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We discuss the general behavior of the near-threshold scattering amplitude with channel couplings.
The signal of the exotic hadrons near the threshold may manifest as a dip structure in the cross
section originated from a zero point of the scattering amplitude. Such a dip structure by the zero
point cannot be reproduced by the Flatté amplitude which is widely used for the analysis of exotic
hadrons, because of the constraints imposed on the Flatté amplitude near the threshold. In this
work, we propose the General amplitude which can describe the dip structure near the threshold,
in contrast to the Flatt¢ amplitude. Moreover, we numerically study the behavior of the near-
threshold cross section in relation to the zero point.
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1. Introduction

Many exotic hadrons, such as X (3872) and f;(980) emerge as sharp peak structures in the cross
section near the threshold. The masses and decay widths of exotic hadrons are usually determined
by fitting the peak structure using scattering amplitudes [1, 2].

On the other hand, several groups have reported that a dip structure appears instead of a peak
structure in some systems where exotic hadrons are expected to exist [3]. Such a dip structure can
be caused by a zero point of the scattering amplitude [4, 5].

Recently, the Flatté amplitude [6] is often used for the analysis of near-threshold exotic states.
However, the Flatté amplitude has a limitation: the number of its parameters decreases near the
threshold [7]. Moreover, the Flatté amplitude cannot reproduce the dip structures, because it does
not have any zero point as discussed below [8].

In this work, we propose the General amplitude which is more general than the Flatté amplitude.
We also investigate the behavior of the near-threshold cross sections numerically with the General
amplitude focusing on its pole and zero point.

2. Comparison of the Contact and Flatté amplitudes

In this section, we compare the Flatté amplitude with the scattering amplitude derived from
non-relativistic effective field theory with a contact interaction [9]. Through this comparison, we
show that an additional condition is imposed on the Flatté amplitude near the threshold on top of
the unitarity.

We consider the two-body scattering with two channels where the threshold energy of channel
2 is higher than that of channel 1. In this study, we focus on the near-threshold energy region of
channel 2. From the non-relativistic effective field theory with the contact interaction, the scattering
amplitude (Contact amplitude) near the threshold of channel 2 is given by
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where pg and k (E) represent the relative momenta of channels 1 and 2, respectively. k(E) depends
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on the energy E, while pg is a constant, because we consider the near-threshold energy region of
channel 2. From Eq. (1), one see that the amplitude fC(E) up to first order in k is characterized by
three parameters, a1, a2 and as».

On the other hand, the Flatté amplitude is given as
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where g1 and g; are the coupling constants of channels 1 and 2, and Epw the bare energy. In order
to compare the Flatté and Contact amplitudes in the near-threshold energy region of channel 2, we
neglect the E « k2 term in Eq. (2):
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with R = g% / g?, a = 2Egw/ (gfpo). From Eq. (3), we observe that the Flatté amplitude near the
threshold of channel 2 is determined by only two parameters [7].

Near the threshold of channel 2, while the Contact amplitude depends on three parameters,
the Flatté amplitude has only two parameters. It is known that the Contact amplitude has the same
form as the amplitude given by K-matrix or M-matrix approach [10] which satisfies only the unitary
condition. From these facts, we find that an additional condition is imposed on the Flatté amplitude
near the threshold.

Moreover, we compare the two amplitudes in terms of matrix inversion. The Flatté amplitude
does not take an invertible form, because the numerator is a rank-one matrix. On the other hand, the
Contact amplitude is invertible as long as a1, a2 and ay; are finite. This difference indicate that,
the Contact amplitude cannot be reduced to the Flatté amplitude even if conditions are imposed on
finite a1, aj» and as).

3. General amplitude

In this section, by modifying the parametrization of the Contact amplitude, we construct a
scattering amplitude (General amplitude) that can be reduced to both the Flatté and Contact ampli-
tudes [8]. For this purpose, we introduce the real parameters A, € and y defined as
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Substituting these into Eq. (1), we obtain the General amplitude
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Here, € and vy are dimensionless constants subject to the condition € > vy to ensure the unitary. Ay
in units of length represents the scattering length of channel 2 in the absence of channel coupling
(y = €). The case with Ay; = 0 corresponds to the trivial scattering where all the components of
fO(E) vanish. Therefore, in the following, we consider only the cases with finite Ay,.

Next, we show that the General amplitude can be reduced to both the Flatté and Contact am-
plitudes. From Eq. (4), we observe that a;;, a1 and a;; remain finite as long as y # 0. Therefore,
when vy is nonzero, f9(E) is equivalent to the Contact amplitude (1). On the other hand, substituting
v = 0 into Eq. (5), we obtain

1 € €
fO(E; A, €,y = 0) = ——— , vel. (6)
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Equation (6) shows that f G(E) can be reduced to the Flatté amplitude (3) up to first order in k with
€ = 1/R, Ay = =R/(apy).
Moreover, we examine the inverse matrix of the General amplitude in the case with y = 0.
From Eq. (5), the determinant of the General amplitude is given by
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det[fO(E)] = (7
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Equation (7) shows that det[ fO(E )] becomes zero when y = 0 and therefore f(E) does not have
an inverse matrix. This is consistent with the fact that the Flatté amplitude (y = 0) is also not
invertible. From these results, we conclude that the General amplitude corresponds to the Contact
amplitude when y # 0, and it reduces to the Flatté amplitude when y = 0.

4. Pole and zero

In this section, we discuss the pole and zero of the General amplitude. The pole of the scattering
amplitude corresponds to the momentum at which the denominator of the amplitude vanishes. From
Eq. (5), the pole position of the General amplitude kg’ is determined by
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where ag represents the scattering length of channel 2 in the General amplitude. Then, the pole of
fO(E) is determined only by the scattering length ag, because we approximate fC(E) up to the
first order in k. In general, ag is complex because of the channel coupling effects. It is known that a
pole at kg with Re[ag] > 0 (Re[ag] < 0) corresponds to the quasibound (quasivirtual) state [11].

Next, we discuss the zero point of the amplitude which can lead to a dip structure near the
threshold. In contrast to the pole position, each component of the amplitude generally has a different
zero point. It can be seen from Eq. (5) that the denominator of £S(E) does not diverge, and therefore
the zero points of the numerator determine the zero points of the amplitude [5]. Moreover, because
only the fﬁ’ (E) component depends on the momentum % in the numerator, only fﬁ’ (E) can have a
zero point among four components in f(E). From Eq. (5), we obtain the zero point of the General

amplitude kS,
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Because the parameters Ay, € and y are given as real, the zero point k$, is pure imaginary. The
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] > 0 (Im[kS,,] < 0). In addition, ES,, lies on the negative real axis of E
1>0

directly affects the physical scattering, because the scattering with £ < 0 occurs on the first sheet

corresponding zero point E

sheet when Im[k$_

in the complex energy plane emerges in the first (second) Riemann

(below the threshold of channel 2) because k<, is pure imaginary. A zero point with Im[£$,

of channel 2. On the other hand, the Flatté amplitude (6) does not have any zero points, because
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the numerator of fF(E) is independent of k. This is consistent with the fact that |k, | — co with

v — 0 corresponding to the Flatté amplitude.

5. Numerical results

In this section, we study the behavior of the cross section numerically using the General am-
plitude. Because the s-wave cross section is proportional to | fﬁ’ (E)|?, we use the normalized cross
section [8] at the threshold of channel 2:
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Table 1: Parameters A,, and € for ag = +1.0 — i0.8 fm.

Yy  Ax (fm) €
+0.07 +2.45 +0.31
0.00 +1.64 +0.20
-0.01 +1.59 +0.19
-10.0  +0.27 -1.42
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Figure 1: The cross sections o]\ (E) = |f{5(E)[*/|f5(0)|* as functions of the energy E. The scattering
length is fixed as ag = +1.0 — i1.0 fm. The parameter is v = 0.07 (dashed line), y = 0.00 (dotted line),
v = —0.01 (dash-dotted line), and y = —10.0 (solid line).

For the numerical calculation, we consider the 77-KK system with f,(980) as an example. We use
the relativistic form of the momenta pg, k(E), because the threshold energy of KK is significantly
higher that that of 7. The hadron masses are taken from PDG [12].

In this analysis, we calculate 0'}\11 (E) while varying vy for a fixed scattering length ag. We note
that the pole position kg remains unchanged under this condition, due to Eq. (8). Since Re[ag]
and Im[ag] are fixed, the two constraints are imposed on the independent three parameters of the
General amplitude A, € and y. Therefore, fO(E) is uniquely determined by setting y under these
conditions.

We consider the case with a fixed scattering length

ag=+1.0-i0.8 fm.

In this case, the pole on the complex energy plane is given by Eg’ = —0.014—i0.048 GeV and fC(E)
has a quasibound pole below the KK threshold corresponding to f,(980). In this calculation, we
examine the cases with y = 0.07, 0.00, —0.01, —10.0 as examples. The corresponding values of
A», and € are shown in Table 1.

Normalized cross sections oﬂ (E) for y = 0.07, 0.00, —0.01, —10.0 are shown in Fig. 1. The
dotted line (y = 0) corresponding to the Flatté cross section exhibits a peak structure below the
KK threshold. This peak is associated with the quasibound pole of f;(980). When 1y is slightly
increased from zero, the height of the peak decreases and the position of the peak shifts toward
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the KK threshold, as shown by the dashed line (y = 0.07). On the other hand, when 7 is slightly
decreased from zero, as shown by the dash-dotted line (y = —0.01), the peak height becomes lager
than that with y = 0. From these results, we find that (Tﬁ (E) with ag = +1.0 — 1.0 fm exhibits a
peak structure due to the quasibound pole for small |y|. The dotted, dashed and dash-dotted lines can
be fitted by the Flatté amplitude, because they all show the peak structures. However, the scattering
length obtained from the fitting of the cross sections with y # 0 using the Flatté amplitude may
deviate from the correct value ag = +1.0 — i1.0 fm, because those peak structures are affected by
finite y.

Next, we consider the case with y = —10.0 (solid line). In this case, the cross section oﬂ (E)
exhibits a dip structure instead of a peak structure. This is caused by the zero point discussed in
Sec. 4. From Eq. (9) and Table 1, the position of the zero point on the complex energy plane is
determined as

EG

Zero

=-0.02 GeV, 9))

G

G
where E rero

G0 is located on the real axis. In fact, o} (E) vanishes at E

in Eq. (11) causing the dip
structure. Reference [3] reported a dip structure below the KK threshold in the yy — 77 reaction.
This dip may originate from the zero point of the nmr scattering amplitude. When the cross section
has a zero point near the threshold, as seen in the solid line (y = —10.0), the Flatté amplitude fails
to describe this behavior, because the Flatté amplitude does not have any zero points as discussed
in Sec. 4.

For Im[k$

2ol > 0, the zero point emerges in the physical scattering region, as discussed in
Sec. 4. Table | shows that the parameter sets satisfying Im[kS, ] > 0 correspond to the dashed

(y =0.07) and solid (y = —10.0) lines in Fig. 1. Therefore, in addition to the solid line, the dashed

G

line also processes a zero point in the physical scattering region. Here, Eq. (9) shows that |k,

increases as vy is decreased. In fact, for y = —10.0 the zero point is located at ES, . = —0.25 GeV

which lies outside the range of Fig. 1.

6. Summary

In this contribution, we discuss the general behavior of the scattering amplitude near the thresh-
old using the General amplitude. First, in Sec. 2, we show that a constraint is imposed on the Flatté
amplitude near the threshold by comparing the Flatté and Contact amplitudes. We also show that
the Contact amplitude cannot be directly reduced to the Flatté amplitude by simply imposing the
condition on the parameters.

Based on this, we introduce the new parametrization to construct the General amplitude which
can be reduced to both the Flatté and Contact amplitudes by varying the parameter vy in Sec. 3. In
Sec. 4, we determine the positions of the pole and zero point of the General amplitude. Moreover,
we show that the Flatté amplitude corresponding to the y = 0 case does not exhibit any zero point,
because the zero point of the General amplitude goes to infinity with y — 0.

Finally, we numerically study the behavior of the near-threshold cross section by varying y
while keeping the scattering length fixed, which results in the formation of a quasibound pole. As
a result, the cross section derived from the General amplitude with the quasibound pole exhibits a
peak structure below the threshold for small |y| similarly to the Flatt€ amplitude. Conversely, for
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large negative vy, the cross section displays a dip structure below the threshold caused by a zero point
rather than a peak structure. In this way, we show the shape of the cross section may significantly
differ from the typical peak structures even if the scattering amplitude has a resonance pole near the
threshold.
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