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The parton structure of the nucleon and pion is investigated in an exploratory model that allows
one to assess whether the dressing of quarks can, by itself, produce realistic gluon contributions
to light-cone momentum fractions, gravitational form factors, mass/energy distributions and their
radii. The model is the Dyson-Schwinger Equations in Rainbow-Ladder truncation. For the
parton mass/energy distributions as a function of momentum transfer, we directly calculate matrix
elements of the Energy-Momentum Tensor by utilizing its similarity to the momentum fraction
moment of GPDs associated with deep inelastic scattering. A variety of gravitational form factors
are obtained including the D-term.
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Gluon Parts of Gravitational Form Factors and Mass Distribution

1. Introduction

The gluon contributions to hadron properties and structure have long received much less
attention than traditional quark contributions. That situation has changed in recent years due to
developments in both experiment and theory. When the attention to hadron structure broadened
to include not only internal electromagnetic properties and parton distribution functions (PDFs),
but also internal distributions of energy, angular momentum, and mechanical properties then the
hadron matrix elements of the energy-momentum tensor operator (EMT) provide a coordinated
viewpoint [ 1-5] via the gravitational form factors (GFFs) of the EMT. The lattice-regulated approach
to QCD calculations (LQCD) is now able to use the EMT to address both the quark and gluon parton
components of the gravitational form factors including the angular momentum and the mass/energy
distribution. Recent LQCD results include all the form factors of the nucleon including the gluon
component of the mass/energy distribution [6] and all the form factors of the pion [7].

There is a close connection between the gravitational form factors of the EMT and the quark
and gluon (x) moments of generalized parton distributions (GPDs) [1, 8], and we utilize that for our
calculations in this work. The GPDs are of broader interest [3] because they contain information on
imagining of hadrons [9], their mass decomposition [10, 11], and cross sections for hard exclusive
reactions [ 1, 12] that can be measured at facilities such as Jefferson Lab and an Electron Ion Collider.
The lowest Mellin moments of hadron GPDs at Q2 = 0 relate to static properties such as the electric
charge, magnetic moment, axial charge, and quark spin S4. From the Q? derivative, it is possible to
obtain the quark and gluon parton shares of total angular momentum J of the nucleon [13]. Other
recent theoretical approaches and models for the parton content of GFFs include an approach from
the Instanton Liquid Model [14]; the light-front Hamiltonian method with an explicit one-gluon Fock
space component [15]; a contact quark-quark interaction model [16]) where the constituent quarks
are structureless and the gluon contribution is not accessible; and an algebraic GPD model [17] in
which gluon contributions are only generated by scale evolution.

Here we exploit the close mathematical connection between hadron matrix elements of the
EMT and generalized momentum fraction moments to obtain the parton decomposition of the
EMT for nucleon and pion from the Dyson-Schwinger equation approach (DSE) using methods
previously applied for standard parton momentum fractions [13]. We use the ladder-rainbow (RL)
truncation that selects an infinite subset of gluon emission and absorption processes anticipating
that the quark dressing mechanism, so strong because of dynamical chiral symmetry breaking, will
generate most of the gluon contributions to parton PDFs and GPDs at the model scale. That same
DSE-RL approach has previously proven very successful and efficient for ground state masses,
decay constants, and electromagnetic form factors [18-21] especially for light quark pseudoscalar
and vector mesons [22, 23].

2. The Energy-Momentum Tensor and the Energy Distribution in Hadrons

The object of interest is the hadronic matrix element (P’|T*”(0)|P) where P =K — Q/2,
P’ =K+ Q/2 with Q spacelike and with hadronic states covariantly normalized as (P’|P) =
2E (2n)383(P’ = P). The QCD Energy-Momentum Tensor (EMT), in the symmetric Belin-
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Figure 1: Left panel: The gravitational form factor AN (Q?) of the nucleon at the model scale showing
quark (g + ¢) and gluon contributions. Right panel: The same but at scale u = 2 GeV. The filled circles are
the values of A4(0), Ag(0) that result from a recent global data analysis [25].

fante [24] form, is given by the operator T#” (x) = T} + T§'", where

7w = ) [BW + va] a0, M

and

T (x) = GH(x) Go” (x) + 5 Gaﬂ(x)Ga,B(x) 2

where we have eliminated the g*” g(x) [ID — m] ¢(x) term via the equations of motion. In the
above we use a standard notation [4] B’“‘ = B" - B“ with B" = 5” —igA* and B” = 3” +igAH,
where the gluon field A includes the flavor factor. Since the Hamiltonian operator is f d3x T (x),
information on how mass/energy associated with parton p is distributed in a hadron is expressed by
the normalized 3-space distribution

(PIT°O[P)

Sp(éz) = W . 3)

2.1 The EMT Gravitational Form Factors and GPDs

We will utilize two different basis vectors: the light-like longitudinal vector n* = (1; 6T, -1)
and the rest frame vector ¢* = (1; 6T, 0). We take Q to be transverse, Q-n = Q-K = Q-e, where
=(P'+P)/2=(K°, O) The mass-shell condition yields (K°)* = EZ(Q )= (M?+ é2/4). For

a sp1n—0 hadron like the pion the matrix element of Tc'lu/;(O) has the general form [1, 5]

O g

(0D 2M7 g (4)

(= (P)IT(O)[x(P) = AT, (0*) 2K* K* - DT, (0% £
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with the transverse projector being 7#”(Q) = g"¥ — Q*Q¥/Q>. The A;r /g(QZ) are the parton
components of the prominent gravitational form factor whose limit A;T /e (0) = (x)q/q yields the
parton momentum fractions associated with the DIS process. The other gravitational form factors
relate to the distribution of internal pressure and stress. The nucleon version of Eq. (4), with spinors
normalized as #(P)u(P) = 1, and thus (P’ )u(P) = E(éz)/M, is [1, 5]

(N(PHITIZ (0)IN(P)) = a(P){A)) (") 2KHK” +J0 (01 1" (K, Q, )

2 quv

DY o) ET D e 0wy o)
In the nucleon case the state labels P’, P are to be understood to include spin projections s’, s. Here
the tensor t*” is i K1* o 2Q,, =i (KFoV® + K¥0"?) Q,,, and Jé\’(Qz) = [AI])V + BII)\’] /2 describes
the distribution of total angular momentum contributed by parton p. By symmetry 0,7#" (x) =
and thus X, C (0?) = 0. Also by symmetry, the Q% — 0 limit (P|T, +g(0)|P)/2 M? =1 yields the
sum rule (x>q + (x)g = 1 for nucleon or pion. A byproduct is that for the nucleon X BIIY (0) =
The form factors A p(QZ), BP(QZ) are the parton light-cone momentum fraction moments (i.e.,
second Mellin moments) of the GPDs H, (x, ¢, 0%),E p(x, €, Q?) respectively [1, 5] where & =
—Q0-n/(2K-n) — 0 because here Q is transverse.

The various form factors can be isolated if one has the contraction of the EMT with sufficient
independent kinematic tensors. Sufficient are the three symmetric tensors n,n, (giving Tp+ *) and
eye, (giving TI(,)O), and 0,0,/ Q2. Here we report results from use of the first two. For a spin—%
hadron the general form of (7,) is

lo— Q(l

s Bo (@) |us(P), (6)

nu(N(P) T3 ()N (P))n, = 2M K°(Q) it (P') | 1 A) (Q%) + ———

which allows the separate identification of Af,v and BI’,V upon using the s’s dependence. For the pion,
the general form of <TJ+) is simply n, (7 (P’) |T;§W(0) |7(P))n, =2(K°)? Aff(Qz). The contraction
with e, e, generally involves a linear combination of all form factors. A further contraction with
0.0/ Q2 will isolate C_'p(QZ) and allow a complete extraction. We don’t consider contraction with
0.0,/ 0? here; but at Q% = 0 we can extract the C_’p(O) because D;,(0) does not contribute.

3. Towards calculation of a, 7" a,
With T7¢¢ denoting a,T""a,, where vector a can be the above n* or e#, the QCD matrix
element of 7 (0) from Eq. (1) can be rearranged by translating the gluon field part of the covariant

—
derivative D¢ into a derivative of a Wilson line integral, resulting in

<P’ P>=/af“z/ke”<'Z i0(2) (P’

where fk = f d*k/(2r)*. Here the Wilson line integral W (a, b) = Pe'$ Jy" d-AG) restores explicit
gauge invariance to this explicitly non-local form. Use of integration by parts to reverse the action

3(0) 5 B ¢4 0)

-, Z zZ Z <
A-3W (3.2 haF)|P) .

of i0¢(z) produces a factor k-a leading to the matrix element of Eq. (1) expressed in the form

(P'|T5(0)|P) i ik | pr
2 (K0)? 2K0/( )/d ze P

AW daGIP) . ®)
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Figure 2: Left panel: The unit-normalized energy distribution E(Q)/M of the nucleon at scale u = 2 GeV,
showing the quark and gluon contributions. Right panel: The pion unit-normalized energy distribution.

With the choice a# — n* this yields (x)q associated with the DIS process as well as its 0%*>0

similar form

(PIg“OIP) 1 [ ka [,
2(K9)? ‘21(0/,((F)/dZ

generalization. The corresponding gluon parton matrix element of Eq. (2) can be expressed in the
"(-2)6,9C)+ L4 67 (-3 G S)|P)
G (=3) G, (5) + T G* (=3) G (H|P).

eik-z
Pl
k-a <
&)

where GV (z) = a, G*V(z). The Wilson line integral is unity for this lowest physical gluon

moment due to cancellation of k-a. In these expressions the f d*z result defines the representation
of the process in terms of parton momentum k; then the / d*k implements the momentum fraction
(k-a/K-a) expectation value. These are generalized momentum fractions related to the component
in direction a; only the special case a — n yields the lightcone momentum fraction associated with
a DIS process. In that case g — 0 and both the gluon and quark expressions in Eq. (8) and Eq. (9)
yield the standard QCD light-cone momentum fraction expressions [3] accessed in the DIS process.
We draw this analogy of (P’|TI§“‘ (O)|P> with DIS momentum fractions to enable the application of
such established calculation methods to produce EMT results.

4. Dynamical Approach

The previous definitions employed Minkowski metric; from here on we adopt Euclidean metric
in order to apply the Rainbow-Ladder truncation of the DSE approach to non-perturbative aspects
of hadron physics.! This has successfully described many hadron properties [18—21], in particular
it was previously used to explore dynamical relations between quark and gluon contributions to
PDFs angular momentum of the proton [13, 26].

"n Buclidean metric we employ a4 = ia® for any space-time vector, including n, while {yq, yg} = 26,5 with
V4 = 70. Hence ¢ — —ig while a-b — —a-b.
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The Rainbow-Ladder truncation of the QCD matrix elements in Eq. (8) and Eq. (9) yield for
parton type p [13, 26]

k- .
(0% =1 /,, S(p" T (p, Q) S(p') M(p, O:P), (10)

where p//" = p + Q/2 and the trace is over Dirac and color indices. For the pion M(p, Q;P) is
Ix(p'=P/2;P)S(p'— P)Tx(p/ = P’/2;—P’). In the nucleon case, M contains a dependence
on initial and final spin projections and the flavor of the active parton; the employed model is
described later. In Eq. (10) the I'} (p, Q) are DSE-RL dressed vertices that carry the second Mellin
moment (k-a/K-a) information generated by the quark-in-quark aspect (I'{') or the gluon-in-quark
aspect (I'y). The strength of dynamical chiral symmetry breaking for light quarks suggests the
quark dressing mechanism produces most of the strength of the gluon parton behavior; the obtained
results support this.

For realistic numerical work, the dressed quark propagator S(p) is obtained from the quark
Dyson-Schwinger equation of QCD in Rainbow-Ladder truncation, which is

A4 A4
51p) = 2255'0) = [ S v Konla) SO an

where Sal (p) =ip + Z,,m,. The general form of the solutionis S~ (p) =i p A(p?, u>)+B(p?, u?),
and the renormalization constants (Z,, Z,,) produce A — 1 and B — m, at the renormalization
scale y. The standard Landau gauge DSE-RL interaction kernel [22, 27, 28] that generates quark
propagators, BSE vertices and meson bound states is Ky, (¢) = K(g?) Tpv (q) where T, (q) is the
transverse projector and K(g?) is the model’s non-perturbative generalization of the bare kernel
%°(g?) = g?/q*. This DSE-RL kernel correlates a large amount of hadron physics [18-21] and is
given by

K(g?) = D3 e/ + F(g?) dm s (g?) . (12)

Here @, (g?) denotes a continuation of the 1-loop a;(g?) to provide smooth non-singular coverage
for the entire domain of ¢2. The first term of Eq. (12) implements the infrared enhancement due
to dressing effects, while the second term, with F(g?) = (1 — exp(—¢?/(1 GeV?)))/q*, connects
smoothly with the 1-loop renormalization group behavior of QCD.
The defining Bethe-Salpeter equation for the dressed vertices Iy is [20, 27, 29]
A4 o A¢
(0. 0) =i 0) = [ T 1K (@) SENTEEQ)SE) T (13)
where (/1" = ¢+ Q/2, g =p-¢, and Kuv(q) is the DSE-RL kernel. The inhomogeneous vertex
terms are those in Refs. [13, 26] but here generalized to accommodate the more general basis vector
a. In the quark parton case I é"D( p,Q) =27 (—ig) (%), while the gluon parton case yields
re (p.0) == [ (L9, A (¢") D Ao(q)) S 14
en(P- Q=3 [ (75) YuBe(q") Dyuv(4.Q) Ag(q") S(p=4) vv, (14)
q
where S(p—gq) is the quark propagator. The inhomogeneous gluon-in-quark vertex involves Ay (g)
which is determined by the corresponding Q = 0 kernel for the momentum fraction calculation. In
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Figure 3: Left panel: The angular momentum distribution J(Q) of the nucleon at scale 2 GeV, showing
quark (g + ¢) and gluon contributions. The filled circles are the values of J4(0), Jg(0) from a recent LQCD
calculation [30]. Right panel: The gravitational form factor D(Q) of the nucleon and pion summed over
partons. The dashed curve for the nucleon is the dipole fit obtained in the recent LQCD calculation [6], and
the dashed curve for the pion is the monopole fit obtained in an earlier LQCD caculation [7].

particular Ag(q)2 = 7(g(q2) is the non-perturbative generalization of g2/¢* given in Refs. [13, 26].
Eq. (14) involves the tensor is D, = Tua(¢”) Yap(q”, 4') T5v(q") with 7,,, being the transverse
projector, as well as the tensor Yaﬁ which is
. . a-a . .
Iq"aq ag —da q'[fg Cll'a) + qfa(qla 61}; -q'q' 5a/3) )
(15)

N 2 . .
Yop = qfa(‘lf'a q“adep—q’aql,ap+q

where ¢//" = ¢ + Q/2. The numerator terms are bilinear in momentum and this structure derives
from Eq. (9) being bilinear in the gluon field tensor and then subsequent truncation to ladder-rainbow
structure as needed here. The second term here originates from the term of T#” proportional to
gV, that is the second term of Eq. (9).

The DSE-RL gluon-in-quark kernel 7(g(q2) generates the gluon momentum fraction and its
strength is set [13] so that the pion’s model scale momentum fractions (x)q and (x), lead to a
minimized RMS departure from global data analysis results at upper scales. Due to the Landau
gauge of the DSE-RL approach and its lack of an explicit Wilson line integral, we employ the
1-loop estimated compensation [13] of a 7% decrease of (x)q(xo) and a 27% increase of (x) (o)
to maintain the fit to data at higher scales. Kernel parameters are summarized in Ref. [13]. After
the pion is used to fix the gluon-in-quark kernel parameters, that kernel is applied unchanged to the
nucleon. The deduced model scales are uf = 0.9 GeV, /,l(I)V =0.64 GeV.

The nucleon matrix element in Eq. (10) involves a Q > 0 generalization of the model used
previously to study (x) sharing between quarks and gluons [26]. Here

MY, (p.QiP) =N [us(p) iy (p))] pr.vs F@) T(P=p") f(q) . (16)
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where p//i = p + Q/2and p 7.5, 1 the relevant spin-flip quark density for flavor f in the pure SU(6)
spin-isospin proton state. The diagonal spin probabilities yield the quark numbers 3¢ pr s s =ny,
while the off-diagonal probabilities are p, 1, = ‘3—‘ and pg 1, = —%. Here ¢’ = p/ —P’/3 and
g = p'—P/3 are the relative momenta of the active quark and spectator pair in the final and
initial state respectively, while f(k) = 1/(k? + R?)? describes the momentum dependence while
reproducing the high-x exponent behavior of the produced valence PDF g(x). The function 7(s)
represents the di-quark propagator 1/(s>+ MI%) with proper time regularization of the deep infrared
domain. The normalization N is fixed by the valence quark numbers ny. The parameters were fit
to results from Faddeev calculations of the nucleon [31].

5. Results

In Fig. 1 we display the obtained nucleon distributions Aq /g(Qz) at the model scale /Jév =
0.64 GeV and at 2 GeV. The gluon contribution at the model scale is not insignificant; it is larger than
half of the value at 2 GeV. Furthermore these fractions at Q% = 0 are the parton lightcone momentum
fractions associated with the DIS process. The filled circles are the values of A4(0), Ag(0) that
result from a recent global data analysis [25].

In Fig. 2 we display the unit-normalized mass/energy distributions SP(QZ) /M for parton p of
the nucleon and pion. A consequence of the definition of SP(QZ) /M from Eq. (3), and its relation
to the other form factors derivable from Eq. (4) and Eq. (5), is that the parton fractions &,(0)/M
are not identical to A,(0). The difference is due to the non-conservation form factors C (;r/g(O) and
for y =2 GeV we estimate

CN©O) €N | Cx0) CZ(0)
0.08 008 \ 0.02 0.02

A7

In Fig. 3 we display the obtained angular momentum form factor JP(QZ) for parton p of the
nucleon. Since J = (A + B)/2 and A is strongly dominant, the parton fractions for J are almost the
same as those for A shown in Fig. 1. Also shown is the total form factor D(Q?). This is obtained by
using summed parton contributions to (T%), A, J, and taking the appropriate linear combination.
The result should be scale invariant and this approach repeated at o and 2 GeV produces nearly
identical results.

We identify radii associated with each parton distribution f(Q?) in the conventional way:
R? =—6/"(0)/f(0). The radii obtained for the distributions associated with Ap(Qz) and SP(QZ) at
2 GeV are displayed in Table 1. The radii of the gluon contribution to the mass/energy distributions
are seen to be essentially equal to the net quark radii for both nucleon and pion. Another major
pattern that emerges is that the distribution radii associated with form factor Ap(Qz) are uniformly
less than those of 8p(Q2), especially for the pion. This is mainly due to the denominator arising
from the covariant normalization of states. From Eq. (3) the radii associated with &, and TI?O
are related by Rép = R%p +3/4M?; for a light hadron mass M — m , this represents a significant

increase. The distribution associated with TSO(QZ) is influenced by several form factors besides
Ap(Qz), but in general the radii have the hierachy Ry < Rt < Rg; the form factor Ap(Qz) does not
well represent the distribution of mass/energy.
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| i 7 e ]
€X €X
Rq Rg Rg/Rq Rq/Rchp Rq Rg Rg/Rq Rq/Rchp
m(u=2GeV) | 0.397 0.485 1.22 0.60 1.178 1.197 | 1.017 1.79
N(u=2GeV) | 0.627 0.655 | 1.044 0.75 0.766  0.765 | 0.998 0.912

Table 1: Radii (in fm) obtained for the separate quark and gluon distributions A,(Q), E,(Q) at scale
# =2 GeV. Ratios use empirical charge radii R}, RCNh =0.659,0.843 fm.

In Table 1 the obtained gluon mass/energy distribution radius Rg, for the nucleon compares
well to the recent LQCD result [6] 0.81 fm, and the recent analysis [32] of data yielding 0.778 fm.
Both of these works ignored the influence of C_‘g(QZ) in their analysis. Here its effects have been
included because we obtain &, directly from the total QCD matrix element Tgo. The obtained ratio
Ry /Ry = 1.22 for the pion form factor A compares well with the value 1.1 obtained recently from
LQCD [7], as well as the value 1.31 obtained via an algebraic GPD model [17]. Also shown in
Table 1 are the quark radii from both A and &, expressed as a ratio to the empirical charge radii.

After obtaining radii for the total (summed parton) distributions &(Q?) and A(Q?) the
value of parton total D(Q? = 0) can be obtained from those total radii. One finds R%” =
Ry —(3/2M%)(1/2+ D(0)) and Ry, = R} —(3/2M*)Dn(0). This yields D -(0) = -0.89 and
DN (0) = —1.73 at the scale u = 2 GeV, these values provide a consistency check with those shown
in Fig. 3.

6. Summary

We have employed the model based on the Dyson-Schwinger Equations in Rainbow-Ladder
truncation to assess whether the dressing of quarks can, by itself, produce realistic gluon and
quark contributions to light-cone momentum fractions, gravitational form factors, mass/energy
distributions for the nucleon and pion. Matrix elements of several kinematic projections of the
Energy-Momentum Tensor are directly calculated by utilizing the similarity of its structure to the
generalized momentum fraction moment of GPDs associated with deep inelastic scattering. In this
exploratory work we have shown this approach to be applicable to a variety of gravitational form
factors including the D-term.

The form factors and radii obtained here continue to indicate that the quark dressing mechanism
is a strong basis for the gluon parton contributions. An extension of this DSE-RL approach to also
calculate the QCD matrix element for Q ,uTé’ Y0, /0% would yield the C_‘p (Q?) and might be of future
interest, as would incorporation of a more realistic treatment of the nucleon state.
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