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1. Introduction

The current understanding of relativistic heavy-ion collision experiments, such as at the Rel-
ativistic Heavy-Ion Collider (RHIC) or the Large Hadron Collider (LHC), is based on complex
multi-stage models that describe the different physical processes valid for different timescales (see
[1] for a recent review). The description of the colliding nuclei before the collision is given by the
Color Glass Condensate (CGC) [2, 3], an effective theory that predicts the Glasma [4] to appear
as the solution of the classical Yang-Mills (YM) equations shortly after the collision. The CGC
requires nuclear structure models as input which are tested by analyzing the features discovered by
experiments and comparing them to theory predictions. One such feature is limiting fragmentation,
first described in the CGC by [5, 6], where rapidity profiles of different observables show univer-
sal behavior in the fragmentation region regardless of collider energy. In these proceedings, we
study the local longitudinal scaling behavior of the three-dimensional, dilute Glasma [7–9] which
encompasses non-trivial longitudinal structure and discuss the resulting limiting fragmentation phe-
nomenon. We use a fully three-dimensional nuclear model with parameters to control longitudinal
and transverse correlation scales.

2. Dilute Glasma field strength tensor

We employ the CGC description for the highly relativistic, incoming nuclei labeled 𝐴 and 𝐵.
The valence partons inside the nuclei with a large momentum fraction x are treated as classical
color currents that source the highly occupied, small x gluon fields. The recoilless currents
J 𝜇

𝐴/𝐵 (𝑥
±, x) = 𝛿

𝜇
∓𝜌𝐴/𝐵 (𝑥±, x) are given in terms of the color charge distributions 𝜌𝐴/𝐵 of each

nucleus. In light cone coordinates 𝑥± = (𝑡 ± 𝑧)/
√

2, only one vector component is nonzero and
the 𝜌𝐴/𝐵 only depend on one of 𝑥± and the transverse coordinates x (bold or with Latin indices
𝑖, 𝑗 , 𝑙), where the ± is set by the direction of movement. Solving the classical YM equations with
the source term J 𝜇

𝐴/𝐵 in covariant gauge 𝜕𝜇A𝜇 = 0 results in the single-nucleus gauge fields

A∓
𝐴/𝐵 (𝑥

±, x) = −(∇2
⊥)−1𝜌𝐴/𝐵 (𝑥±, x) = 𝜙𝐴/𝐵 (𝑥±, x). (1)

The dynamics of the gluonic field strength 𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 − 𝑖𝑔 [𝐴𝜇, 𝐴𝜈] in the forward
light cone of the interaction region after the collision is governed by the classical YM equations

𝐷𝜇𝐹
𝜇𝜈 (𝑥) = 𝐽𝜈 (𝑥), 𝐷𝜇𝐽

𝜇 (𝑥) = 0, (2)

where 𝐷𝜇 (. . .) = 𝜕𝜇 − 𝑖𝑔
[
𝐴𝜇, . . .

]
is the gauge covariant derivative. The dilute Glasma frame-

work [7–9] starts with the ansatz

𝐴𝜇 (𝑥) = A𝜇

𝐴
(𝑥+, x) + A𝜇

𝐵
(𝑥−, x) + 𝑎𝜇 (𝑥), 𝐽𝜇 (𝑥) = J 𝜇

𝐴
(𝑥+, x) + J 𝜇

𝐵
(𝑥−, x) + 𝑗 𝜇 (𝑥). (3)

The 𝑎𝜇 is the Glasma field of the full collision problem with the additional current 𝑗 𝜇 that both are
of the order 𝜌𝑛

𝐴
𝜌𝑚
𝐵

with 𝑛, 𝑚 ≥ 1 in the source terms. To leading order, Eqs. (2) are solved for 𝑎𝜇 in
terms of 𝜙𝐴/𝐵. Then, the field strength tensor of the Glasma, 𝑓 𝜇𝜈 = 𝜕𝜇𝑎𝜈 − 𝜕𝜈𝑎𝜇, becomes abelian

𝑓 +− (𝑥) = − 𝑔

2𝜋

∫
𝜂′ ,v

𝑓𝑎𝑏𝑐 𝑡
𝑐 𝛽

𝑖,𝑎

𝐴
(𝑥, 𝜂′, v) 𝛽𝑖,𝑏

𝐵
(𝑥, 𝜂′, v), (4)
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τ
′ =

co
ns

t η ′
=

con
st

(x+, x−,x)

v+ v−

|v|

(a) Evaluation close to 𝜂𝑠 = 0.

|v1|

|v2|

η ′
=

con
st

τ
′ =

co
ns

t

(x+, x−,x)

v+ v−

|v|

J
+
B
(x
− − v

− ,x
− v

)

J −
A (x +−

v +
,x−

v)

(b) Evaluation at large 𝜂𝑠 .

Figure 1: (a) Given the evaluation point 𝑥 = (𝑥+, 𝑥− , x), the contributions to the field strength tensor stem
from yellow curves parametrized by (𝜏′, 𝜂′, v) that are integrated over for each 𝜏′ = |v|. Adapted from [8].
(b) Moving the evaluation point 𝑥 to large 𝜂𝑠 = ln(𝑥+/𝑥−)/2 deforms the yellow curves to nearly parallel
lines cutting through J+

𝐵
at a single value for 𝑣− at fixed 𝑥− .

𝑓 𝑖 𝑗 (𝑥) = − 𝑔

2𝜋

∫
𝜂′ ,v

𝑓𝑎𝑏𝑐 𝑡
𝑐
(
𝛽
𝑖,𝑎

𝐴
(𝑥, 𝜂′, v) 𝛽 𝑗 ,𝑏

𝐵
(𝑥, 𝜂′, v) − 𝛽

𝑗 ,𝑎

𝐴
(𝑥, 𝜂′, v) 𝛽𝑖,𝑏

𝐵
(𝑥, 𝜂′, v)

)
, (5)

𝑓 ±𝑖 (𝑥) = 𝑔

2𝜋

∫
𝜂′ ,v

𝑣 𝑗

|v|
𝑒±𝜂

′

√
2

𝑓𝑎𝑏𝑐 𝑡
𝑐
(
𝛽
𝑖,𝑎

𝐴
(𝑥, 𝜂′, v) 𝛽 𝑗 ,𝑏

𝐵
(𝑥, 𝜂′, v) − 𝛽

𝑗 ,𝑎

𝐴
(𝑥, 𝜂′, v) 𝛽𝑖,𝑏

𝐵
(𝑥, 𝜂′, v)

∓ 𝛿𝑖 𝑗 𝛽
𝑙,𝑎

𝐴
(𝑥, 𝜂′, v) 𝛽𝑙,𝑏

𝐵
(𝑥, 𝜂′, v)

)
, (6)

where
∫
𝜂′ ,v =

∭ ∞
−∞ d𝜂′d2v and 𝑡𝑐 are the generators of SU(𝑁𝑐) with structure constants 𝑓𝑎𝑏𝑐 and

𝛽
𝑖,𝑎

𝐴/𝐵 (𝑥, 𝜂
′, v) = 𝜕𝑖(𝑥 )𝜙

𝑎
𝐴/𝐵 (𝑥

±− |v|
√

2
𝑒±𝜂

′
, x − v), (7)

where the 𝜕𝑖(𝑥 ) are acting w.r.t. the x. The 𝛽𝐴/𝐵 represent the only non-zero component of the field
strength tensors of the nuclei F 𝑖∓

𝐴/𝐵 = 𝜕𝑖A∓
𝐴/𝐵 = 𝛽𝑖

𝐴/𝐵.
The integration in Eqs. (4)–(6) covers the backward light cone that is attached to the evaluation

point 𝑥 = (𝑥+, 𝑥−, x) and is restricted to lightlike paths parametrized as 𝑣 = ( |v |√
2
𝑒+𝜂

′
,
|v |√

2
𝑒−𝜂′

, v)⊤.
This geometric interpretation is illustrated in Fig. 1a, where for a given 𝜏′ = |v|, the integrand is
only nonzero along the yellow highlighted curve inside the light gray interaction region where the
color potentials of both nuclei contribute.

2.1 Large 𝜂𝑠 approximation

We study the behavior of the dilute Glasma field strength tensor in the fragmentation region
where the spacetime rapidity 𝜂𝑠 = ln(𝑥+/𝑥−)/2 ≫ 1. As discussed in [8, 9], the evaluation points
𝑥± = e±𝜂𝑠𝜏/

√
2 are restricted to be outside of the nuclear tracks by shifting the origin of the Milne

coordinate frame along the 𝑡-axis. Equations (4)–(6) are assembled out of products of the 𝛽𝐴/𝐵
fields given by Eq. (7). We rewrite these terms with explicit 𝜂𝑠 dependence under the 𝜂′ integral

3
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∫ ∞

−∞
d𝜂′

[
𝜕𝑖(𝑥 )𝜙

𝑎
𝐴(

e+𝜂𝑠
√

2
(𝜏 − |v|e𝜂′−𝜂𝑠 ), x − v)

] [
𝜕
𝑗

(𝑥 )𝜙
𝑏
𝐵 (

e−𝜂𝑠

√
2
(𝜏 − |v|e−𝜂′+𝜂𝑠 ), x − v)

]
, (8)

and perform a shift 𝜂′ → 𝜂′ + 𝜂𝑠 to isolate the 𝜂𝑠 dependence of the longitudinal arguments in
a prefactor. In the limit 𝜂𝑠 ≫ 1, the longitudinal argument of 𝜙𝐴 will only stay inside the track
of nucleus 𝐴 for a very narrow 𝜂′ range because it is amplified by e+𝜂𝑠 . Since the support of the
integrand is limited to a narrow region around the point1 𝜂′ = 𝜂 = ln(𝜏/|v|), we can safely neglect the
weak 𝜂′ dependence of 𝜙𝐵 and move it out of the integral. We substitute 𝑢+ = (𝜏−|v|e𝜂′−𝜂𝑠 )e+𝜂𝑠/

√
2

to perform the remaining 𝜂′ integral over 𝜙𝐴 and obtain

𝜕
𝑗

(𝑥 )𝜙
𝑏
𝐵 (𝑥−

(
1 − v2

𝜏2

)
, x − v)

∫ 𝑥+

−∞
d𝑢+

1
𝑥+ − 𝑢+

𝜕𝑖(𝑥 )𝜙
𝑎
𝐴(𝑢

+, x − v) = 𝜍
𝑗

𝐵
(𝑥, v) 𝜚𝑖𝐴(𝑥

+, x − v), (9)

where we introduce

𝜍
𝑗

𝐵
(𝑥, v) = 𝜕

𝑗

(𝑥 )𝜙𝐵 (𝑥−
(
1 − v2

𝜏2

)
, x − v), (10)

𝜚𝑖𝐴(𝑥
+, x − v) =

∫ 𝑥+

−∞
d𝑢+

1
𝑥+ − 𝑢+

𝜕𝑖(𝑥 )𝜙𝐴(𝑢+, x − v). (11)

In the case of the 𝑓 ±𝑖 components, there is the additional factor e±𝜂′ that leads to

𝜚𝑖𝐴(𝑥
+, x − v) →

(√
2

|v|

)±1 ∫ 𝑥+

−∞
d𝑢+

(𝑥+ − 𝑢+)±1

𝑥+ − 𝑢+
𝜕𝑖(𝑥 )𝜙𝐴(𝑢+, x − v). (12)

The 𝜚𝐴 is the effective field of nucleus 𝐴 that enters as a weighted longitudinal average. We
further simplify the weight factor by using that 𝑥+ is far away from the track of nucleus 𝐴 s.t.
𝑥+ − 𝑢+ ≈ 𝑥+ > 0 for all 𝑢+ where 𝜙𝐴 is nonzero. Then, all the 𝑥+ factors in Eq. (11) as well as
Eq. (12) can be pulled out of the 𝑢+ integral and we define

𝜁 𝑖𝐴(x − v) = 𝜕𝑖(𝑥 )

∫
𝑢+

𝜙𝐴(𝑢+, x − v), (13)

that only depends on transverse coordinates and appears in all the components of 𝑓 𝜇𝜈 . Equation (13)
is the effective transverse field of nucleus 𝐴 as sourced by the transverse charge distribution
𝜌⊥(x) =

∫
𝑥+

𝜌𝐴(𝑥+, x). The physical picture in combination with the 𝜍𝐵 is close to a one-sided
boost invariant limit where 𝜙𝐵 is cut into transverse slices for each fixed |v| and interacts with 𝜁𝐴.
The only direct dependence on longitudinal nuclear structure comes from the different 𝜙𝐵 slices
and is completely determined by nucleus 𝐵.

We obtain the field strength tensor of the dilute Glasma2 for the fragmentation region 𝜂𝑠 ≫ 1 [9]

𝑓 +− (𝑥) = − 𝑔

2𝜋
1
𝑥+

∫
v
𝑌 (𝑥, v), 𝑓 𝑖 𝑗 (𝑥) = − 𝑔

2𝜋
1
𝑥+

∫
v
𝑌 𝑖 𝑗 (𝑥, v), (14)

1Note, 𝜂′ = 𝜂 only contributes to the full 𝜂′ integral if 𝜏 > v2
√

2e𝜂𝑠𝑢max
, where 𝑢max > 0 is the longitudinal cutoff for

the compact support of the nuclear fields in the longitudinal direction. For large enough 𝜂𝑠 small values of 𝜏 are still
allowed for the entire integration domain of v.

2The apparent divergence in Eq. (15) for v2 → 0 is a coordinate artifact and vanishes when choosing polar coordinates
for integrating the v-plane.
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𝑓 +𝑖 (𝑥) = 𝑔

2𝜋

∫
v

(
𝑌 𝑖 𝑗 (𝑥, v) − 𝛿𝑖 𝑗𝑌 (𝑥, v)

) 𝑣 𝑗

v2 , (15)

𝑓 −𝑖 (𝑥) = 𝑔

2𝜋
1

(𝑥+)2

∫
v

(
𝑌 𝑖 𝑗 (𝑥, v) + 𝛿𝑖 𝑗𝑌 (𝑥, v)

) 𝑣 𝑗

2
, (16)

𝑌 (𝑥, v) = 𝑓𝑎𝑏𝑐𝑡
𝑎 𝜁

𝑖,𝑏

𝐴
(x − v) 𝜍 𝑖,𝑐

𝐵
(𝑥, v), (17)

𝑌 𝑖 𝑗 (𝑥, v) = 𝑓𝑎𝑏𝑐𝑡
𝑎
(
𝜁
𝑖,𝑏

𝐴
(x − v) 𝜍 𝑗 ,𝑐

𝐵
(𝑥, v) − 𝜁

𝑗 ,𝑏

𝐴
(x − v) 𝜍 𝑖,𝑐

𝐵
(𝑥, v)

)
. (18)

The case for 𝜂𝑠 ≪ −1 can be worked out in full analogy, resulting in swapped roles of nucleus 𝐴

and 𝐵 and the light cone coordinates 𝑥±.
In Fig. 1b we compare the geometry of the limiting fragmentation (LF) approximation with

evaluation point 𝑥 at large 𝜂𝑠 to 𝑥 at around mid-rapidity in Fig. 1a. It is illustrative how the yellow
curves deform to almost parallel lines that cut through J𝐵 at an almost fixed 𝑣−. The weight factor
in Eqs. (11) and (12) is a correction for the yellow lines not being perfectly parallel to the track, but
we argued that its effect is marginal and ignored it for Eq. (13).

We emphasize that Eqs. (14)–(16) show local longitudinal scaling behavior (see Appx. A for
full proof). For scalar observables O(𝜂𝑠) that are built out of the field strength tensor, this directly
translates to O√

𝑠1 (𝜂𝑠 −𝑌1) = O√
𝑠2 (𝜂𝑠 −𝑌2), that is: a change in collider energy √

𝑠1 → √
𝑠2 can be

compensated by shifting with the difference in beam rapidity. In particular, transverse integrated
observables, like eccentricity moments 𝜀𝑛 and azimuthal flow coefficients 𝜐𝑛, are predicted to show
longitudinal scaling in the dilute Glasma.

3. Nuclear model

The color charge distributions 𝜌𝐴/𝐵 fluctuate event-by-event. We assume the same generalized
McLerran-Venugopalan (MV) model [10, 11] as in [8, 9], where the 𝜌𝐴/𝐵 are sampled from a
Gaussian probability functional determined by ⟨𝜌𝑎 (𝑥±, x)⟩ = 0 and

⟨𝜌𝑎 (𝑥±, x)𝜌𝑏 (𝑦±, y)⟩ = 𝑔2𝜇2𝛿𝑎𝑏
√︁
𝑇 (𝑥±, x)

√︁
𝑇 (𝑦±, y)𝑈𝜉 (𝑥± − 𝑦±)𝛿 (2) (x − y), (19)

with Yang-Mills coupling 𝑔 and MV scale 𝜇. Equation (19) introduces three-dimensional profile
functions which we choose to be Woods-Saxon distributions

𝑇 (𝑥±, x) = 𝑐

1 + exp(
√

2(𝛾beam 𝑥± )2+x2−𝑅
𝑑

)
, 𝑐 =

𝛾beam√
2𝑑 ln(1 + e𝑅/𝑑)

, (20)

with parameters 𝑅 and 𝑑 for nuclear radius and skin depth and longitudinal correlations of the shape

𝑈𝜉 (𝑥± − 𝑦±) = 1√︁
2𝜋𝜉2

exp( (𝑥
± − 𝑦±)2

4𝑅2/𝛾2
beam

) exp(− (𝑥± − 𝑦±)2

2𝜉2 ), (21)

with correlation length 𝜉 ≤ 2𝑅/(
√

2𝛾beam). The Lorentz factor 𝛾beam is given by the collider energy
and the other parameters are chosen as in [8]. The resulting charge distributions are discretized on
a lattice and their Fourier transforms in the transverse plane, 𝜌̃, are used to solve Eq. (1) via

𝜙𝑎 (𝑥±, x) = 1
(2𝜋)2

∫
k

𝜌̃𝑎 (𝑥±, k)
k2 + 𝑚2 e−k2/(2Λ2

UV )e−ik·x, (22)

where we introduce the ultraviolet regulator ΛUV = 10 GeV and infrared regulator 𝑚. While ΛUV

is fixed to a value adequate for the chosen lattice spacing, different values of 𝑚 are used to control

5
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(a) Local rest frame energy density 𝜖LRF.

0

1

ξ = 0.1Rl m = 0.2µ
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ξ = 2.0Rl m = 0.2µ
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0

1

ξ = 0.1Rl m = 2.0µ
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ηs + Ybeam

ξ = 2.0Rl m = 2.0µ

RHIC LHC LF approx.RHIC LHC LF approx.

(b) Transverse energy 𝑑𝐸⊥/𝑑𝜂𝑠 .

Figure 2: Comparison of the full dilute Glasma framework (solid lines) with the limiting fragmentation (LF)
approximation (yellow). After shifting by the respective beam rapidities 𝑌beam = arcosh(𝛾beam) the flanks
are perfectly matched between the two methods. For large longitudinal correlations 𝜉 the onset of the boost
invariant plateau is recovered in the LF approximation. Data for a single event at 𝜏 = 1.0 fm/c with Au+Au
at √𝑠NN = 200 GeV for RHIC (orange) and Pb+Pb √

𝑠NN = 2700 GeV for LHC (blue).

the size of transverse fluctuations of the nuclear color fields. In the nonperturbative Glasma, this
is the role of the saturation momentum 𝑄𝑠 ∝ 𝑔2𝜇, but in the dilute case, these physical parameters
degenerate to overall prefactors [7].

4. Numerical results

In Fig. 2, we compare numerical results for the LF approximation Eqs. (14)–(16) using the
above nuclear model (yellow) to the results for the full dilute Glasma obtained in [8] (orange
and blue lines) for typical RHIC and LHC setups. The data are normalized to their value at
𝜂𝑠 = 0 and the 𝜂𝑠-axis is shifted by the respective beam rapidity 𝑌beam = arcosh(𝛾beam) for each
collider energy. Figure 2a shows the local rest frame energy density 𝜖LRF obtained by solving the
Landau condition 𝑇 𝜇

𝜈𝑢
𝜈 = 𝜖LRF 𝑢

𝜇 with the energy-momentum tensor of the dilute Glasma, which
to leading order in the sources can be calculated from the dilute Glasma field strength 𝑓 𝜇𝜈 s.t.
𝑇 𝜇𝜈 = 2 Tr[ 𝑓 𝜇𝜌 𝑓𝜌𝜈 + 1

4𝑔
𝜇𝜈 𝑓 𝜌𝜎 𝑓𝜌𝜎]. Figure 2b shows the sum of transverse pressures scaled with

proper time 𝜏

d𝐸⊥
d𝜂𝑠

= 𝜏

∫
x

(
𝑇 𝑥𝑥 (𝜏, 𝜂𝑠, x) + 𝑇 𝑦𝑦 (𝜏, 𝜂𝑠, x)

)
. (23)

Both are integrated over a small region of the transverse plane, emphasizing the local nature of
longitudinal scaling in the dilute Glasma. The near-perfect agreement of the LF approximation to
the full results is striking. For small 𝜉, the LF approximation breaks down at smaller rapidities. We
explain this by noting that, in this case, the yellow curves in Fig. 1b intersect different longitudinally
coherent domains of nucleus 𝐵. On the contrary, for large 𝜉, the yellow curves stay within a single
coherent domain, and the LF approximation is valid up to the onset of the mid-rapidity plateau.
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5. Conclusion

In the dilute Glasma framework the analytic expressions for the Glasma field strength tensor
show local longitudinal scaling. Using an approximation for the fragmentation region 𝜂𝑠 ≫ 1 we
demonstrated this property and provided an interpretation for limiting fragmentation in terms of
the longitudinal structure of only one of the colliding nuclei. The current work is formulated in
coordinate space. A complementary manuscript studying the dilute Glasma in momentum space to
provide a 𝑘⊥-differential understanding of the dynamics is in preparation. Additional studies could
determine if local longitudinal scaling also holds for the non-perturbative Glasma. Furthermore,
the Glasma is only valid for the earliest stage of heavy-ion collisions and it is left to be studied how
later state-of-the art descriptions, like relativistic hydrodynamics, change the longitudinal scaling
behavior and dynamics predicted by the dilute Glasma.
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A. Demonstration of local longitudinal scaling behavior

Starting from the solutions to the nuclear gauge fields in Eq. (1) at a given √
𝑠NN, we look at

a collision at a higher collision energy. We introduce 𝑤, the relative rapidity that connects the rest
frames of the nuclei at different √𝑠NN via a Lorentz boost. The nuclear fields at the higher collision
energy are then given in terms of the lower energy fields as 𝜙𝐴/𝐵 (𝑥±, x) → e+𝑤𝜙𝐴/𝐵 (e+𝑤𝑥±, x)
which amounts to squeezing and scaling up the only non-zero component3. This carries through to
the 𝜍 and 𝜁 fields used in Eqs. (10) and (13)

𝜍 𝑖𝐵 (𝑥+, 𝑥−, x, v) → 𝜕𝑖(𝑥 )e
+𝑤𝜙𝐵 (e+𝑤𝑥−

(
1 − v2

𝜏2

)
, x − v) = e+𝑤𝜍 𝑖𝐵 (e−𝑤𝑥+, e+𝑤𝑥−, x, v), (24)

𝜁 𝑖𝐴(x − v) → 𝜕𝑖(𝑥 )

∫
d(e+𝑤𝑢+)𝜙𝐴(e+𝑤𝑢+, x − v) = 𝜁 𝑖𝐴(x − v). (25)

The 𝜁 field is unaffected by the modification because the factors can be absorbed by a change of
variables under the integral. Putting all together, the integrands for the components of the field
strength tensor in Eqs. (17) and (18) each collect a factor of e𝑤 and their 𝑥− (𝑥+) dependence is
scaled by e𝑤 (e−𝑤)

𝑌 (𝑥, v) → 𝑓𝑎𝑏𝑐𝑡
𝑐 e+𝑤 𝜁

𝑖,𝑎

𝐴
(x − v) 𝜍 𝑖,𝑏

𝐵
(e−𝑤𝑥+, e+𝑤𝑥−, x, v), (26)

𝑌 𝑖 𝑗 (𝑥, v) → 𝑓𝑎𝑏𝑐𝑡
𝑐 e+𝑤

(
𝜁
𝑖,𝑎

𝐴
𝜍
𝑗 ,𝑏

𝐵
(e−𝑤𝑥+, e+𝑤𝑥−, . . .) − 𝜁

𝑗 ,𝑎

𝐴
𝜍
𝑖,𝑏

𝐵
(e−𝑤𝑥+, e+𝑤𝑥−, . . .)

)
. (27)

3This is not equal to boosting both fields with the same 𝑤, but to boosting each nuclei’s field to higher energies taking
into account their direction of movement.
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These factors can be rearranged to express the field strength tensor of the collision at higher energy
as the boosted tensor of the collision at lower energy

𝑓 +− → − 𝑔

2𝜋
1

(e−𝑤𝑥+)

∫
v
𝑌 (e−𝑤𝑥+, e+𝑤𝑥−, x, v) = 𝑓 +− (e−𝑤𝑥+, e+𝑤𝑥−, x), (28)

𝑓 𝑖 𝑗 → − 𝑔

2𝜋
1

(e−𝑤𝑥+)

∫
v
𝑌 𝑖 𝑗 (e−𝑤𝑥+, e+𝑤𝑥−, x, v) = 𝑓 𝑖 𝑗 (e−𝑤𝑥+, e+𝑤𝑥−, x), (29)

𝑓 +𝑖 → 𝑔

2𝜋
e+𝑤

∫
v

(
𝑌 𝑖 𝑗 (. . .) − 𝛿𝑖 𝑗𝑌 (. . .)

) 𝑣 𝑗

v2 = e+𝑤 𝑓 +𝑖 (e−𝑤𝑥+, e+𝑤𝑥−, x), (30)

𝑓 −𝑖 → 𝑔

2𝜋
e−𝑤

(e−𝑤𝑥+)2

∫
v

(
𝑌 𝑖 𝑗 (. . .) + 𝛿𝑖 𝑗𝑌 (. . .)

) 𝑣 𝑗

2
= e−𝑤 𝑓 −𝑖 (e−𝑤𝑥+, e+𝑤𝑥−, x), (31)

such that finally 𝑓 𝜇𝜈 → Λ𝜇
𝜌 (𝑤)Λ𝜈

𝜎 (𝑤) 𝑓 𝜌𝜎 (Λ−1(𝑤)𝑥) where Λ(𝑤) is the Lorentz boost operator
with rapidity parameter 𝑤 acting on tensors and coordinates accordingly. The field strength in
the regime of longitudinal scaling for a collision at higher energies amounts to boosting the field
strength of a lower energy collision with the relative rapidity 𝑤.
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