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1. Introduction

Nuclear matter under extreme conditions has been a topic of significant interest. First-principles
calculations based on the lattice QCD method indicate that quarks and gluons are deconfined from
hadrons to form the quark-gluon plasma (QGP) at high temperatures above 155-160 MeV [1-3].
Nuclear collisions at the BNL Relativistic Heavy Ion Collider (RHIC) and the CERN Large Hadron
Collider (LHC) can experimentally produce the QGP, providing unique opportunities to explore the
dynamical evolution and statistical properties of the QCD system at various energies with different
colliding nuclei. The beam energy scan (BES) program at RHIC is devoted to the exploration of
the QCD phase diagram [4].

A major discovery in high-energy nuclear collisions is that the QGP exhibits near-perfect fluidity
[5, 6]. The relativistic hydrodynamic model with hadronic afterburner and realistic initial conditions
has been successful in describing the centrality, collision energy, and momentum dependencies of
hadronic yields. It has been established as a unique tool for describing the strongly coupled QCD
system dynamically near the quark-hadron crossover temperature, where first-principles methods
face difficulties. The model is supplemented with the equation of state, in which the thermodynamic
properties of the system are encoded.

One of the goals of QCD phenomenology is to elucidate the QCD equation of state at finite
densities [7-16]. In this study, we develop a lattice-QCD-based model for the equation of state with
multiple conserved charges: net baryon (B), electric charge (Q), and strangeness (S) [10, 11, 13, 17—
20]. The hadron resonance gas model, which can reproduce lattice QCD results at zero chemical
potentials, is employed as a description of the low-temperature regime. Such models can be
found in Refs. [10, 11] as functions of temperature and chemical potentials, but they have not
been fully formulated as functions of energy and conserved charge densities, which appear in the
hydrodynamic equations of motion. We introduce novel variables that enable evolution of multiple
conserved currents and efficient numerical simulations of relativistic nuclear collisions [21, 22].
An alternative approach can be found in Refs. [15, 23].

2. The equation of state

The hybrid QCD equation of state model, NEOs-4D, is constructed based on the Taylor expansion
method [24, 25] of lattice QCD simulations:
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Po and /\(f anS are the pressure and susceptibilities defined at vanishing chemical potentials. We use
all susceptibilities up to the fourth order from lattice QCD simulations [2, 26-29] and parametrize
Xg , XﬁQ, and )(SQIS as defined in Ref. [10] for thermodynamic consistency. The pressure is smoothly
connected to that of the hadron resonance gas model around the quark-hadron crossover because
the expansion method is not convergent at large fugacities [30]:
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This yields a crossover equation of state. T, (ug) = a—d( b,ulz9 + c,u‘}g) is the connection temperature
and AT, = 0.17,(0) is the width of the connection region. Weuse a = 0.16 GeV, b = 0.139 GeV~!,
¢ =0.053 GeV 3, and d = 0.4 motivated by the chemical freezeout [31]. The hadronic pressure is
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where the index i denotes hadronic particle species. We consider the hadrons and resonances
lighter than 2 GeV that have u, d, or s as valence quarks from the particle data group [32]. g; is
the degeneracy and y; is the hadronic chemical potential. The positive sign is for baryons and the
negative sign is for mesons. Other thermodynamic variables, such as e, s, ng, ng, ns, and cy, can
be obtained through the fundamental thermodynamic relations.

3. Numerical results

We estimate the four-dimensional equation of state in numerical simulations. Dimensionless
pressure P/T* as a function of yp, Ho, and pgs is shown at different T in the vicinity of the QCD
crossover in Fig. 1. One can see that the pressure tends to become large at larger temperatures and
chemical potentials. It is intrinsically symmetric under the simultaneous sign conversion of ug,
1o, and ugs. On the other hand, the pressure is asymmetric under the sign conversion of a single
chemical potential because off-diagonal susceptibilities mix the contributions of different chemical
potentials. Figure 2 shows the dependence of P/T* on each chemical potential. It is most sensitive
to po and least to up in the hadronic phase because the lightest carriers of electric, strangeness,
and baryon charges are pions, kaons, and protons, respectively. On the other hand, in the parton gas
limit P/T* is most sensitive to g and least to g because the lowest-order diagonal susceptibilities
approach /\(5 =1, /\/2Q =2/3, and )(f = 1/3 (see also Eqs.(5)-(7) for references).

The entropy-to-baryon density ratio s/np remains unchanged during ideal hydrodynamic evo-
lution in nuclear collisions. Therefore, the constant s/np lines can characterize the region in the
phase diagram explored at each collision energy [33]. The trajectories are also affected by np and
ns. Here, we consider ng/np = 0 and ng/np = 1 as limiting cases corresponding to neutron-
rich and proton-rich domains of the initial geometry in nuclear collisions, respectively, and the
strangeness neutrality condition ng = 0 for demonstration. It should be noted that these conditions
can be modified in the presence of additional fluctuation or dissipation.

Figure 3 shows the trajectories of s/np = 420, 144,51 and 30, which represent the collider
energies of 4/sny = 200,62.4,19.6 and 14.5 GeV, respectively, in the (a) T-up, (b) T-ug, and (c)
T-us planes, where the other chemical potentials are set to zero. The bands illustrate the range
between the ng/np = 0 and ng/np = 1 cases. The thick lines in the middle of the bands denote
the average case ng/np = 0.4 that is implied by the Z/A ratio of heavy nuclei such as 197 Au and
208pp for reference. They are cut off when up exceeds 0.6 GeV. The trajectories are bent around
the crossover temperature in Fig. 3 (a) because baryons are heavier than quarks. As the temperature
decreases, the baryon chemical potential needs to increase in the hadronic phase for net baryon
number conservation. The average trajectories become slightly negative in ugo (Fig. 3 (b)) because
Hn = UB > [p = up + o in neutron-rich heavy nuclei. We observe a wide band for ug, implying
that a large region in the phase diagram can be explored in relativistic nuclear collisions. ug is
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Figure 1: Dimensionless pressure P/ T* as function of 1B, Mo, and pg at (a) T = 0.10 GeV, (b) T = 0.15
GeV, (c) T =0.20GeV, (d) T =0.25GeV, (e) T = 0.30 GeV, and (f) T = 0.35 GeV.

finite in Fig. 3 (c) owing to the strangeness neutrality condition because the lack of strange quark
chemical potential ug leads to ug = %,u - %,uQ > 0 when up is positive and larger than pug.
The s/np starts to increase below 7' = 0.05 GeV, likely because the mass of kaons, which are the
primary strangeness carrier there, becomes non-negligible.

Next, we develop an efficient method of application of the equation of state to the hydrodynamic
model of nuclear collisions. There are 7 independent equations of motion in inviscid relativistic
hydrodynamics with the three conserved charges, 0,7#” = 0 and 9, N g’ 05 = 0. They are expressed
in terms of 8 independent variables, flow u*, energy density e, pressure P, and conserved charge
densities ng o s. Thus, one needs the equation of state P = P(e, np, ng, ns), which characterizes

the thermodynamic properties of the system, to close the set of equations. Since the pressure (2)
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Figure 2: Dependence of dimensionless pressure P/T* on up, Ho, or us at (a) T = 0.10 GeV and (b)
T =0.30 GeV.
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Figure 3: The regions probed when ng/np ranges from 0 to 1 for s/np = 420, 144, 51, and 30 on the (a)
T-upg, (b) T-up, and (c) T-us planes. The solid, dashed, dash-dotted, and dotted lines are the average case
atng/ng =0.4.

is given as a function of the conjugate variables T, up, (o, and ug, it needs to be inverted for
hydrodynamic simulations. For numerical efficiency, one often prepares pre-calculated tables of
the equation of state. However, the tables become too large for standard numerical implementation
for a four-dimensional equation of state because e,np,ng,ns and T, ug, o, pus have different
dimensions.

We define new variables T, fig, fig, and fis as the temperature and chemical potentials of the
Ny = 3 parton gas with the same energy and conserved charge densities as our system and use
them to tabulate the numerical results to overcome this issue. The parton gas equation of state is
expressed as

1972 .,

=—T74 4
e=— )

1 - 1. .
= —figT? — = fisT?, 5
np 3,UB 3,US )

2 - | .
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Figure 4: Comparison of grids with equal spacing in (a) e and np and (b) T and 1 on the T-up plane.

whose solutions can be obtained analytically as

3 12\
T b b b = T A5 b 8
(e,np,ng,ns) (19ﬂ2€) (3
B Sng —nop +2ng
fip(e.np,ng,ns) = ~—§, )
T
. —ng+2np —ns
pQ(e,nB,nQ,nS) = ~2Q P (10)
T
~ 27’13 —-n +2}’ZS
fis(e.np.ng.ns) = ——=L=—" (11)

The variables from the conservation laws can be converted into the temperature and chemical
potentials of the parton gas using the relations (8)-(11), and they can be used to access the numerical
results tabulated in the form of P = P(T, jig, fip, fis). Similarly, the temperature and chemical
potentials can be estimated as functions of the parton gas-based variables for particle production
[34]. A successful application of the method can be found in Ref. [22].

The grids with equal spacing in (a) e and np and (b) 7 and 1 near the crossover region in
the T-upg plane at up = us = 0 are shown in Fig. 4 to illustrate the situation. One can see that the
grid is deformed in the conventional e-npg grid, leading to difficulties in covering the whole region
especially in the higher dimensional cases. On the other hand, the grid is relatively uniform in the
T-1ip space, allowing more efficient tabulation of the equation of state for numerical hydrodynamic
simulations.

4. Conclusions and outlook

We have constructed a full four-dimensional model of the QCD equation of state at finite baryon,
electric charge, and strangeness densities, NEOs-4D, for hydrodynamic simulations of relativistic
nuclear collisions. The pressures of the lattice QCD simulations in the Taylor expansion method
and the hadron resonance gas model are matched near 7, to obtain a crossover equation of state.
The other state variables can be obtained using the fundamental thermodynamic relations. The
model is implemented numerically and verified to be thermodynamically consistent.
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The ratio of conserved charges np/ng can vary to from 0 to 1, corresponding to neutron-rich
and proton-rich regions of the initial geometry. The former may occur in the peripheral collisions of
nuclei with neutron skins and the latter in proton-proton collisions. The constant s/np trajectories
suggest that a wider region in the phase diagram can be explored in the beam energy scan programs,
especially in the po direction, when the variation is taken into account.

The hydrodynamic equations of motion involve the densities e, ng, ng and ng. We have
introduced the temperature and chemical potentials of a parton gas at the given energy and conserved
charge densities, T, fig, fig, and fis, and used them to construct the tables to enable practical and
efficient implementation of the equation of state. Our results serve as a pivotal component in
numerical hydrodynamic simulations of nuclear collisions across various collision energies and
different nuclear species. The tabulated version of the NEOs-4D results are publicly available [35].
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