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By employing the potential non-relativistic quantum chromodynamics (pNRQCD) effective field
theory within an open quantum system framework, we derive a Lindblad equation governing
the evolution of the heavy-quarkonium reduced density matrix, accurate to next-to-leading order
(NLO) in the ratio of the state’s binding energy to the medium’s temperature [1]. The derived
NLO Lindblad equation provides a more reliable description of heavy-quarkonium evolution
in the quark-gluon plasma at low temperatures compared to the leading-order truncation. For
phenomenological applications, we numerically solve this equation using the quantum trajectories
algorithm. By averaging over Monte Carlo-sampled quantum jumps, we obtain solutions without
truncation in the angular momentum quantum number of the considered states. Our analysis
highlights the importance of quantum jumps in the nonequilibrium evolution of bottomonium states
within the quark-gluon plasma [2]. Additionally, we demonstrate that the quantum regeneration
of singlet states from octet configurations is essential to explain experimental observations of
bottomonium suppression. The heavy-quarkonium transport coefficients used in our study align
with recent lattice QCD determinations.
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1. Introduction

Matsui and Satz [3] first proposed heavy-quarkonium suppression as a signal of quark-gluon
plasma (QGP) formation, making it a key focus of heavy-ion experiments ever since. Laine et al.
[4] showed in their perturbative calculation that, in addition to the Debye screening of the real part,
the heavy-quark potential also contains a significant imaginary part. The imaginary part of the
potential, driven by Landau damping [5] and singlet-to-octet transitions [6], gives quarkonium a
medium-induced decay width, leading to finite lifetime, in-medium dissolution, and suppression.
For an accurate description of in-medium quarkonium evolution which must account for the thermal
width, screening effects, and the recombination process; we adopt the Open Quantum System (OQS)
approach. In this framework, heavy quarkonium is treated as an open quantum system interacting
with a medium of light quarks and gluons. The key quantity is the reduced density matrix, derived
by tracing out the environment’s degrees of freedom from the full density matrix. The resulting
equation is called the master equation which describes the evolution of the reduced density matrix
[7–12]. In this article, we will describe our work [1, 2] on an approach combining the OQS
framework with the potential NRQCD (pNRQCD) to exploit the evolution of heavy-quarkonium
inside the QGP.

This article is organized as follows. In Section 2, we give an idea about how heavy-quarkonium
is considered as an open quantum system in pNRQCD. In Section 3, we represent the pNRQCD
master equation. In Section 4, we obtain the LO Lindblad equation in E/T expansion. In Section 5,
we obtain the NLO Lindblad equation in E/T expansion. In Section 6, we obtain jump operators,
width operators, and the effective Hamiltonian in the reduced spherical representation. We describe
the QTraj algorithm, phenomenological results, summary and conclusion in Sections 7, 8, and 9,
respectively.

2. Heavy quarkonium as an Open Quantum System in pNRQCD

In effective field theories (EFTs), heavy-quarkonium states are characterized by the heavy
quark mass 𝑀 , and the non-relativistic relative velocity 𝑣 ≪ 1. These states follow the following
hierarchy of scales: 𝑀 (hard modes) ≫ 𝑀𝑣 (soft modes) ≫ 𝑀𝑣2 (ultrasoft modes) . We know
integrating out the hard scale from QCD gives rise to non-relativistic QCD (NRQCD) whereas
integrating out the soft scale gives rise to potential NRQCD (pNRQCD) (see Fig. 1). The degrees
of freedom in the pNRQCD Lagrangian are heavy-heavy bound states in color singlet and color octet
configurations and gluons and light quarks at the ultrasoft scale. Inside QGP, the heavy-quarkonium
state is considered as the open quantum system while light quarks and gluons as the medium. The
Hamiltonian for the total system (open quantum system and medium) is given by

𝐻total = 𝐻sys ⊗ 𝐼med + 𝐼sys ⊗ 𝐻med + 𝐻int , (1)

and the time evolution of the total density matrix is given by
𝑑

𝑑𝑡
𝜌total(𝑡) =

1
𝑖ℏ

[
𝐻total, 𝜌total(𝑡)

]
, (2)

where 𝐻𝑖𝑛𝑡 represents the interaction between the heavy quarkonium and the medium. Starting
with the initial condition, 𝜌total(0) = 𝜌sys ⊗ 𝜌med, we integrate out the degrees of freedom that corre-
spond to the medium and obtain the reduced density matrix of the system, 𝜌sys(𝑡) ≡ 𝑇𝑟med

{
𝜌total(𝑡)

}
.
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Figure 1: Left panel: Heavy-quarkonium as an open quantum system inside QGP. Right panel: Hierarchy of
energy scales and effective field theories (EFTs) for systems made of a heavy quark and antiquark pair [13].

Figure 2: Transitions between singlet and octet states.

In the end, we obtain the time evolution for the reduced density matrix 𝜌sys in Lindblad form,
which is given by

𝑑𝜌sys

𝑑𝑡
= −𝑖

[
𝐻sys, 𝜌sys

]
+

∑︁
𝑛

(
𝐶𝑛 𝜌sys 𝐶

†
𝑛 −

1
2
{
𝐶†
𝑛𝐶𝑛, 𝜌sys

})
, (3)

where 𝐶𝑛 are known as jump or collapse operators. We define partial, total widths as, Γ𝑛 =

𝐶
†
𝑛𝐶𝑛, Γ =

∑
𝑛 Γ𝑛, and a non-Hermitian effective Hamiltonian as, 𝐻eff = 𝐻sys − 𝑖

2Γ, to rewrite

3
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the Lindblad equation as

𝑑𝜌sys

𝑑𝑡
= −𝑖𝐻eff 𝜌sys + 𝑖𝜌sys 𝐻

†
eff +

∑︁
𝑛

𝐶𝑛 𝜌sys 𝐶
†
𝑛 . (4)

In the above equation, the term 𝐶𝑛 𝜌sys 𝐶
†
𝑛 is known as the jump term, which is responsible for the

transitions between different singlet and octet states.

Fig 2 describes transitions among different quantum states. A singlet state can absorb a gluon
and become an octet state: singlet(𝑠) + gluon(𝑔) → octet(𝑜), whereas an octet state can emit a
gluon and become a singlet state: octet(𝑜) → singlet(𝑠) + gluon(𝑔).

3. The pNRQCD master equation

If we do not make any assumption on the relation between 𝑇 and 𝐸 , we have the evolution of
the reduced density matrix of heavy quarkonium [8, 14].

𝑑𝜌𝑠 (𝑡)
𝑑𝑡

= −𝑖[ℎ𝑠, 𝜌𝑠 (𝑡)] − Σ𝑠𝜌𝑠 (𝑡) − 𝜌𝑠 (𝑡)Σ†
𝑠 + Ξ𝑠𝑜 (𝜌𝑜 (𝑡)), (5)

𝑑𝜌𝑜 (𝑡)
𝑑𝑡

= −𝑖[ℎ𝑜, 𝜌𝑜 (𝑡)] − Σ𝑜𝜌𝑜 (𝑡) − 𝜌𝑜 (𝑡)Σ†
𝑜 + Ξ𝑜𝑠 (𝜌𝑠 (𝑡)) + Ξ𝑜𝑜 (𝜌𝑜 (𝑡)), (6)

Σ𝑠 = 𝑟𝑖𝐴
𝑠𝑜†
𝑖

, (7)

Σ𝑜 =
1

𝑁2
𝑐 − 1

𝑟𝑖𝐴
𝑜𝑠†
𝑖

+ 𝑁2
𝑐 − 4

2(𝑁2
𝑐 − 1)

𝑟𝑖𝐴
𝑜𝑜†
𝑖

, (8)

Ξ𝑠𝑜 (𝜌𝑜 (𝑡)) =
1

𝑁2
𝑐 − 1

(
𝐴
𝑜𝑠†
𝑖

𝜌𝑜 (𝑡)𝑟𝑖 + 𝑟𝑖𝜌𝑜 (𝑡)𝐴𝑜𝑠
𝑖

)
, (9)

Ξ𝑜𝑠 (𝜌𝑠 (𝑡)) = 𝐴
𝑠𝑜†
𝑖

𝜌𝑠 (𝑡)𝑟𝑖 + 𝑟𝑖𝜌𝑠 (𝑡)𝐴𝑠𝑜
𝑖 , (10)

Ξ𝑜𝑜 (𝜌𝑜 (𝑡)) =
𝑁2
𝑐 − 4

2(𝑁2
𝑐 − 1)

(
𝐴
𝑜𝑜†
𝑖

𝜌𝑜 (𝑡)𝑟𝑖 + 𝑟𝑖𝜌𝑜 (𝑡)𝐴𝑜𝑜
𝑖

)
, (11)

with

𝐴𝑢𝑣
𝑖 =

𝑔2

6𝑁𝑐

∫ ∞

0
d𝑠 𝑒−𝑖ℎ𝑢𝑠𝑟𝑖𝑒𝑖ℎ𝑣𝑠 ⟨𝐸̃𝑎

𝑗 (0, ®0)𝐸̃𝑎
𝑗 (𝑠, ®0)⟩, (12)

𝐸̃𝑎
𝑖 (𝑠, ®0) = Ω(𝑠)†𝐸𝑎

𝑖 (𝑠, ®0)Ω(𝑠), (13)

Ω(𝑠) = exp
[
−𝑖𝑔

∫ 𝑠

−∞
d𝑠′𝐴0(𝑠′, ®0)

]
. (14)

ℎ𝑢,𝑣 is the singlet or octet Hamiltonian: ℎ𝑠,𝑜 = ®𝑝2/𝑀 + 𝑉𝑠,𝑜 where 𝑉𝑠 = −𝐶 𝑓 𝛼s(1/𝑎0)/𝑟 and
𝑉𝑜 = 𝛼s(1/𝑎0)/2𝑁𝑐𝑟 , with𝐶 𝑓 = (𝑁2

𝑐−1)/2𝑁𝑐 = 4/3 the Casimir of the fundamental representation,
𝑁𝑐 = 3 the number of colors, and 𝛼s(1/𝑎0) the strong coupling evaluated at the inverse of the Bohr
radius 𝑎0.

These equations can be written as the master equation

𝑑𝜌(𝑡)
𝑑𝑡

= −𝑖 [𝐻, 𝜌(𝑡)] +
∑︁
𝑛𝑚

ℎ𝑛𝑚

(
𝐿𝑛
𝑖 𝜌(𝑡)𝐿

𝑚†
𝑖

− 1
2

{
𝐿
𝑚†
𝑖

𝐿𝑛
𝑖 , 𝜌(𝑡)

})
, (15)
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where

𝜌(𝑡) =
(
𝜌𝑠 (𝑡) 0

0 𝜌𝑜 (𝑡)

)
, 𝐻 =

(
ℎ𝑠 + Im(Σ𝑠) 0

0 ℎ𝑜 + Im(Σ𝑜)

)
, (16)

𝐿0
𝑖 =

(
0 0
0 1

)
𝑟𝑖 , 𝐿1

𝑖 =

(
0 0
0 𝑁2

𝑐−4
2(𝑁2

𝑐−1) 𝐴
𝑜𝑜†
𝑖

)
, (17)

𝐿2
𝑖 =

(
0 1
1 0

)
𝑟𝑖 , 𝐿3

𝑖 =

(
0 1

𝑁2
𝑐−1 𝐴

𝑜𝑠†
𝑖

𝐴
𝑠𝑜†
𝑖

0

)
, (18)

and

ℎ =

©­­­­«
0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

ª®®®®¬
. (19)

Although Eq. (15) is Markovian and trace-preserving, as the matrix ℎ is not completely positive 
definite, it does not preserve the complete positivity of the density matrix, therefore, it cannot be 
transformed into Lindblad form.

4. LO Lindblad equation in 𝐸/𝑇 expansion

In specific temperature regimes, the evolution equation Eq.(15) can be rewritten in Lindblad form.
In the limit 𝑇 ≫ 𝐸 , the exponentials 𝐴𝑢𝑣

𝑖
which scale like 𝐸/𝑇 , can be written in terms of the

transport coefficients 𝜅 and 𝛾 [1]

𝐴𝑢𝑣
𝑖 =

𝑟𝑖

2
(𝜅 − 𝑖𝛾) + · · · , (20)

where 𝜅 and 𝛾 are the heavy quarkonium momentum diffusion coefficient and its dispersive coun-
terpart, respectively.

𝜅 =
𝑔2

6𝑁𝑐

∫ ∞

0
d𝑠

〈{
𝐸̃𝑎
𝑖 (𝑠, ®0), 𝐸̃𝑎

𝑖 (0, ®0)
}〉

, (21)

𝛾 = −𝑖 𝑔2

6𝑁𝑐

∫ ∞

0
d𝑠

〈[
𝐸̃𝑎
𝑖 (𝑠, ®0), 𝐸̃𝑎

𝑖 (0, ®0)
]〉

. (22)

At leading order in 𝐸/𝑇 , the functions 𝐿𝑛 are not linearly independent. Consequently, there exists
a rotation of the vector (𝐿0, 𝐿1, 𝐿2, 𝐿3) that renders it orthogonal to the eigenspaces corresponding
to the negative eigenvalues of the matrix ℎ𝑛𝑚. This enables the master equation to be expressed in
Lindblad form.

𝑑𝜌(𝑡)
𝑑𝑡

= −𝑖 [𝐻, 𝜌(𝑡)] +
∑︁
𝑛

(
𝐶𝑛
𝑖 𝜌(𝑡)𝐶

𝑛†
𝑖

− 1
2

{
𝐶

𝑛†
𝑖
𝐶𝑛
𝑖 , 𝜌(𝑡)

})
, (23)

with Hamiltonian

𝐻 =

(
ℎ𝑠 + Im(Σ𝑠) 0

0 ℎ𝑜 + Im(Σ𝑜)

)
, (24)

5
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where

Im (Σ𝑠) =
𝑟2

2
𝛾, Im (Σ𝑜) =

𝑁2
𝑐 − 2

2(𝑁2
𝑐 − 1)

𝑟2

2
𝛾, (25)

and collapse operators

𝐶0
𝑖 =

√︂
𝜅

𝑁2
𝑐 − 1

𝑟𝑖

(
0 1√︁

𝑁2
𝑐 − 1 0

)
, (26)

𝐶1
𝑖 =

√︄
𝜅(𝑁2

𝑐 − 4)
2(𝑁2

𝑐 − 1)
𝑟𝑖

(
0 0
0 1

)
. (27)

5. NLO Lindblad equation in 𝐸/𝑇 expansion

We use the relation

𝑖
𝑔2

6𝑁𝑐

∫ ∞

0
d𝑡 𝑡

〈
𝐸̃𝑎
𝑖 (𝑡, ®0)𝐸̃𝑎

𝑖 (0, ®0)
〉
=

𝜅

4𝑇
, (28)

to obtain corrections to Eqs (25)-(27) of order 𝐸/𝑇 by expanding the exponentials of Eq. (12) and 
retaining terms up to order ℎ𝑢,𝑣 .

𝐴𝑢𝑣
𝑖 =

𝑟𝑖

2
(𝜅 − 𝑖𝛾) + 𝜅

(
− 𝑖𝑝𝑖

2𝑀𝑇
+ Δ𝑉𝑢𝑣

4𝑇
𝑟𝑖

)
+ · · · , (29)

where Δ𝑉𝑢𝑣 = 𝑉𝑢 − 𝑉𝑣 is the difference of the 𝑢 and 𝑣 (singlet or octet) potentials. With these
contributions to 𝐴𝑢𝑣

𝑖
, the operators 𝐿1

𝑖
and 𝐿3

𝑖
in the master equation take the form

𝐿1
𝑖 =

𝑁2
𝑐 − 4

2(𝑁2
𝑐 − 1)

(
0 0
0 1

) [
𝑟𝑖

2
(𝜅 + 𝑖𝛾) + 𝜅

𝑖𝑝𝑖

2𝑀𝑇

]
, (30)

𝐿3
𝑖 =

(
0 1

𝑁2
𝑐−1

0 0

) [
𝑟𝑖

2
(𝜅 + 𝑖𝛾) + 𝜅

(
𝑖𝑝𝑖

2𝑀𝑇
+ Δ𝑉𝑜𝑠

4𝑇
𝑟𝑖

)]
+

(
0 0
1 0

) [
𝑟𝑖

2
(𝜅 + 𝑖𝛾) + 𝜅

(
𝑖𝑝𝑖

2𝑀𝑇
+ Δ𝑉𝑠𝑜

4𝑇
𝑟𝑖

)]
,

(31)

while 𝐿0
𝑖

and 𝐿2
𝑖

keep the form given in Eqs. (17) and (18), respectively.
The master equation above cannot be written in Lindblad form because the functions 𝐿𝑛

𝑖
are

linearly independent. However, we can rotate the vector (𝐿0, 𝐿1, 𝐿2, 𝐿3) so that only terms of order
𝐸/𝑇 have components in the eigenspaces of the negative eigenvalues of ℎ𝑛𝑚. Ignoring these small
components is equivalent to neglecting terms of order (𝐸/𝑇)2 in the evolution equation. As a result,
we can still write a Lindblad equation that remains accurate up to order 𝐸/𝑇 .

𝑑𝜌(𝑡)
𝑑𝑡

= −𝑖 [𝐻, 𝜌(𝑡)] +
1∑︁

𝑛=0

(
𝐶𝑛
𝑖 𝜌(𝑡)𝐶

𝑛†
𝑖

− 1
2

{
𝐶

𝑛†
𝑖
𝐶𝑛
𝑖 , 𝜌(𝑡)

})
, (32)

with Hamiltonian

𝐻 =

(
ℎ𝑠 + Im(Σ𝑠) 0

0 ℎ𝑜 + Im(Σ𝑜)

)
, (33)

6



P
o
S
(
Q
C
H
S
C
2
4
)
1
6
2

P
o
S
(
Q
C
H
S
C
2
4
)
1
6
2

Bottomonium suppression in pNRQCD and open quantum system approach Ajaharul Islam

where

Im (Σ𝑠) =
𝑟2

2
𝛾 + 𝜅

4𝑀𝑇
{𝑟𝑖 , 𝑝𝑖}, Im (Σ𝑜) =

𝑁2
𝑐 − 2

2(𝑁2
𝑐 − 1)

(
𝑟2

2
𝛾 + 𝜅

4𝑀𝑇
{𝑟𝑖 , 𝑝𝑖}

)
, (34)

and collapse operators

𝐶0
𝑖 =

√︂
𝜅

𝑁2
𝑐 − 1

(
0 1
0 0

) (
𝑟𝑖 +

𝑖𝑝𝑖

2𝑀𝑇
+ Δ𝑉𝑜𝑠

4𝑇
𝑟𝑖

)
+
√
𝜅

(
0 0
1 0

) (
𝑟𝑖 +

𝑖𝑝𝑖

2𝑀𝑇
+ Δ𝑉𝑠𝑜

4𝑇
𝑟𝑖

)
,

(35)

𝐶1
𝑖 =

√︄
𝜅(𝑁2

𝑐 − 4)
2(𝑁2

𝑐 − 1)

(
0 0
0 1

) (
𝑟𝑖 +

𝑖𝑝𝑖

2𝑀𝑇

)
. (36)

For details, see appendix B of [1].

6. NLO Lindblad equation in the reduced spherical representation

As the system is isotropic, we write the Hamiltonian and collapse operators more compactly
by using the reduced wave function 𝑢(𝑡, 𝑟) ≡ 𝑟𝑅(𝑡, 𝑟), where the three-dimensional wave function
for fixed 𝑙 and 𝑚 is given by 𝜓(𝑡, ®𝑟) = 𝑅(𝑡, 𝑟)𝑌𝑙𝑚(𝜃, 𝜙). We refer to quantities acting on the reduced
wave function as being in the reduced spherical representation (RSR) and denote them with an
overbar.

6.1 Jump operators in RSR

The Lindblad equation includes six jump operators, which, when expressed in RSR form, are
given by:

𝐶
↑
𝑠→𝑜 = 𝑟 − 𝑁𝑐𝛼s

8𝑇
+ 1

2𝑀𝑇

(
𝜕

𝜕𝑟
− 𝑙 + 1

𝑟

)
, (37)

𝐶
↓
𝑠→𝑜 = 𝑟 − 𝑁𝑐𝛼s

8𝑇
+ 1

2𝑀𝑇

(
𝜕

𝜕𝑟
+ 𝑙

𝑟

)
, (38)

𝐶
↑
𝑜→𝑠 = 𝑟 + 𝑁𝑐𝛼s

8𝑇
+ 1

2𝑀𝑇

(
𝜕

𝜕𝑟
− 𝑙 + 1

𝑟

)
, (39)

𝐶
↓
𝑜→𝑠 = 𝑟 + 𝑁𝑐𝛼s

8𝑇
+ 1

2𝑀𝑇

(
𝜕

𝜕𝑟
+ 𝑙

𝑟

)
, (40)

𝐶
↑
𝑜→𝑜 = 𝑟 + 1

2𝑀𝑇

(
𝜕

𝜕𝑟
− 𝑙 + 1

𝑟

)
, (41)

𝐶
↓
𝑜→𝑜 = 𝑟 + 1

2𝑀𝑇

(
𝜕

𝜕𝑟
+ 𝑙

𝑟

)
. (42)

In the QTraj code [15], we multiply all these operators by a factor of𝑇 to ensure they remain regular
when 𝑇 = 0.
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6.2 Width operators in RSR

The width operators in RSR are given by:

Γ
↑
𝑜→𝑠 =

𝜅𝑇3

𝑁2
𝑐 − 1

𝑙 + 1
2𝑙 + 1

[(
𝑟 + 𝑁𝑐𝛼s

8𝑇

)2
− 3

2𝑀𝑇
+ D2

(2𝑀𝑇)2 − 1
2𝑀𝑇

(
𝑁𝑐𝛼s

4𝑇

)
1
𝑟

]
, (43)

Γ
↓
𝑜→𝑠 =

𝑙

𝑙 + 1
Γ
↑
𝑜→𝑠 , (44)

Γ
↑
𝑜→𝑜 = 𝜅𝑇3 𝑁2

𝑐 − 4
2(𝑁2

𝑐 − 1)
𝑙 + 1

2𝑙 + 1

[
𝑟2 − 3

2𝑀𝑇
+ D2

(2𝑀𝑇)2

]
, (45)

Γ
↓
𝑜→𝑜 =

𝑙

𝑙 + 1
Γ
↑
𝑜→𝑜 , (46)

with

D2
= − 𝜕2

𝜕𝑟2 + 𝑙 (𝑙 + 1)
𝑟2 . (47)

In this case, up and down transitions are related by Γ
↓
𝑠→𝑜/Γ

↑
𝑠→𝑜 = 𝑙/(𝑙 + 1).

6.3 Effective Hamiltonian in RSR

The effective Hamiltonian for singlet and octet evolution is defined by 𝐻eff
𝑠,𝑜 = ℎ𝑠,𝑜+ Im(Σ𝑠,𝑜) −

𝑖Γ𝑠,𝑜/2 with Γ𝑠 =
∑

𝑖∈{↑,↓} Γ
𝑖
𝑠→𝑜 and Γ𝑜 =

∑
𝑖∈{↑,↓} (Γ𝑖

𝑜→𝑠 + Γ𝑖
𝑜→𝑜). In RSR, the singlet effective

Hamiltonian 𝐻
eff
𝑠 is given by

Re[𝐻eff
𝑠 ] = D2

𝑀
−
𝐶 𝑓 𝛼s

𝑟
+ 𝛾̂𝑇3

2
𝑟2 + 𝜅𝑇2

4𝑀
{𝑟, 𝑝𝑟 } , (48)

Im[𝐻eff
𝑠 ] = − 𝜅𝑇3

2

[(
𝑟 − 𝑁𝑐𝛼s

8𝑇

)2
− 3

2𝑀𝑇
+ D2

(2𝑀𝑇)2 + 1
2𝑀𝑇

(
𝑁𝑐𝛼s

4𝑇

)
1
𝑟

]
, (49)

where 𝑝𝑟 = −𝑖𝜕𝑟 . Similarly, the octet effective Hamiltonian 𝐻
eff
𝑜 is given by

Re[𝐻eff
𝑜 ] = D2

𝑀
+ 1

2𝑁𝑐

𝛼s

𝑟
+ 𝑁2

𝑐 − 2
2(𝑁2

𝑐 − 1)

[
𝛾̂𝑇3

2
𝑟2 + 𝜅𝑇2

4𝑀
{𝑟, 𝑝𝑟 }

]
, (50)

Im[𝐻eff
𝑜 ] = − 𝜅𝑇3

2(𝑁2
𝑐 − 1)

[(
𝑟 + 𝑁𝑐𝛼s

8𝑇

)2
− 3

2𝑀𝑇
+ D2

(2𝑀𝑇)2 − 1
2𝑀𝑇

(
𝑁𝑐𝛼s

4𝑇

)
1
𝑟

]
− 𝜅𝑇3

4(𝑁2
𝑐 − 1)

[
𝑟2 − 3

2𝑀𝑇
+ D2

(2𝑀𝑇)2

]
, (51)

where 𝜅 = 𝜅/𝑇3 and 𝛾̂ = 𝛾/𝑇3.

7. QTraj algorithm

The Lindblad equation given in Eq. (32) with the collapse operators of Eqs (35) and (36) 
describes the evolution of the heavy quarkonium reduced density matrix at next-to-leading-order

8
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accuracy in the 𝐸/𝑇 expansion. We numerically solve it without [1] and with [2] jumps using the 
quantum trajectories algorithm [15–17]. The detail description of the NLO quantum trajectories 
algorithm can be found in [1].

8. Phenomenological Results

We computed the survival probabilities of the Υ(1𝑆, 2𝑆, 3𝑆) states by taking the ratio of the 
final and initial overlap probabilities obtained using vacuum Coulomb e igenstates. We then took 
into account the final state feed down by applying a feed down matrix [17] constructed from data 
available from the Particle Data Group [18]. We showed the nuclear suppression factor 𝑅𝐴𝐴 of 
bottomonia states as a function of 𝑁part and 𝑝𝑇 in the left and right panel of Fig. 3, respectively. 
The 2S/1S and the 3S/1S double ratios as a function of 𝑁part have been shown in the left and right 
panels of Fig. 4. These double ratios as a function of 𝑝𝑇 have also been shown in Fig. 5. In all these 
figures, the solid and dashed lines indicate results obtained with and without quantum jumps, 
respectively. The experimental measurements shown are from the ALICE [19], ATLAS [20], and 
CMS [21, 22] collaborations.

QTraj - Υ(1S)

QTraj - Υ(2S)

QTraj - Υ(3S)

ALICE - Y(1S)

ATLAS - Y(1S)

CMS - Y(1S)

ALICE - Y(2S)

ATLAS - Y(2S)

CMS - Y(2S)

CMS - Y(3S)

0 100 200 300 400

0.01

0.05

0.10

0.50

1

Npart

R
A
A

κ = 4, γ = 0, TF = 190 MeV, τmed = 0.6 fm

Solid =With Jumps, Dashed =Without Jumps

QTraj - Υ(1S)

QTraj - Υ(2S)

QTraj - Υ(3S)

ALICE - Y(1S)

ATLAS - Y(1S)

CMS - Y(1S)

ATLAS - Y(2S)

CMS - Y(2S)

CMS - Y(3S)

0 5 10 15 20 25 30

0.05

0.10

0.50

1

pT [GeV]

R
A
A

κ = 4, γ = 0, TF = 190 MeV, τmed = 0.6 fm

Solid =With Jumps, Dashed =Without Jumps

Figure 3: The left panel shows nuclear suppression factor 𝑅𝐴𝐴 of bottomonia states as a function of 𝑁part.
The right panel shows 𝑅𝐴𝐴 of bottomonia states as a function of 𝑝𝑇 . The solid and dashed lines indicate
results obtained with and without quantum jumps, respectively. The experimental measurements shown are
from the ALICE [19], ATLAS [20], and CMS [21, 22] collaborations. Adapted from [2].
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Figure 4: The left panel shows the 2S/1S double ratio as a function of 𝑁part. The right panel shows the 3S/1S
double ratio as a function of 𝑁part. The solid blue lines and dashed orange lines show the QTraj results with
and without quantum jumps, respectively. The experimental measurements shown are from the ATLAS [20]
and CMS [21, 22] collaborations. Adapted from [2].
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Figure 5: The left panel shows the 2S/1S double ratio as a function of 𝑝𝑇 . The right panel shows the 3S/2S
double ratio as a function of 𝑝𝑇 . Line styles are the same as Fig. 4. The experimental data were inferred
from the results of Refs. [21, 22]. Adapted from [2].

9. Summary and Conclusions

We obtain the NLO Lindblad equation in E/T for the evolution of the heavy-quarkonium
reduced density matrix using the OQS and pNRQCD approach. We numerically solve the resulting
NLO Lindblad equation without and with jumps using the quantum trajectories algorithm. We show
that quantum jumps between singlet state and octet states are necessary to understand experimental
results for the suppression of both bottomonium ground and excited states. The values of the heavy-
quarkonium transport coefficients used are also consistent with recent lattice QCD determinations
[23–25].
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