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Diquarks are often invoked as QCD effective degrees of freedom to describe baryons as well as
certain exotic hadrons in phenomenology. However, even though they are successful in describing
many of these low lying QCD states, they and their properties have been difficult to pin down.
Here we present progress in studying diquarks in a gauge-invariant setup through embedding them
in a parent hadron containing a heavy spectator quark using lattice QCD calculations.
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1. Motivation

Diquarks as effective degrees of freedom in hadrons have long been used to explain and
describe the masses of low-lying baryons [1]. Their success in correctly reproducing them has
been a compelling argument to consider diquarks and their properties as key features of QCD
[2]. In recent times they have also played a role in motivating certain exotic states and especially
doubly heavy tetraquarks [3, 4]. However, providing evidence for their existence in experiment
and determining their properties in theory remains difficult due to their suggested nature as colored
QCD degrees of freedom. In the following we present our recent and ongoing work to approach
diquarks through embedding and isolating them in parent hadrons with spectator quarks. The work
presented represents an extension of our work in [5].

2. Probes of diquark properties
Formally the interpolating operator of a diquark may be written as
Dr =q°Cl'q’ ()

where ¢, ¢’ denote different quark flavors, ¢, C denote charge conjugation and I" acts on Dirac
space. Choosing different I' combinations in the interpolating operator allows the definition of their
effective quantum numbers as:

JP  color flavor T label

0" 3 3 ¥s: Yoys  "good"

1" 3 6 Yi, 0o "bad"

0o 3 6 1, yo "not-even-bad"
- 3 3 YiYs, 0ij 'not-even-bad"

Of these different diquark configurations the J¥ = 0*; 3.; 3; is especially interesting since its flavor
color quantum numbers could allow for an attraction between the constituent quarks ¢, ¢’ that is not
accessible in the other configurations. For this reason this diquark configurations is also referred
to as the "good" diquark while the others are labeled "bad". For the J¥ = 07,1~ cases also the
terminology "not-even-bad" is used to distinguish them further. Since quarks in good diquarks are
predicted to attract each other this implies the observation of a large mass splitting between bad/good
and not-even-bad/good channels. Indeed, these splittings would be physical properties of QCD [2].
They should be dependent on the masses of the constituent quarks. In the case of ¢ = u, g’ = d we
would expect a stronger attraction in the good diquark than in ¢ = u, ¢’ = 5. Furthermore, in the
limit ¢ — Q where mg = oo considerations based on heavy-quark spin-symmetry (HQSS) suggest
that when the heavy quark spins decouple a diquark acts as an antiquark [QQ] < Q.

Mass differences as gauge-invariant probes. A problem for searching for diquarks and
confirming the above pictures is their colored nature. Since they cannot be created in isolation in
experiments the good diquark attraction can only be studied indirectly through hadrons that they
might be embedded in. This is also a problem in principle for lattice QCD since only gauge-
invariant quantities are directly calculable in correlation functions. One could in principle fix a
gauge [6—10], however, then the determined diquark properties are gauge dependent and need to
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be further verified. Here, we propose to use a different approach in which we use the capability
of lattice calculations to vary quark masses at will and also to fix mg = oo by choosing a static
quark. Then we may access mass differences of the type alluded to above from first principles by
embedding the diquark in static-light-light or static-light-strange baryons [5, 11-14]. Considering
also the static-light meson case, their correlation functions generically read:

=y <[DFQ](£, 1) [Dro]" (0, 0)> — static-light-light baryon )

X

Cﬁ’[ (1) = Z <[QFq] (X, 1) [Q_Fq]T(ﬁ, 0)> = static-light meson 3)

X

In the case of Q being a static quark we may exploit an effective mass decomposition and write the
long-time asymptotic region of the correlator as:

Cr(1) ~ exp |~ (mpy +mo +Om))| . €M (6) ~ exp [t (my +mg +0mg))| @)

This poses an opportunity to make gauge-invariant observations for diquarks because choosing a
static spectator quark, i.e. mg = oo, implies O(mél) = 0 and it can be canceled out exactly in
appropriate differences. For different light quark flavor and diquark combinations we can thus
access the mass differences that we are interested in directly:

’ ’ t—o00 ’ ’
() = miIC ) = M - M, ®)
where bad implies any of the three bad diquark operators, m(t) is the effective mass of the correlator
and M is the long-time asymptotic value extracted from it. One can go further and also define

static-light-light baryon and static-light meson differences as:

’ ) r—o00 4
mid2(6) -miL(t) = M - M 6)

The argument rests on the applicability of the mass decomposition in Eq. 4 and clearly shows its
limitations: While the gq’Q case poses a clear diquark probe, other embedded baryons, such as
qQQ’ or qq’q” are less clear. In the former HQSS relates it to a static-light meson, and in the latter
we can expect (strong) interaction effects from the O (m‘Ql) term. From the point of view of wanting
to study whether diquarks are also formed in baryons such as A . or the nucleon, this approach
is stretched. In the case of studying diquarks in isolation by embedding it with a static quark the
approach is more justified.

Apart from testing diquark properties, embeddings with a static spectator can also be used for
other purposes. In the following we explore one to test the large quark mass regime. This work is
still preliminary. The aim is to quantify how well the quarks do in fact decouple and hadrons or
other effective degrees of freedom become degenerate in this limit. To this extent we first consider
the mass difference between the gg’Q baryon and the ¢Q meson

0q4(1) = C;’ti(t) - CffiQ_(t) ~» determine on the lattice: M, @)

where the quarks can be ¢ € [, s, ¢, b, and the diquark should have the same quark flavors. The
goal is to determine the mass splitting m s, from the long-time asymptotic behavior. In addition we
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Figure 1: Left: Geometry of the density-density correlations used to study the diquark attractive effect. We
define 7,g = X, — X1 and S = (X] —X,)/2. Further explanations are given in the text. Right: When [X1| # |X2],

- -

we can introduce a new vector R that points to the radial/tangential deviation from S. This allows to probe
the shape of the diquark correlations.

determine the Q, baryon mass using standard methods. Relating these two quantities leads one to

consider: Iy M
Q quC[ Q

1= ~ — HQSS: ud

Ms, Ma9Q — MaQ Ms,

=3 ®)

In the HQSS limit the expected degeneracy pattern of the (dressed) quarks would imply this ratio
to go to the value 3, as the denominator gives an estimator of the diquark-quark mass difference.

As part of testing this aspect of HQSS this also tests the, some times used, technical assumption
in lattice QCD that heavy hadrons can be decomposed into dressed quarks by dividing their number.
This happens, for example, in calculations using (lattice) NRQCD in certain cases. Here the mass
parameters of the calculation are tuned to reproduce the kinetic masses of the target quarkonia.
This is usually done by extracting the fitted coefficients of the momentum-dispersion relation in
Mgy ( 7), where the kinetic mass drives the slope in a linear fit to the 5> dependence and the rest
mass is the p = 0 intercept. The latter value is unphysical in the sense that it does not directly relate
to the target masses. In quarkonia this is not an issue since one can relate directly to the tuning. Also
in mass differences of hadrons this will drop out. The problem arises when studying observables
where this factor remains, either uncanceled or through an imbalance of the number tuned and to be
studied heavy quarks in the target hadron. In these cases a commonly used trick is to take the rest
mass parameter and divide it such that one can estimate its contribution for one heavy quark. The
alternative would be to tune determine the kinetic mass from the momentum-dispersion relation,
however, this can be forbidding due to noise and cost issues. With the suggested test we can check
in which mass regimes this is better and worse justified.

Density correlations for the good diquark attraction. While studying the mass differences
already gives indications on the effectiveness of the good-bad diquark picture, they do not provide
a direct handle on whether there is a uniquely effective attraction between the two quarks in a
good diquark over all other configurations. Further insights in this direction can be obtained
from lattice QCD calculations by studying the diquarks in the static-light-light embedding through
density-density correlations [5, 11]:

Ci(F1,52,1) = (Dr(0,20) p(F1, (%2, 1) DD, 0)) ©)

where p(X,1) = g(X,1)yoq(X,1), t;y = (tsnk + tsre)/2 and t,, is chosen to minimize excited state
contamination as much as possible. By studying the spatial correlations of these two current
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Figure 2: Top left: Bad/good, not-even-bad/good diquark mass splittings over pion mass. Top right:
Bad/good diquark mass splittings for different light quark flavor combinations. Bottom left: Good-
diquark/quark splitting. Bottom right: Preliminary results for ratio Mg, /Ms, . See text for details.

insertions around the spectator we can get a picture of the interactions happening within the baryon.
As such we expect these correlations to behave as exponential decays whose coefficients define
effective correlation lengths, or effective radii, ro. In the static-light-light case, we in particular
expect no further perturbation through interactions with the spectator and that there is no impact on
the correlation direction that we choose, either radially towards the spectator or tangentially to it.

The geometric configurations of the correlations between the relative positions of the two light
quarks to the static quark that we study are sketched in Fig. 1 (left). At this point we introduce the
notation py(ruq, S, ¢;T) = Clild (X1,X2,t,). An interesting case is the situation when |X;| # |X3], as
sketched in Fig. 1 (right). Introducing R = S + 7(¢), we study the two cases: (1.) ¢ = x, radial
correlation. Where we expect the correlation to go as ~ exp[(rg)‘lt]. (2.) ¢ = m/2, tangential
correlation. Where we expect the correlation to go as ~ exp[(ré)‘lt]. Measuring both r5 and rg
gives information between the quarks in the embedded hadron. As such, a visible exponential decay
indicates attraction between the quarks in the diquarks. A match between the radial and tangential
radii (ré/ r(l)| = 1) indicates a spherical shape of the diquarks with no further polarization through
the spectator. At the same time a mismatch ry/ r(! # 1 indicates a prolate or oblate shape and there
for significant polarization and interactions with the spectator.

3. Results

The mass differences and density correlations are studied on the publicly available ny =2 + 1
full QCD gauge field ensembles provided by the PACS-CS collaboration [15]. The ensembles have
lattice volumes of 323 x 64 with a lattice spacing of a = 0.090fm (redetermined in [16]). In total
five ensembles with the pion masses m, = 164,299,415, 575 and 707 MeV are used. In all cases
the strange quark mass is held fixed m =~ mfhys. For the charm quarks we use the Tsukuba-type
effective relativistic heavy quark action in the tuning of [17] and the bottom quarks were handled
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using NRQCD, see e.g. [18]. In both cases we reused the propagators gathered and presented in
[16, 19]. For the static quarks we use several types of smearing to improve their signal, see [5].

To extract the mass differences from the correlator data, we follow a procedure where we determine
our results from different smearing settings to analyze the correlator ratios and to then cross-check
them with differences formed from analyzing the individual correlators separately. Our findings are
shown in Fig. 2: The top left figure shows the diquark-diquark splittings that were discussed above
for all values of the light quark mass. The physical light quark mass is given as a vertical black line
throughout. In all cases we observe a positive splitting, which indicates the good diquark is indeed
lighter than all other channels. Furthermore, for the §(1* — 0%) splitting, i.e. the bad/good splitting,
we observe a clear trend towards larger values as the quark mass becomes lighter. This is in-line
with the expectations of the good diquark attraction picture. The not-even-bad/good splittings were
extrapolated using constant fits while the bad/good splitting was extrapolated using the Ansatz:
S(1" = 0M)yq = A/[l + (m,r/B)”EO’l’z], see [5]. In the right top panel of the same figure we
show the bad/good splitting over pion mass but this time with varying the quark flavor content
qq’ = ud,us, ss’, where in the last case we assume two different quark flavors at the strange quark
mass. The fit performs well and in-line with the good diquark attraction picture we observe that
the gq’ = ud channel has the largest splitting. Finally in the bottom left of the figure we show the
good-diquark/quark splitting for the different possible combinations of light quark flavors. The fit
Ansatz needs to be modified in this case and reads 6(Q[q1¢2]o+ — Qq2) = C [1 + (m,,/D)"EO’I’Z].
A good description of the data is achieved. The reader is referred to our publication [5] for details
and numerical values of the fits.

In Fig. 2 (bottom right) we present our preliminary, first, results on testing HQSS via the ratio
Mg, /Ms,. Here we focus on just one ensemble with pion mass m, = 299 MeV and study the
channels with ¢ = u, s, ¢ and also g = b. The first three can be analyzed using the same methods as
before. However, since we are using NRQCD bottom quarks in this case we study the momentum-
dispersion relation to determine the Kinetic mass instead. The results are plotted over the &, baryon
mass. We find a trend towards the HQSS limit with increasing quark mass. While there are still
some deviations for the charm quark they are still within one standard deviation. Making a statement
about how well HQSS is already fulfilled is premature and we hope to increase precision in the
future.

After the splittings our next goal is to study the shape of the good diquarks. Results in the
case where |X1| = |X»|, where we do not distinguish the radial and tangential correlations, strongly
indicated that the only channel that exhibits an exponential decay is the good diquark channel,
please see [5] for details. With the quark-quark attraction established in this channel we turn to
studying the radial and tangential correlation properties and show their results in Fig. 3. In the left
two panels we show the case for the udQ channel at m , = 575 MeV. Here the spectator is static and
we do not expect to observe a polarization effect. Indeed, firstly we observe the exponential decay
indicative of a correlation, and therefore attraction, and secondly we see that the slopes are roughly
the same even by eye. As such r/ r(|)| ~ ] within uncertainties. For a complete analysis including
quark mass dependence see [5]. In the two right panels we next show preliminary results on the
same ensemble, however, this time the static quark is replaced with a strange quark udQ — uds.
Comparing the two figures we now observe a difference in the two slopes, indicating r; / r(l)| # 1 and
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Figure 3: Left: Radial and tangential spatial correlations in the udQ channel. We observe the same slopes
and therefore a spherical shape. Right: The same for udQ — uds. We observe different slopes and a possible
distortion of the correlations through the spectator quark.

therefore a distorting effect. In future work we plan to quantify this further.

4. Conclusions

Using a gauge-invariant approach we studied diquark properties in ny = 2 + 1 lattice QCD.
While our lattice setup lets us perform our calculations close to the physical quark mass with just
a short chiral extrapolation required, the continuum limit has not been addressed. Studying mass
splittings we confirmed the special status of the good diquark configuration in the sense that it is
the lightest of all possibilities and that the splitting between the bad/good diquark grows going to
the physical quark mass (see [5] for values). In general good agreement with phenomenological
expectations is observed. Going beyond our previous work we further presented our first calculation
on Mg, /Ms,, which we motivated as a test of HQSS. At this time the precision of the findings is
not high enough to make statements, however, a broad trend following the expectations is observed.
In the future we will perform more calculations to increase statistics and also add more gauge
ensembles in order to boost precision and accuracy. Beyond diquark spectroscopy we observe
the suggested quark-quark attraction in the good diquark configuration through studying spatial
quark-quark correlations. In the case of a static spectator quark the diquark further shows no
preferential correlation direction, implying a spherical shape. Swapping the static spectator for
a strange quark and repeating the calculation we observe a distortion of this property, indicating
possible polarization and interaction. The current level of precision unfortunately is not high
enough to draw firm conclusion. In the future we will increase statistics to boost precision and
choose heavier spectator quark masses to track this effect in the hope of quantifying it. Further
work is also necessary in improving the formalism to deal more thoroughly with the de-localization
properties of the non-static propagators in this observable.
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