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1. Motivation

Confinement predicts the existence of states made of gluons alone called glueballs which still
await experimental confirmation. There is renewed interest both from the experimental [1] and
the theoretical side [2]. Yet another “puzzle”, more exotic states than “just” mesons and baryons
were discovered called the X, Y and Zs. Despite experimental discoveries two decades ago there
is still no understanding of their internal mechanics. For example the J°€ = 17+ channel contains
Xc1(3872) (formely called X (3872)), one of the longest standing candidates for a state which is not
simply a charmonium state made of a charm quark-anti-quark pair. The nature of this state is still
being investigated [3].

Glueballs are expected at energies close to charmonium. In QCD they are resonances with
many decay channels e.g. into pions. Several XYZ states have been discovered with charmonium
content. This motivates to study the mixing of light and charm quarks. Lattice QCD provides an
ab-initio tool to study glueballs and exotics but it is challenging. For example gluonic observables
or observables with quark-line disconnected contributions suffer from a signal-to-noise problem.
Moreover glueballs and the XYZ states are resonances which decay by the strong interactions.
Taking into account that these particles are unstable is not straightforward in a lattice calculation.

2. Short introduction to lattice QCD

Lattice QCD is very good at computing Euclidean correlation functions

(010" (0)) , 4))

where the “operator” O is a (temporally) local combination of fields. The integral expression Eq. (1)
is related to an underlying QFT with Hamiltonian A and complete set of energy eigenstates |n),
Hn) = E,|n), n=0,1,2,.... The energy eigenstates can be chosen to be orthonormal

(nlmy = 6pms ) Im)inl = 1. @)

n

A consequence of this relation is the “spectral decomposition”

(0107 (0)) = ) [eal?e ™" (3)

with matrix elements between the eigenstate and the vacuum state |Q) called overlaps
cn = (n|07|9). “)

The energy eigenvalues E,,, including excited states n > 0 can be efficiently extracted by the GEVP
(Generalized EigenValue Problem) method [4]. It starts by considering several operators for the
same symmetry channel Oy, . .., Oy, and computing a correlation matrix with elements

Cij(n = (01(10}(0) 5)
The generalized eigenvalues A, (¢, trer) of

C(t) vu(t, tref) = Ap(t, tret) C(trer) Vi (t, trer) (6)
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behave like
/ln(t, tref) = e_(t_zl'ef)En X (1 + e_(z_tref)An) , (7)

where the value of A, depends on conditions on ¢ and #.¢ as discussed in [5]. For the GEVP method
to work we need a variational basis with operators that have good overlaps [6]

(O] 1Q) o [C(to)vn(t, 10)]; (8)

with all states |n).

The operators O; in Eq. (5) must have the same symmetries. Besides the total angular
momentum J, the parity P and the charge conjugation C there is the light flavor symmetry. Nature
has no exact flavor symmetry, but an approximate SU(2), or even SU(3). In Ny = 3+1 QCD, which
we consider here,

u u
dl-Vv|d|, (i,d53) — (ad35V, V e SU(3) 9)
N N

is a symmetry. This means that energy eigenstates are labeled by |D,Y, I, I3) [7]. In the SU(3)
flavor limit there is for example an octet D = 8 of degenerate pseudoscalar mesons (7°, 7%, n, K°,
F, K*) and a singlet D = 1 (7").

A scattering process for example of two incoming and outgoing particles happens in real time.
There are very short lived hadrons which are resonances forming during the scattering process
and decaying via the strong interaction. Examples are the scalar singlet mesons o = f,(500) and
f0(980). The latter can be observed in proton-proton collisions and decays into a pair of pions
n*n~ [8]. Lattice QCD is formulated in Euclidean (imaginary) time though. While this is perfect
for spectroscopy there is no direct access to scattering. Liischer’s idea to circumvent this problem
is to compute the discrete two-particle spectrum in a finite volume and solve an equation to find the
phase shifts and infer the resonance parameters in infinite volume [9].

In this work we focus on the spectrum of scalar (J©'€

= 0*") mesons which are singlets (D = 1)
under the flavor symmetry. We are interested in the mixing between charmonium and light meson
states and we want to look for the existence of a glueball state. On the left plot of Fig. 1 we show
the experimental spectrum of single particle states from the Particle Data Group [10]. Lattice
calculations in pure gauge theory yields a glueball state at 1710(50)(80) MeV [11]. In a theory
with dynamical fermions the glueball is unstable and decays into pions (up to 10) . If we include
two-meson states 77, KK, ... and also with momentum 7 (p)z(—p) we get a continuum of states
above the energy of a 7* 7~ state. Putting everything in finite volume helps. Momenta are quantized
p =1 2n/L (free case) and one gets a situation illustrated by the central plot of Fig. 1. The situation
is further simplified if we consider heavier pions. E.g. at the SU(3) flavor symmetric point, where
up, down and strange quarks are degenerate but the sum of their masses is like at the physical point,
the pion mass is m, = 420 MeV. The finite volume spectrum in this situation is shown in the right
plot of Fig. 1. We will follow the strategy to simulate QCD with Ny = 3 + 1 flavors of quarks
with a light quark mass corresponding to m, ~ 800 MeV and then lower the light quark mass to
m, =~ 420 MeV. In this way we want to learn about the fate of the glueball state.
Our operator basis in the scalar flavor-singlet channel consists of
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Figure 1: The spectrum of scalar mesons in nature (left, only one particle states are shown), in finite volume
with physical pions (center) and heavier pions (right). Courtesy of T. Korzec.

scalar glueball

we choose O to be the sum of Laplacian eigenvalues [12]. This operator yields a slightly
better (but comparable) signal for the correlator than a linear combination of Wilson loops of
up to 35 different shapes and lengths, see Appendix A of [13];

charmonium
O, =cc (10)
light scalar
O = — (du+dd +5s) (11)
) = — (iu Ss
V3

two-pion operators with both particles at rest

1 - _ - -
Oy = —% (ﬁy5s§y5u + dyssSysd + iwysddysu + dysuitysd + 5ysddyss + Eysuﬁy5s)

2 -
——— (aysuitysu + dysddysd + 5ysssyss)

38

1 _ _ _ _
+ﬁ (wysudysd + dysditysu + iiysusyss + dysdSyss + Syssivysu + Syssdysd) (12)
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Al Alh

96 x 323 96 x 323
a ~ 0.054 fm a ~ 0.069 fm
my ~420MeV  m, ~ 800 MeV
NE =100 NE =200
NEharm =200 Nghrm = 200

Table 1: Parameters of the Ny = 3 + 1 QCD gauge ensembles used in this study. In order the rows show:
the lattice size, the lattice spacing determined from the 4. — 1. mass splitting, the pion mass, the number of
distillation vectors used to smear the light and the charm quark field respectively.

The operators are projected to zero spatial momentum on a given timeslice ¢. The correlation matrix
Eq. (5)is

(01(001(0))  (01(NO:(0))  (01(1)02:(0))  (O1(1)Og(0))

e {0dD00)  (0cn02(0)  (0c(04(0)) 03
* * <027r(t)027r(0)> <027r(t)€)g(0)> ,
* % * <0g(t)0g(0)>

where * stands for the transpose element. We smear the quark fields using distillation [14] and
introduce profiles in distillation space as in [15] to optimize the overlaps onto the physical states.

3. Mixing of flavors, glueballs and 2-pion states in the scalar channel

The results presented here have been computed on gauge configurations of Ny = 3 + 1 QCD.
They were generated by us with a Wilson fermion action with non-perturbatively determined mass-
dependent clover improvement [16] and a tree level improved Liischer—Weisz gauge action [17].
The parameters of the ensembles are listed in Table 1. The ensemble at the SU(3) flavor symmetric
point has been generated in [18]. The ensemble with the heavier pion is newer and has been recently
used in [19-21].

As an example of the quality of our data we show in Fig. 2 the terms that form the correlator
between two-pion states

(02(1)022(0)) = —%R+ §C+ZD+8(V. (14)

Here R stands for Rectangle, C for Cross, D for Direct and V for Vacuum and denotes the four
possible Wick contraction depicted in Fig. 3. For now we computed the correlators using standard
distillation without profiles. The Vacuum correlator is a disconnected quark-line contribution and
has the largest statistical noise. We are developing methods based on multi-level sampling to
ameliorate the signal-to-noise ratio in such cases [22].

After pruning the correlation matrix Eq. (13) to 3 charmonium operators, 5 light meson
operators and keeping one two-pion and one gluonic operator, we solve the GEVP, see [19]. We
compute the effective masses for state n by using the vectors v,, computed at a fixed time to extract
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Figure 2: Different contributions arising from the Wick contractions for the two-pion correlator Eq. (14).
The Wick contractions are displayed in Fig. 3.

Figure 3: Wick contractions for the correlator of two pions in a singlet state. From left to right: Rectangle,
Cross, Direct, Vacuum.

(approximations to) the eigenvalues A, (t) = vZC (t)yvn/ vLC (tref) Vi, cf. Eq. (6) and from those the

An(t)
An(t+ a)) '

effective masses

ameg () = In ( (15)

Fig. 4 shows the effective masses we obtain from a GEVP with the block of the correlation
matrix corresponding to the three charmonium operators only. One the left are the results for
the ensemble Al and on the right for the heavier pion ensemble Alh. In the plots we also show
lines corresponding to the quenched glueball mass (black dashed line), the threshold of two non-
interacting pions at rest (blue line) and the lowest charmonium state y.o neglecting the effects of
disconnected contributions (magenta dashed line). For the ensemble at lighter pion mass we also
display the four-pion threshold (yellow line). We observe that the lowest resolved state is below the
charmonium level (expected close to the connected-only level) and arises because we have included
the disconnected contributions. The charmonium state appears as the first excited state.

Fig. 5 shows the effective masses we obtain from a GEVP with the matrix correlation including
5 light one-particle meson, 3 charmonium and one glueball operators. As it was noted in [19] the
addition of the glueball operator to the basis of light mesons and charmonium operators does not
lead to the appearance of a new state in the low-lying part of the spectrum displayed in the figure.
This was also observed in [23]. The ground state (black points) corresponds probably to the o
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Figure 4: Effective masses from charmonium operators for ensemble A1 (left) and Alh (right). From [19].
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Figure 5: Effective masses from charmonium, light meson and glueball operators for ensemble A1l (left)
and Atlh (right). From [19].

meson, as can be inferred by looking at the overlaps, see Fig. 6 below. The first excited state (red
points) appears close to the energy that corresponds to the quenched glueball on both ensembles.

The effective masses obtained with the full correlation matrix are shown in the top row of plots
in Fig. 6. The lines are drawn to guide the eye. The addition of the two-pion operator to the basis
leads to the appearance of a new state (magenta points) compared to what we see in Fig. 5. This
state appears for both pion masses close to the quenched glueball energy (black dashed line) and
to the first excited state (red points). In the bottom row of plots in Fig. 6 we show histograms of
the overlaps Eq. (8). We normalize the overlaps such that their absolute values sum up to one for a
given operator O;

Dllmioe) =1. (16)

The sum extends over the resolved states n. The state n = 1 (red) has significant overlaps with all
types of operators. The state n = 2 (magenta) has predominantly overlap with the state created by
the two-pion operator.
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Figure 6: (Top row) Effective masses from charmonium, light meson, glueball and two-pion (both at rest)
operators for ensemble A1 (left) and Alh (right). (Bottom row) For each eigenstate n we show the overlaps
with the operators O; in the basis. The normalization is given by Eq. (16). For each state n the bars correspond
in order to 3 charmonium operators, 5 light meson operators, one 2-pion operator and one gluonic operator.
From [19].

4. Conclusions

We computed the mixing of light meson, charmonum, glueball and two-pion at zero momentum
states in the flavor singlet scalar channel through lattice simulations of Ny = 3 + 1 QCD at two
values of the pion mass. We observe that the inclusion of disconnected diagrams in charmonium
correlators leads to a state in the region of light mesons, see Fig. 4. The addition of the two-pion
operator to the basis leads to the appearance of a new (second excited) state with respect to the
spectrum obtained with one-particle operators only. This new state is close to the first excited state
and they both appear near the quenched 0™ glueball energy, see Fig. 6. The inclusion of glueball
operators in the basis does not lead to a new state that was not already present with light meson and
charmonium operators. The statistical noise from glueball and disconnected correlators is a major
problem which can be addressed by multi-level sampling methods [24]. Moreover we will extend
the basis to include two-pion operators at non-zero momentum in order to have a more complete
spectrum of states.
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