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A unified set of predictions for pion, kaon and nucleon gravitational form factors is obtained using
a symmetry-preserving truncation of each relevant quantum field equation. A crucial aspect of the
study is the self-consistent characterization of the dressed quark-graviton vertices, applied when
probing each quark flavor inside mesons or nucleons. The calculations reveal that each hadron’s
mass radius is smaller than its charge radius, matching available empirical inferences; moreover,
core pressures are significantly greater than those in neutron stars. This set of predictions is
expected to be instrumental as forthcoming experiments provide opportunities for validation.
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1. Introduction

Nucleons play a central role in the pursuit of understanding matter and its interactions. The
properties of these hadrons, which form the heart of atomic nuclei, are deeply connected to the
emergent phenomena of quantum chromodynamics (QCD) [1]. On the other side of the coin,
pions and kaons are Nature’s most fundamental Nambu-Goldstone bosons, and their existence and
properties are intrinsically linked to the emergent dynamics of QCD (e.g., see Ref. [2]). Gravitational
form factors (GFFs) provide a unique window into key hadronic properties, revealing how mass,
spin, and internal forces are distributed within the hadron [3]. The characterization of GFFs is a
cornerstone of the scientific programs at modern facilities. Herein, we report a systematic analysis
using continuum Schwinger methods (CSMs) [4, 5].

2. Gravitational Currents

Let us consider a pseudoscalar meson P, with 𝑓 , ℎ̄ valence-quark and antiquark flavors and
mass 𝑚P. The expectation value within P of the energy-momentum tensor takes the form [3]:

ΛP
𝜇𝜈 (𝐾,𝑄) = 2𝐾𝜇𝐾𝜈𝐴P(𝑄2) + 1

2
[𝑄𝜇𝑄𝜈 −𝑄2𝛿𝜇𝜈]𝐷P(𝑄2) + 2𝑚2

P𝛿𝜇𝜈𝑐
P(𝑄2) . (1)

Here, 𝑄2 = (𝑝 𝑓 − 𝑝𝑖)2 denotes the momentum transfer of the external 𝐽𝑃𝐶 = 2++ probe (graviton
like), 𝐾 = (𝑝 𝑓 + 𝑝𝑖)/2, and 𝑝𝑖, 𝑓 are the momenta of the incoming/outgoing pseudoscalars. 𝐴P(𝑄2),
𝐷P(𝑄2) and 𝑐P(𝑄2) are the associated GFFs. A 𝜃P

2 (𝑄
2) = 𝐴P(𝑄2) and 𝜃P

1 (𝑄
2) = −𝐷P(𝑄2)

convention is also commonly employed. A sum over parton species, 𝓅, may be considered implicit
in Eq. (1). Although scale-dependent when considered independently for each species, the total
form factors are naturally scale-invariant. The following relations arise from symmetries:

𝐴P(0) = 1 , 𝐷P(0) 𝑚P=0
= −1 , 𝑐P(𝑄2) = 0 . (2)

The first identity is a statement of mass normalization; the second stems from the soft-pion theorem
[6, 7]; and the third is a consequence of energy-momentum conservation.

The nucleon (N), or any spin-1/2 hadron in general, is characterized by 3 nonzero GFFs,
defined from the following gravitational current [3]:

𝑚NΛ
N
𝜇𝜈 (𝐾,𝑄) = −Λ+(𝑝 𝑓 ) [𝐾𝜇𝐾𝜈𝐴N(𝑄2) + 𝑖𝐾{𝜇𝜎𝜈}𝜌𝑄𝜌𝐽

P(𝑄2) + 1
4
(𝑄𝜇𝑄𝜈 −𝑄2𝛿𝜇𝜈)𝐷N]Λ+(𝑝𝑖) ,

(3)
where 𝑎{𝜇𝑏𝜈} = (𝑎𝜇𝑏𝜈 + 𝑎𝜈𝑏𝜇)/2, and Λ+ denotes the projection operator that delivers a positive
energy nucleon. In principle, a 𝑐N(𝑄2) GFF is defined in analogy to the pseudoscalar case, Eq. (1),
and it also vanishes by current conservation.

As with pseudoscalar mesons, 𝐴N(𝑄2) and 𝐷N(𝑄2) are associated with the bound-state mass
and pressure distributions, respectively, while 𝐽N(𝑄2) relates to the nucleon spin distribution.
Symmetry principles entail 𝐴N(0) = 1 and 𝐽N(0) = 1/2 [8]. In contrast, although 𝐷 (0) is also a
conserved charge, its value is determined by dynamics [3]: “the last unknown global property of
the nucleon”.
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Figure 1: Probe+meson interaction in RL truncation. Both panels. Solid lines – dressed quark propagators;
orange shaded circles – meson BSAs; blue shaded circles – dressed probe+quark vertex, Γ𝜇𝜈 . Right panel.
Shaded C region – gluon-binding contributions to the probe+pion interaction, ensuring 𝑐P (𝑄2) ≡ 0.

We describe below the symmetry-preserving evaluation for the GFFs of the pion, kaon and
nucleon within a systematically-improvable continuum framework. In this approach, the form
factors are naturally calculated at a rigorously defined hadron scale, whereat all hadron properties
are entirely expressed by their fully-dressed valence constituents [9].

3. Symmetry-preserving evaluation of GFFs

The interaction of a pseudoscalar meson with a graviton is sketched in Fig. 1. The right diagram
plays a role analogous to Ref. [10, Fig. 3B′], which restores momentum conservation in calculations
of pion DFs. Notwithstanding that, it is not necessary to develop an explicit expression for this
term because it only affects 𝑐𝜋 (𝑄2), which is identically zero. 𝐴P and 𝐷P decouple from the
longitudinal projections 𝑄𝜇ΛP

𝜇𝜈 (𝑃,𝑄), 𝑄𝜈ΛP
𝜇𝜈 (𝑃,𝑄). The image in the left panel represents the

following vertex:

Λ
P 𝑓
𝜇𝜈 = 𝑁𝑐tr𝐷

∫ ΛR

𝑙

Γ
𝑓
𝜇𝜈 (𝑙 + 𝑝 𝑓 , 𝑙 + 𝑝𝑖)𝑆 𝑓 (𝑙 + 𝑝𝑖)ΓP(𝑙 + 𝑝𝑖/2; 𝑝𝑖)𝑆ℎ̄ (𝑙)Γ̄P(𝑙 + 𝑝 𝑓 /2;−𝑝 𝑓 )𝑆 𝑓 (𝑙 + 𝑝 𝑓 ) ,

(4)
where 𝑁𝑐 = 3, tr𝐷 indicates the trace over Dirac indices, and

∫ ΛR
𝑙

denotes a Poincaré-invariant
regularization of the four-momentum integral with regulator ΛR. Further, 𝑆 𝑓 ,ℎ̄ are the dressed
quark/antiquark propagators; ΓP, the meson’s Bethe-Salpeter amplitude (BSA); and Γ

𝑓
𝜇𝜈 is the

corresponding graviton+quark vertex (QGV). Quark propagators and meson BSAs are evaluated
in the rainbow-ladder (RL) truncation [11, 12], following standard procedures [13, 14]. The
construction of the QGV is detailed in Refs. [4, 5] and sketched below.

The symmetry-preserving diagrams contributing to the nucleon GFFs are shown in Ref. [5,
Fig. S.6], extending the electromagnetic current formulation from Ref. [15] to the interaction with
a gravitational probe. In addition to the dressed quark propagators and QGV, the nucleon Faddeev
amplitudes are required. They are calculated using the RL truncation [14, 16].

Analogously to the quark-photon vertex, the QGV obeys a Ward-Green-Takahashi identity
(WGTI) [19]:

𝑄𝜇𝑖Γ𝜇𝜈 (𝑘, 𝑄) = 𝑆−1(𝑘+)𝑘−𝜈 − 𝑆−1(𝑘−)𝑘+𝜈 . (5)
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Figure 2: Left. Pion electromagnetic (𝐹𝜋 (𝑄2)) and gravitational form factors. CSM evaluation described
herein and in Ref. [4]. AA and GPD denote results from an algebraic Ansatz [4], and a generalized parton
distribution approach [17]. Right. Pion GFFs: CSM and lattice QCD results (𝑚𝑙𝑎𝑡𝜋 = 0.17 GeV) [18].
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Figure 3: Pion and (flavor-separated) Kaon GFFs. Legend as in Fig. 2.

We have defined 𝑘± = 𝑘 ±𝑄/2 and omitted the flavor indices for simplicity. In RL truncation, this
vertex satisfies the following inhomogeneous Bethe-Salpeter equation [4]:

𝑖Γ𝜇𝜈 (𝑘+, 𝑘−) = 𝑍2 [𝑖𝛾𝜇𝑘𝜈 − 𝛿𝜇𝜈 (𝑖𝛾 · 𝑘 + 𝑍0
𝑚𝑚

𝜁 )] + 𝑍2
2

∫ Λ

𝑙

K(𝑘 − 𝑙) [𝑆(𝑙+)𝑖Γ𝜇𝜈 (𝑙+, 𝑙−)𝑆(𝑙−)] , (6)

where 𝑚𝜁 is the current quark mass, 𝜁 is the renormalization scale; 𝑍0
𝑚 and 𝑍2 are renormalization

constants; and K is the RL Bethe-Salpeter kernel.
The general solution of Eq. (6), with complete generality, may be cast as:

Γ𝜇𝜈 (𝑘, 𝑄) = Γ
𝑔𝑀
𝜇𝜈 (𝑘, 𝑄) + Γ

𝑔𝑇
𝜇𝜈 (𝑘, 𝑄) , (7)

such that a minimal Ansatz for Γ𝑔𝑀𝜇𝜈 (𝑘, 𝑄) reads as follows:

𝑖Γ
𝑔𝑀
𝜇𝜈 (𝑘, 𝑄) = 𝑖ΓBC

𝜇 (𝑘, 𝑄)𝑘𝜈 − 1
2𝛿𝜇𝜈 [𝑆

−1(𝑘+) + 𝑆−1(𝑘−)] + 𝑖𝑇𝜇𝛼 (𝑄)𝑇𝜈𝛽 (𝑄)4Γ̂2
𝛼𝛽 (𝑘+, 𝑘−) , (8)

with 𝑇𝜇𝜈 (𝑄) = 𝛿𝜇𝜈 − 𝑄𝜇𝑄𝜈/𝑄2. Given a Ball-Chiu-like structure for ΓBC
𝜇 (𝑘, 𝑄) [20], the first

two terms guarantee the preservation of the WGTI. The last term in Γ
𝑔𝑀
𝜇𝜈 (𝑘, 𝑄) emerges from the

inhomogeneity:

Γ2
0𝜇𝜈 (𝑘, 𝑄) = 𝑇𝜇𝛼 (𝑄)𝑇𝜈𝛽 (𝑄)

1
2
(𝛾𝛼𝑘𝛽 + 𝛾𝛽𝑘𝛼) . (9)
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Figure 4: Pion and (flavor-separated) Kaon pressure and shear forces.

We have defined Γ̂(𝑘, 𝑄) = Γ(𝑘, 𝑄) − Γ(𝑘, 0) to ensure the absence of kinematic singularities.
Dynamical singularities appear, as expected [21], at the pole position of each 𝐼 = 0 tensor meson.
The final piece in Eq. (7), Γ𝑔𝑇𝜇𝜈 (𝑘, 𝑄), incorporates scalar meson resonances [21, 22] via:

Γ
𝑔𝑇
𝜇𝜈 (𝑘, 𝑄) = 𝑇𝜇𝜈 (𝑄)ΓI(𝑘;𝑄) ; (10)

where ΓI(𝑘;𝑄) contains four independent Dirac matrix valued structures [23], and its determination
is described in Ref. [4]. Thus, in total, Γ𝜇𝜈 (𝑘, 𝑄) comprises 18 structures: 14 arising from
Γ
𝑔𝑀
𝜇𝜈 (𝑘, 𝑄), Eq. (8), and the additional 4 from Γ

𝑔𝑇
𝜇𝜈 (𝑘, 𝑄).

4. Gravitational form factors

The predicted pion GFFs are shown in Fig. 2. The comparison in the left panel shows that
𝜃2(𝑄2) exhibits a less pronounced falloff than the corresponding electromagnetic form factor,
𝐹𝜋 (𝑄2); and this, in turn, falls less rapidly than 𝜃 𝜋1 (𝑄

2). In the right panel, our CSM GFFs are
compared with recent lattice QCD results [18]. As an illustration of the systematic impact of the
unrealistic lattice pion mass (𝑚𝜋 ≈ 0.170 GeV) on pion observables, compatibility is only revealed
when the results appear displayed in terms of 𝑥 = 𝑄2/𝑚2

𝜋 .
The GFFs of the pion and kaon are compared in Fig. 3, reiterating the ordering of the form

factors, and showing that those corresponding to the kaon are slightly harder. We now consider the
associated radii: 𝑟2

F = −6(𝑑/𝑑𝑄2) ln F (𝑄2) |𝑄2=0 . In the pion (kaon) case:

𝑟P
𝜃1

= 0.81 fm (0.63 fm) > 𝑟P
𝐹 = 0.64 fm (0.58 fm) > 𝑟P

𝜃2
= 0.47 fm (0.40 fm) . (11)

The average of the different radii indicates that the kaon is more spatially compressed than the pion
by approximately a 15%. Moreover, we find the mass-to-charge radii ratios to be on the order of
𝑟 𝜋
𝜃2
/𝑟 𝜋
𝐹
≈ 0.74 and 𝑟𝐾

𝜃2
/𝑟𝐾
𝐹

≈ 0.69. The pion result aligns with a recent empirical determination,
𝑟 𝜋
𝜃2
/𝑟 𝜋
𝐹
≈ 0.79(3) [24], and lies within the ballpark of other estimates, e.g., [25, 26].

As far as 𝜃1(𝑄2) is concerned, we find 𝜃 𝜋1 (0) = 0.97 and 𝜃𝐾1 (0) = 0.77, in accord with
estimates basaed on chiral effective field theory [3]. Related pressure and shear force distributions
may be defined as follows [3]:

𝑝
𝑓

P (𝑟) =
1

6𝜋2𝑟

∫ ∞

0
𝑑Δ

Δ

2𝐸 (Δ) sin(Δ𝑟) [Δ2𝜃
𝒫𝑞

1 (Δ2)] , (12a)
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Figure 5: Nucleon GFFs. Scale-invariant (total) GFF, and quark and gluon decomposition at 𝜁 = 2 GeV.

𝑠
𝑓

P (𝑟) =
3

8𝜋2

∫ ∞

0
𝑑Δ

Δ2

2𝐸 (Δ) j2(Δ𝑟) [Δ2𝜃
𝒫𝑞

1 (Δ2)] , (12b)

where Δ =
√
𝑄2, 𝐸 (Δ)2 = 𝑚2

P + Δ2/4 and j2(𝑧) is a spherical Bessel function. The corresponding
results are shown in Fig. 4. As apparent from the left panel, the meson pressures are positive
on 𝑟 ≃ 0 and found there to be significantly greater than those for neutron stars [27]). On
this domain, the meson’s dressed-valence constituents are pushing away from each other. With
increasing separation, the pressure switches sign, indicating a transition to the domain whereupon
confinement forces exert their influence on the pair. The zeros occur at the following locations (in
fm): 𝑟 𝜋𝑐 = 0.39(1), 𝑟𝐾𝑐 = 0.26(1), 𝑟𝐾𝑢

𝑐 = 0.30(1), 𝑟𝐾𝑠̄
𝑐 = 0.25(1). The shear pressures are drawn in

the right-panel of Fig. 4. Evidently, they are maximal in the neighborhood of 𝑟P
𝑐 , whereat the forces

driving the quark and antiquark apart are being overwhelmed by attractive confinement pressure.
The nucleon GFFs are displayed in Fig. 5. The symmetry-preserving character of the CSM

analysis is evident in the values of 𝐴(0), 𝐽 (0). Also of interest is the agreement with recent lattice
QCD results [28], both in the total form factors and in the parton species separations. The species
separations were obtained using the all-orders scheme [9, 29] to evolve the form factors calculated
at the hadron scale up to the one at which they are estimated from lattice QCD. As discussed in
Ref. [5], the mass radius is smaller than the charge radius: 𝑟mass/𝑟charge ≈ 0.64(4). The nucleon
pressure and shear force distributions were also calculated [5, Fig. 3]). The nucleon pressure is
found to possess a near-core value that is approximately half as large as that in the pion. The
CSM prediction for the nucleon 𝐷-term is 𝐷 (0) = −3.114(10), a result that is consistent with the
data-informed extraction in Ref. [30]: 𝐷 (0) = −3.38+0.26

−0.32. A discussion of the trace anomaly GFF
may be found elsewhere in these proceedings [31].

5. Conclusions

We described a unified set of CSM predictions for 𝜋, 𝐾 and nucleon GFFs. The results
were obtained using a symmetry-preserving formulation of all quantum field equations relevant
to the analysis. For the systems under scrutiny, as inferred from the corresponding form factors,
the charge distributions extend over a larger region than the mass distributions. Furthermore,
as revealed by pressure densities, shear forces are maximal where confinement forces become
dominant and, notably, near-core pressures are significantly greater than those expected in neutron
stars. Naturally, kaon profiles are more compact than those of the pion. For the nucleon, CSMs
predict −𝐷N(0) = 3.114(10). All produced GFFs satisfy expected symmetry requirements.
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