑄)

2
+ 𝐶̄𝑁q/g(𝑄

2) 2𝑀2 𝑔𝜇𝜈
}
𝑢(𝑃) . (5)

In the nucleon case the state labels 𝑃′, 𝑃 are to be understood to include spin projections 𝑠′, 𝑠. Here
the tensor 𝑡𝜇𝜈 is 𝑖 𝐾 {𝜇𝜎𝜈}𝛼𝑄𝛼 = 𝑖 (𝐾𝜇𝜎𝜈𝛼 + 𝐾𝜈𝜎𝜇𝛼)𝑄𝛼, and 𝐽𝑁p (𝑄2) ≡ [𝐴𝑁p + 𝐵𝑁p ]/2 describes
the distribution of total angular momentum contributed by parton 𝑝. By symmetry 𝜕𝜇𝑇 𝜇𝜈 (𝑥) = 0
and thus Σ𝑝𝐶̄𝑝 (𝑄2) = 0. Also by symmetry, the 𝑄2 → 0 limit ⟨𝑃 |𝑇++q+g(0) |𝑃⟩/2𝑀2 = 1 yields the
sum rule ⟨𝑥⟩𝑞 + ⟨𝑥⟩𝑔 = 1 for nucleon or pion. A byproduct is that for the nucleon Σ𝑝𝐵

𝑁
𝑝 (0) = 0.

The form factors 𝐴𝑝 (𝑄2), 𝐵𝑝 (𝑄2) are the parton light-cone momentum fraction moments (i.e.,
second Mellin moments) of the GPDs 𝐻𝑝 (𝑥, 𝜉, 𝑄2), 𝐸𝑝 (𝑥, 𝜉, 𝑄2) respectively [1, 5] where 𝜉 =
−𝑄·𝑛/(2𝐾 ·𝑛) → 0 because here 𝑄 is transverse.

The various form factors can be isolated if one has the contraction of the EMT with sufficient
independent kinematic tensors. Sufficient are the three symmetric tensors 𝑛𝜇𝑛𝜈 (giving 𝑇++p ) and
𝑒𝜇𝑒𝜈 (giving 𝑇00

p ), and 𝑄𝜇𝑄𝜈/𝑄2. Here we report results from use of the first two. For a spin- 1
2

hadron the general form of ⟨𝑇++p ⟩ is

𝑛𝜇⟨𝑁 (𝑃′) |𝑇 𝜇𝜈p (0) |𝑁 (𝑃)⟩𝑛𝜈 = 2𝑀 𝐾0(𝑄) 𝑢̄𝑠′ (𝑃′)
[
̸𝑛 𝐴𝑁p (𝑄2) + 𝑖𝜎

𝑛𝛼𝑄𝛼

2𝑀
𝐵𝑁p (𝑄2)

]
𝑢𝑠 (𝑃), (6)

which allows the separate identification of 𝐴𝑁p and 𝐵𝑁p upon using the 𝑠′𝑠 dependence. For the pion,
the general form of ⟨𝑇++p ⟩ is simply 𝑛𝜇⟨𝜋(𝑃′) |𝑇 𝜇𝜈p (0) |𝜋(𝑃)⟩𝑛𝜈 = 2(𝐾0)2 𝐴𝜋p (𝑄2). The contraction
with 𝑒𝜇𝑒𝜈 generally involves a linear combination of all form factors. A further contraction with
𝑄𝜇𝑄𝜈/𝑄2 will isolate 𝐶̄p(𝑄2) and allow a complete extraction. We don’t consider contraction with
𝑄𝜇𝑄𝜈/𝑄2 here; but at 𝑄2 = 0 we can extract the 𝐶̄p(0) because 𝐷p(0) does not contribute.

3. Towards calculation of 𝑎𝜇𝑇 𝜇𝜈𝑎𝜈

With 𝑇𝑎𝑎 denoting 𝑎𝜇𝑇 𝜇𝜈𝑎𝜈 , where vector 𝑎𝜇 can be the above 𝑛𝜇 or 𝑒𝜇, the QCD matrix
element of 𝑇𝑎𝑎q (0) from Eq. (1) can be rearranged by translating the gluon field part of the covariant

derivative
↔
𝐷𝑎 into a derivative of a Wilson line integral, resulting in〈

𝑃′
���� 𝑞(0) 𝑖2 ↔𝐷𝑎 ̸𝑎 𝑞(0)����𝑃〉 =

∫
𝑑4𝑧

∫
𝑘

𝑒𝑖𝑘 ·𝑧 𝑖𝜕𝑎 (𝑧)
〈
𝑃′
���𝑞(− 𝑧2 )𝑊 (− 𝑧2 , 𝑧2 ) ̸𝑎𝑞( 𝑧2 )���𝑃〉 , (7)

where
∫
𝑘
=
∫
𝑑4𝑘/(2𝜋)4. Here the Wilson line integral𝑊 (𝑎, 𝑏) = 𝑃𝑒𝑖𝑔

∫ 𝑎

𝑏
𝑑𝑦 ·𝐴(𝑦) restores explicit

gauge invariance to this explicitly non-local form. Use of integration by parts to reverse the action
of 𝑖𝜕𝑎 (𝑧) produces a factor 𝑘 ·𝑎 leading to the matrix element of Eq. (1) expressed in the form〈

𝑃′
��𝑇𝑎𝑎q (0)

��𝑃〉
2(𝐾0)2

=
1

2𝐾0

∫
𝑘

( 𝑘 ·𝑎
𝐾0 )

∫
𝑑4𝑧 𝑒𝑖𝑘 ·𝑧

〈
𝑃′
���𝑞(− 𝑧2 )𝑊 (− 𝑧2 , 𝑧2 ) ̸𝑎𝑞( 𝑧2 )���𝑃〉 . (8)

4



P
o
S
(
Q
C
H
S
C
2
4
)
0
7
7

Gluon Parts of Gravitational Form Factors and Mass Distribution

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0.0

0.2

0.4

0.6

0.8

Q2 ( GeV2 )

N ϵ(Q2)/M μ = 2 GeV

q+q

g

0.0 0.1 0.2 0.3 0.4 0.5
0.0

0.2

0.4

0.6

0.8

Q2 ( GeV2 )

π ϵ(Q2)/mπ
μ = 2 GeV

q+q

g

Figure 2: Left panel: The unit-normalized energy distribution E(𝑄)/𝑀 of the nucleon at scale 𝜇 = 2 GeV,
showing the quark and gluon contributions. Right panel: The pion unit-normalized energy distribution.

With the choice 𝑎𝜇 → 𝑛𝜇 this yields ⟨𝑥⟩q associated with the DIS process as well as its 𝑄2 > 0
generalization. The corresponding gluon parton matrix element of Eq. (2) can be expressed in the
similar form〈
𝑃′
��𝑇𝑎𝑎g (0)

��𝑃〉
2(𝐾0)2

=
1

2𝐾0

∫
𝑘

( 𝑘 ·𝑎
𝐾0 )

∫
𝑑4𝑧

𝑒𝑖𝑘 ·𝑧

𝑘 ·𝑎

〈
𝑃′
���𝐺𝑎𝜈 (− 𝑧2 )𝐺𝜈𝑎 ( 𝑧2 ) + 𝑎·𝑎4 𝐺𝜇𝜈 (− 𝑧

2
)𝐺𝜇𝜈 (

𝑧

2
)
���𝑃〉 ,

(9)

where 𝐺𝑎 𝜈 (𝑧) = 𝑎𝜇 𝐺𝜇 𝜈 (𝑧). The Wilson line integral is unity for this lowest physical gluon
moment due to cancellation of 𝑘 ·𝑎. In these expressions the

∫
𝑑4𝑧 result defines the representation

of the process in terms of parton momentum 𝑘; then the
∫
𝑑4𝑘 implements the momentum fraction

⟨𝑘 ·𝑎/𝐾 ·𝑎⟩ expectation value. These are generalized momentum fractions related to the component
in direction 𝑎; only the special case 𝑎→𝑛 yields the lightcone momentum fraction associated with
a DIS process. In that case 𝑔𝑛𝑛→0 and both the gluon and quark expressions in Eq. (8) and Eq. (9)
yield the standard QCD light-cone momentum fraction expressions [3] accessed in the DIS process.
We draw this analogy of

〈
𝑃′
��𝑇𝑎𝑎p (0)

��𝑃〉 with DIS momentum fractions to enable the application of
such established calculation methods to produce EMT results.

4. Dynamical Approach

The previous definitions employed Minkowski metric; from here on we adopt Euclidean metric
in order to apply the Rainbow-Ladder truncation of the DSE approach to non-perturbative aspects
of hadron physics.1 This has successfully described many hadron properties [18–21], in particular
it was previously used to explore dynamical relations between quark and gluon contributions to
PDFs angular momentum of the proton [13, 26].

1In Euclidean metric we employ 𝑎4 = 𝑖𝑎0 for any space-time vector, including 𝑛, while {𝛾𝛼, 𝛾𝛽} = 2𝛿𝛼𝛽 with
𝛾4 = 𝛾0. Hence ̸𝑎 → −𝑖 ̸𝑎 while 𝑎·𝑏 → −𝑎·𝑏.
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The Rainbow-Ladder truncation of the QCD matrix elements in Eq. (8) and Eq. (9) yield for
parton type p [13, 26]

⟨ 𝑘 ·𝑎
𝐾 ·𝑎 ⟩p(𝑄

2) = tr
∫
𝑝

𝑆(𝑝 𝑓 ) Γ𝑎p (𝑝, 𝑄) 𝑆(𝑝𝑖) M(𝑝, 𝑄;𝑃), (10)

where 𝑝 𝑓 /𝑖 = 𝑝 ±𝑄/2 and the trace is over Dirac and color indices. For the pionM(𝑝, 𝑄;𝑃) is
Γ𝜋 (𝑝𝑖− 𝑃/2; 𝑃) 𝑆(𝑝𝑖− 𝑃) Γ̄𝜋 (𝑝 𝑓 − 𝑃′/2;−𝑃′). In the nucleon case, M contains a dependence
on initial and final spin projections and the flavor of the active parton; the employed model is
described later. In Eq. (10) the Γ𝑎p (𝑝, 𝑄) are DSE-RL dressed vertices that carry the second Mellin
moment ⟨𝑘 ·𝑎/𝐾 ·𝑎⟩ information generated by the quark-in-quark aspect (Γ𝑎q ) or the gluon-in-quark
aspect (Γ𝑎g ). The strength of dynamical chiral symmetry breaking for light quarks suggests the
quark dressing mechanism produces most of the strength of the gluon parton behavior; the obtained
results support this.

For realistic numerical work, the dressed quark propagator 𝑆(𝑝) is obtained from the quark
Dyson-Schwinger equation of QCD in Rainbow-Ladder truncation, which is

𝑆−1(𝑝) = 𝑍2 𝑆
−1
0 (𝑝) −

∫
𝑘

𝜆𝑎

2
𝛾𝜇K𝜇𝜈 (𝑞) 𝑆(𝑘)

𝜆𝑎

2
𝛾𝜈 , (11)

where 𝑆−1
0 (𝑝) = 𝑖 ̸ 𝑝 + 𝑍𝑚𝑚𝑟 . The general form of the solution is 𝑆−1(𝑝) = 𝑖 ̸ 𝑝 𝐴(𝑝2, 𝜇2)+𝐵(𝑝2, 𝜇2),

and the renormalization constants (𝑍2, 𝑍𝑚) produce 𝐴→ 1 and 𝐵→ 𝑚𝑟 at the renormalization
scale 𝜇. The standard Landau gauge DSE-RL interaction kernel [22, 27, 28] that generates quark
propagators, BSE vertices and meson bound states is K𝜇𝜈 (𝑞) = K(𝑞2) T𝜇𝜈 (𝑞) where T𝜇𝜈 (𝑞) is the
transverse projector and K(𝑞2) is the model’s non-perturbative generalization of the bare kernel
K0(𝑞2) = 𝑔2/𝑞2. This DSE-RL kernel correlates a large amount of hadron physics [18–21] and is
given by

K(𝑞2) = 𝐷2
RL e−𝑞

2/𝜔2 + F (𝑞2) 4𝜋 𝛼̃𝑠 (𝑞2) . (12)

Here 𝛼̃𝑠 (𝑞2) denotes a continuation of the 1-loop 𝛼𝑠 (𝑞2) to provide smooth non-singular coverage
for the entire domain of 𝑞2. The first term of Eq. (12) implements the infrared enhancement due
to dressing effects, while the second term, with F (𝑞2) = (1 − exp(−𝑞2/(1 GeV2)))/𝑞2, connects
smoothly with the 1-loop renormalization group behavior of QCD.

The defining Bethe-Salpeter equation for the dressed vertices Γ𝑎p is [26, 27, 29]

Γ𝑎p (𝑝, 𝑄) = Γ𝑎p,D(𝑝, 𝑄) −
∫
ℓ

𝜆𝑎

2
𝛾𝜇K𝜇𝜈 (𝑞) 𝑆(ℓ 𝑓 ) Γ𝑎p (ℓ, 𝑄) 𝑆(ℓ𝑖)

𝜆𝑎

2
𝛾𝜈 , (13)

where ℓ 𝑓 /𝑖 = ℓ ±𝑄/2, 𝑞 = 𝑝 − ℓ, and K𝜇𝜈 (𝑞) is the DSE-RL kernel. The inhomogeneous vertex
terms are those in Refs. [13, 26] but here generalized to accommodate the more general basis vector
𝑎. In the quark parton case Γ𝑎q,D(𝑝, 𝑄) = 𝑍2 (−𝑖 ̸𝑎) ( 𝑝·𝑎𝐾0 ), while the gluon parton case yields

Γ𝑎g,D(𝑝, 𝑄)=
4
3

∫
𝑞

(𝑞·𝑎
𝐾0

)
𝛾𝜇 Δg(𝑞 𝑓 ) 𝐷̂𝜇𝜈 (𝑞, 𝑄) Δg(𝑞𝑖) 𝑆(𝑝−𝑞) 𝛾𝜈 , (14)

where 𝑆(𝑝−𝑞) is the quark propagator. The inhomogeneous gluon-in-quark vertex involves Δg(𝑞)
which is determined by the corresponding 𝑄 = 0 kernel for the momentum fraction calculation. In
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Figure 3: Left panel: The angular momentum distribution 𝐽 (𝑄) of the nucleon at scale 2 GeV, showing
quark (𝑞 + 𝑞) and gluon contributions. The filled circles are the values of 𝐽q (0), 𝐽g (0) from a recent LQCD
calculation [30]. Right panel: The gravitational form factor 𝐷 (𝑄) of the nucleon and pion summed over
partons. The dashed curve for the nucleon is the dipole fit obtained in the recent LQCD calculation [6], and
the dashed curve for the pion is the monopole fit obtained in an earlier LQCD caculation [7].

particular Δg(𝑞)2 =Kg(𝑞2) is the non-perturbative generalization of 𝑔2/𝑞4 given in Refs. [13, 26].
Eq. (14) involves the tensor is 𝐷̂𝜇𝜈 = T𝜇𝛼 (𝑞 𝑓 )𝑌𝛼𝛽 (𝑞 𝑓 , 𝑞𝑖) T𝛽𝜈 (𝑞𝑖) with T𝜇𝛼 being the transverse
projector, as well as the tensor 𝑌𝛼𝛽 which is

𝑌𝛼𝛽 =
2
𝑞·𝑎

(
𝑞 𝑓·𝑎 𝑞𝑖·𝑎 𝛿𝛼𝛽 − 𝑞 𝑓·𝑎 𝑞𝑖𝛼 𝑎𝛽 + 𝑞 𝑓·𝑞𝑖 𝑎𝛼 𝑎𝛽 − 𝑎𝛼 𝑞

𝑓

𝛽
𝑞𝑖·𝑎

)
+ 𝑎·𝑎
𝑞·𝑎

(
𝑞𝑖𝛼 𝑞

𝑓

𝛽
− 𝑞 𝑓·𝑞𝑖 𝛿𝛼𝛽

)
,

(15)

where 𝑞 𝑓 /𝑖 = 𝑞 ±𝑄/2. The numerator terms are bilinear in momentum and this structure derives
from Eq. (9) being bilinear in the gluon field tensor and then subsequent truncation to ladder-rainbow
structure as needed here. The second term here originates from the term of 𝑇 𝜇𝜈 proportional to
𝑔𝜇𝜈 , that is the second term of Eq. (9).

The DSE-RL gluon-in-quark kernel Kg(𝑞2) generates the gluon momentum fraction and its
strength is set [13] so that the pion’s model scale momentum fractions ⟨𝑥⟩q and ⟨𝑥⟩g lead to a
minimized RMS departure from global data analysis results at upper scales. Due to the Landau
gauge of the DSE-RL approach and its lack of an explicit Wilson line integral, we employ the
1-loop estimated compensation [13] of a 7% decrease of ⟨𝑥⟩q(𝜇0) and a 27% increase of ⟨𝑥⟩g(𝜇0)
to maintain the fit to data at higher scales. Kernel parameters are summarized in Ref. [13]. After
the pion is used to fix the gluon-in-quark kernel parameters, that kernel is applied unchanged to the
nucleon. The deduced model scales are 𝜇𝜋0 = 0.9 GeV, 𝜇𝑁0 = 0.64 GeV.

The nucleon matrix element in Eq. (10) involves a 𝑄 ≥ 0 generalization of the model used
previously to study ⟨𝑥⟩ sharing between quarks and gluons [26]. Here

M 𝑓

𝑠′ ,𝑠 (𝑝, 𝑄;𝑃) = 𝑁
[
𝑢𝑠 (𝑝𝑖) 𝑢̄𝑠′ (𝑝 𝑓 )

]
𝜌 𝑓 ,𝑠′ ,𝑠 𝑓 (𝑞′) 𝜏(𝑃−𝑝𝑖) 𝑓 (𝑞) , (16)
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where 𝑝 𝑓 /𝑖 = 𝑝 ±𝑄/2 and 𝜌 𝑓 ,𝑠′ ,𝑠 is the relevant spin-flip quark density for flavor 𝑓 in the pure SU(6)
spin-isospin proton state. The diagonal spin probabilities yield the quark numbers

∑
𝑠 𝜌 𝑓 ,𝑠,𝑠 = 𝑛 𝑓 ,

while the off-diagonal probabilities are 𝜌𝑢,↑,↓ =
4
3 and 𝜌𝑑,↑,↓ = − 1

3 . Here 𝑞′ = 𝑝 𝑓 −𝑃′/3 and
𝑞 = 𝑝𝑖−𝑃/3 are the relative momenta of the active quark and spectator pair in the final and
initial state respectively, while 𝑓 (𝑘) = 1/(𝑘2 + 𝑅2)3 describes the momentum dependence while
reproducing the high-𝑥 exponent behavior of the produced valence PDF 𝑞(𝑥). The function 𝜏(𝑠)
represents the di-quark propagator 1/(𝑠2 +𝑀2

D) with proper time regularization of the deep infrared
domain. The normalization 𝑁 is fixed by the valence quark numbers 𝑛 𝑓 . The parameters were fit
to results from Faddeev calculations of the nucleon [31].

5. Results

In Fig. 1 we display the obtained nucleon distributions 𝐴q/g(𝑄2) at the model scale 𝜇𝑁0 =

0.64 GeV and at 2 GeV. The gluon contribution at the model scale is not insignificant; it is larger than
half of the value at 2 GeV. Furthermore these fractions at𝑄2 = 0 are the parton lightcone momentum
fractions associated with the DIS process. The filled circles are the values of 𝐴q(0), 𝐴g(0) that
result from a recent global data analysis [25].

In Fig. 2 we display the unit-normalized mass/energy distributions Ep(𝑄2)/𝑀 for parton 𝑝 of
the nucleon and pion. A consequence of the definition of Ep(𝑄2)/𝑀 from Eq. (3), and its relation
to the other form factors derivable from Eq. (4) and Eq. (5), is that the parton fractions Ep(0)/𝑀
are not identical to 𝐴p(0). The difference is due to the non-conservation form factors 𝐶̄ 𝜋q/g(0) and
for 𝜇 = 2 GeV we estimate

𝐶̄𝑁q (0) 𝐶̄𝑁g (0) 𝐶̄ 𝜋q (0) 𝐶̄ 𝜋g (0)
-0.08 0.08 -0.02 0.02

. (17)

In Fig. 3 we display the obtained angular momentum form factor 𝐽p(𝑄2) for parton 𝑝 of the
nucleon. Since 𝐽 = (𝐴 + 𝐵)/2 and 𝐴 is strongly dominant, the parton fractions for 𝐽 are almost the
same as those for 𝐴 shown in Fig. 1. Also shown is the total form factor 𝐷 (𝑄2). This is obtained by
using summed parton contributions to ⟨𝑇00⟩, 𝐴, 𝐽, and taking the appropriate linear combination.
The result should be scale invariant and this approach repeated at 𝜇0 and 2 GeV produces nearly
identical results.

We identify radii associated with each parton distribution 𝑓 (𝑄2) in the conventional way:
𝑅2 = −6 𝑓 ′(0)/ 𝑓 (0). The radii obtained for the distributions associated with 𝐴p(𝑄2) and Ep(𝑄2) at
2 GeV are displayed in Table 1. The radii of the gluon contribution to the mass/energy distributions
are seen to be essentially equal to the net quark radii for both nucleon and pion. Another major
pattern that emerges is that the distribution radii associated with form factor 𝐴p(𝑄2) are uniformly
less than those of Ep(𝑄2), especially for the pion. This is mainly due to the denominator arising
from the covariant normalization of states. From Eq. (3) the radii associated with Ep and 𝑇00

p
are related by 𝑅2

Ep
= 𝑅2

Tp
+ 3/4𝑀2; for a light hadron mass 𝑀 → 𝑚𝜋 this represents a significant

increase. The distribution associated with 𝑇00
p (𝑄2) is influenced by several form factors besides

𝐴p(𝑄2), but in general the radii have the hierachy 𝑅A < 𝑅T < 𝑅E ; the form factor 𝐴p(𝑄2) does not
well represent the distribution of mass/energy.
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𝐴 E
𝑅q 𝑅g 𝑅g/𝑅q 𝑅q/𝑅expt

ch 𝑅q 𝑅g 𝑅g/𝑅q 𝑅q/𝑅expt
ch

𝜋(𝜇 = 2 GeV) 0.397 0.485 1.22 0.60 1.178 1.197 1.017 1.79

𝑁 (𝜇 = 2 GeV) 0.627 0.655 1.044 0.75 0.766 0.765 0.998 0.912

Table 1: Radii (in fm) obtained for the separate quark and gluon distributions 𝐴p (𝑄), Ep (𝑄) at scale
𝜇 = 2 GeV. Ratios use empirical charge radii 𝑅𝜋ch, 𝑅

𝑁
ch = 0.659, 0.843 fm.

In Table 1 the obtained gluon mass/energy distribution radius 𝑅Eg for the nucleon compares
well to the recent LQCD result [6] 0.81 fm, and the recent analysis [32] of data yielding 0.778 fm.
Both of these works ignored the influence of 𝐶̄g(𝑄2) in their analysis. Here its effects have been
included because we obtain Eg directly from the total QCD matrix element 𝑇00

g . The obtained ratio
𝑅g/𝑅q = 1.22 for the pion form factor 𝐴 compares well with the value 1.1 obtained recently from
LQCD [7], as well as the value 1.31 obtained via an algebraic GPD model [17]. Also shown in
Table 1 are the quark radii from both 𝐴q and Eq expressed as a ratio to the empirical charge radii.

After obtaining radii for the total (summed parton) distributions E(𝑄2) and 𝐴(𝑄2) the
value of parton total 𝐷 (𝑄2 = 0) can be obtained from those total radii. One finds 𝑅2

E𝜋 =

𝑅2
A𝜋
−(3/2𝑀2) (1/2 + 𝐷 𝜋 (0)) and 𝑅2

EN
= 𝑅2

AN
−(3/2𝑀2)𝐷N(0). This yields 𝐷 𝜋 (0) = −0.89 and

𝐷N(0) = −1.73 at the scale 𝜇 = 2 GeV; these values provide a consistency check with those shown
in Fig. 3.

6. Summary

We have employed the model based on the Dyson-Schwinger Equations in Rainbow-Ladder
truncation to assess whether the dressing of quarks can, by itself, produce realistic gluon and
quark contributions to light-cone momentum fractions, gravitational form factors, mass/energy
distributions for the nucleon and pion. Matrix elements of several kinematic projections of the
Energy-Momentum Tensor are directly calculated by utilizing the similarity of its structure to the
generalized momentum fraction moment of GPDs associated with deep inelastic scattering. In this
exploratory work we have shown this approach to be applicable to a variety of gravitational form
factors including the D-term.

The form factors and radii obtained here continue to indicate that the quark dressing mechanism
is a strong basis for the gluon parton contributions. An extension of this DSE-RL approach to also
calculate the QCD matrix element for𝑄𝜇𝑇 𝜇𝜈p 𝑄𝜈/𝑄2 would yield the 𝐶̄p(𝑄2) and might be of future
interest, as would incorporation of a more realistic treatment of the nucleon state.

References

[1] X.-D. Ji, Phys. Rev. D 55, 7114 (1997), arXiv:hep-ph/9609381 .

[2] X.-D. Ji, Phys. Rev. Lett. 78, 610 (1997), arXiv:hep-ph/9603249 [hep-ph] .

[3] M. Diehl, Phys. Rept. 388, 41 (2003), arXiv:hep-ph/0307382 [hep-ph] .

9

http://dx.doi.org/10.1103/PhysRevD.55.7114
http://arxiv.org/abs/hep-ph/9609381
http://dx.doi.org/10.1103/PhysRevLett.78.610
http://arxiv.org/abs/hep-ph/9603249
http://dx.doi.org/10.1016/j.physrep.2003.08.002, 10.3204/DESY-THESIS-2003-018
http://arxiv.org/abs/hep-ph/0307382


P
o
S
(
Q
C
H
S
C
2
4
)
0
7
7

Gluon Parts of Gravitational Form Factors and Mass Distribution

[4] E. Leader and C. Lorcé, Phys. Rept. 541, 163 (2014), arXiv:1309.4235 [hep-ph] .

[5] M. V. Polyakov and P. Schweitzer, Int. J. Mod. Phys. A 33, 1830025 (2018), arXiv:1805.06596
[hep-ph] .

[6] D. C. Hackett, D. A. Pefkou, and P. E. Shanahan, Phys. Rev. Lett. 132, 251904 (2024),
arXiv:2310.08484 [hep-lat] .

[7] D. C. Hackett, P. R. Oare, D. A. Pefkou, and P. E. Shanahan, Phys. Rev. D 108, 114504 (2023),
arXiv:2307.11707 [hep-lat] .

[8] A. V. Radyushkin, Phys. Lett. B 380, 417 (1996), arXiv:hep-ph/9604317 .

[9] M. Burkardt, Int. J. Mod. Phys. A 18, 173 (2003), arXiv:hep-ph/0207047 .

[10] C. Lorcé, H. Moutarde, and A. P. Trawiński, Eur. Phys. J. C 79, 89 (2019), arXiv:1810.09837
[hep-ph] .

[11] Y. Hatta, A. Rajan, and K. Tanaka, JHEP 12, 008 (2018), arXiv:1810.05116 [hep-ph] .

[12] A. V. Radyushkin, Phys. Rev. D 56, 5524 (1997), arXiv:hep-ph/9704207 .

[13] P. C. Tandy, Phys. Lett. B 842, 137972 (2023), arXiv:2302.07473 [hep-ph] .

[14] W.-Y. Liu, E. Shuryak, C. Weiss, and I. Zahed, Phys. Rev. D 110, 054021 (2024),
arXiv:2405.14026 [hep-ph] .

[15] S. Xu, C. Mondal, X. Zhao, Y. Li, and J. P. Vary (BLFQ), Phys. Rev. D 108, 094002 (2023),
arXiv:2209.08584 [hep-ph] .

[16] M. A. Sultan, Z. Xing, K. Raya, A. Bashir, and L. Chang, Phys. Rev. D 110, 054034 (2024),
arXiv:2407.10437 [hep-ph] .

[17] K. Raya, Z.-F. Cui, L. Chang, J.-M. Morgado, C. D. Roberts, and J. Rodriguez-Quintero,
Chin. Phys. C 46, 013105 (2022), arXiv:2109.11686 [hep-ph] .

[18] A. Bashir, L. Chang, I. C. Cloët, B. El-Bennich, Y.-X. Liu, et al., Commun.Theor.Phys. 58,
79 (2012), arXiv:1201.3366 [nucl-th] .

[19] I. C. Cloët and C. D. Roberts, Prog. Part. Nucl. Phys. 77, 1 (2014), arXiv:1310.2651 [nucl-th]
.

[20] P. C. Tandy, Few Body Syst. 55, 357 (2014), arXiv:1407.0494 [hep-ph] .

[21] T. Horn and C. D. Roberts, J. Phys. G43, 073001 (2016), arXiv:1602.04016 [nucl-th] .

[22] P. Maris and P. C. Tandy, Phys. Rev. C60, 055214 (1999), nucl-th/9905056 .

[23] P. Maris and P. C. Tandy, Phys. Rev. C62, 055204 (2000), nucl-th/0005015 .

[24] F. J. Belinfante, Phys. Rev. 128, 2832 (1962).

10

http://dx.doi.org/10.1016/j.physrep.2014.02.010
http://arxiv.org/abs/1309.4235
http://dx.doi.org/10.1142/S0217751X18300259
http://arxiv.org/abs/1805.06596
http://arxiv.org/abs/1805.06596
http://dx.doi.org/10.1103/PhysRevLett.132.251904
http://arxiv.org/abs/2310.08484
http://dx.doi.org/10.1103/PhysRevD.108.114504
http://arxiv.org/abs/2307.11707
http://dx.doi.org/10.1016/0370-2693(96)00528-X
http://arxiv.org/abs/hep-ph/9604317
http://dx.doi.org/10.1142/S0217751X03012370
http://arxiv.org/abs/hep-ph/0207047
http://dx.doi.org/10.1140/epjc/s10052-019-6572-3
http://arxiv.org/abs/1810.09837
http://arxiv.org/abs/1810.09837
http://dx.doi.org/10.1007/JHEP12(2018)008
http://arxiv.org/abs/1810.05116
http://dx.doi.org/10.1103/PhysRevD.56.5524
http://arxiv.org/abs/hep-ph/9704207
http://dx.doi.org/10.1016/j.physletb.2023.137972
http://arxiv.org/abs/2302.07473
http://dx.doi.org/ 10.1103/PhysRevD.110.054021
http://arxiv.org/abs/2405.14026
http://dx.doi.org/10.1103/PhysRevD.108.094002
http://arxiv.org/abs/2209.08584
http://dx.doi.org/ 10.1103/PhysRevD.110.054034
http://arxiv.org/abs/2407.10437
http://dx.doi.org/ 10.1088/1674-1137/ac3071
http://arxiv.org/abs/2109.11686
http://dx.doi.org/10.1088/0253-6102/58/1/16
http://dx.doi.org/10.1088/0253-6102/58/1/16
http://arxiv.org/abs/1201.3366
http://dx.doi.org/10.1016/j.ppnp.2014.02.001
http://arxiv.org/abs/1310.2651
http://dx.doi.org/10.1007/s00601-014-0899-y
http://arxiv.org/abs/1407.0494
http://dx.doi.org/10.1088/0954-3899/43/7/073001
http://arxiv.org/abs/1602.04016
http://arxiv.org/abs/nucl-th/9905056
http://arxiv.org/abs/nucl-th/0005015
http://dx.doi.org/10.1103/PhysRev.128.2832


P
o
S
(
Q
C
H
S
C
2
4
)
0
7
7

Gluon Parts of Gravitational Form Factors and Mass Distribution

[25] T.-J. Hou et al., Phys. Rev. D 103, 014013 (2021), arXiv:1912.10053 [hep-ph] .

[26] A. Freese, I. C. Cloët, and P. C. Tandy, Phys. Lett. B 823, 136719 (2021), arXiv:2103.05839
[hep-ph] .

[27] T. Nguyen, A. Bashir, C. D. Roberts, and P. C. Tandy, Phys. Rev. C83, 062201 (2011),
arXiv:nucl-th/1102.2448 [nucl-th] .

[28] S.-x. Qin, L. Chang, Y.-x. Liu, C. D. Roberts, and D. J. Wilson, Phys.Rev. C84, 042202
(2011), arXiv:1108.0603 [nucl-th] .

[29] K. D. Bednar, I. C. Cloët, and P. C. Tandy, Phys. Rev. Lett. 124, 042002 (2020),
arXiv:1811.12310 [nucl-th] .

[30] C. Alexandrou, S. Bacchio, M. Constantinou, J. Finkenrath, K. Hadjiyiannakou, K. Jansen,
G. Koutsou, H. Panagopoulos, and G. Spanoudes, Phys. Rev. D 101, 094513 (2020),
arXiv:2003.08486 [hep-lat] .

[31] K. D. Bednar, I. C. Cloët, and P. C. Tandy, Phys. Lett. B782, 675 (2018), arXiv:1803.03656
[nucl-th] .

[32] Z.-E. Meziani, PoS SPIN2023, 168 (2024), arXiv:2403.08423 [nucl-ex] .

11

http://dx.doi.org/10.1103/PhysRevD.103.014013
http://arxiv.org/abs/1912.10053
http://dx.doi.org/10.1016/j.physletb.2021.136719
http://arxiv.org/abs/2103.05839
http://arxiv.org/abs/2103.05839
http://dx.doi.org/10.1103/PhysRevC.83.062201
http://arxiv.org/abs/nucl-th/1102.2448
http://dx.doi.org/ 10.1103/PhysRevC.84.042202
http://dx.doi.org/ 10.1103/PhysRevC.84.042202
http://arxiv.org/abs/1108.0603
http://dx.doi.org/10.1103/PhysRevLett.124.042002
http://arxiv.org/abs/1811.12310
http://dx.doi.org/ 10.1103/PhysRevD.101.094513
http://arxiv.org/abs/2003.08486
http://dx.doi.org/10.1016/j.physletb.2018.06.020
http://arxiv.org/abs/1803.03656
http://arxiv.org/abs/1803.03656
http://dx.doi.org/10.22323/1.456.0168
http://arxiv.org/abs/2403.08423

	Introduction
	The Energy-Momentum Tensor and the Energy Distribution in Hadrons 
	The EMT Gravitational Form Factors and GPDs

	Towards calculation of  aT a
	Dynamical Approach
	Results
	Summary

