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We report on recent dispersive determinations of contributions to aﬁVP, the hadronic vacuum
polarization contribution to the anomalous magnetic moment of the muon. The results provide
data-driven determinations of components which are separately calculated and summed to produce
the alternate lattice determination, with the goal of clarifying the region (or regions) in the
dispersive spectrum responsible for recently observed discrepancies between lattice and dispersive
results. Dispersive results are presented for the isospin-limit, light-quark-connected (Iqc) and
strange-connected-plus-full-uds-disconnected (s+lqd) components of, in addition to aEVP itself,
various “windowed” versions thereof. The discrepancy between lattice and dispersive results is
shown to lie almost entirely in the Iqgc component, and to be largest for those observables that
weight most heavily contributions from the p peak region. We also show that all the observed
discrepancies are removed if, in the dispersive determinations, recently released CMD-3 results
for the e*e™ — m*7~ cross sections are used, in the region covered by the CMD-3 data, in place of
the combination of results from previous experiments employed in the 2020 g —2 Theory Initiative
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Dispersive determinations of lattice HVP window quantities for muon g — 2 Kim Maltman

1. Introduction

Results from BNL E821 [1] and Runs 1 and 2/3 of the Fermilab E989 [2-4] g — 2 experiment
have reduced the error on a,, the anomalous magnetic moment of the muon, to the 0.19 ppm
level, with a further reduction to ~ 0.14 ppm expected from the soon-to-be-released E989 Run
4/5 analysis. Theoretical efforts are ongoing to achieve a comparable precision for the Standard

Model (SM) expectation and take advantage of this improved experimental situation. The dominant

HVP
M

(HVP) contribution, which can be evaluated either dispersively (as a weighted integral over inclusive

source of uncertainty on the SM expectation is currently a,,'*, the hadronic vacuum polarization
ete™ — hadrons cross-sections), or on the lattice. A review of the status of these determinations as
of 2020, with a final assessment relying on the at-that-time-more-precise dispersive determination,
can be found in the g — 2 Theory Initiative whitepaper [5] (WP1). The SM prediction for a,
employing that assessment differs from the BNL result by 3.7 o, from the post-E989-Run 1 world
average by 4.2 o, and from the post-E989-Run 2/3 world average by 5.0 .

The first lattice a;*" result with sub-% precision, by the BMW collaboration [8], was posted
too late to be included in the WP1 assessment. Its larger aLWP produced an associated SM
a, prediction within ~ 1o of the experimental average. Subsequent lattice studies, including
those of “windowed” quantities involving different weightings of the dispersive spectrum, confirm
the existence of significant discrepancies between lattice and WP1-assessment-based dispersive
determinations. The situation is further complicated by recent CMD-3 results for the e*e™ — ntn~
cross sections [9], which are significantly larger than those entering the WP1 assessment in the p
peak region.

The lattice determination of aEVP typically involves a number of individual, separately calcu-
lated contributions, characterized by quark flavor and quark-line connectivity/disconnectivity. The
largest of these, in order of size, are the isospin-limit ud (light-quark) connected, the isospin-limit
s-quark connected and three-flavor uds disconnected components. Additional smaller contributions
come from charm and bottom quarks and from electromagnetic (EM) and strong-isospin-breaking
(SIB) corrections, which are treated, respectively, to first order in @ and m4 — m,,. A more detailed
exploration of the lattice-dispersive discrepancy requires dispersive evaluations of as many of these
contributions as possible. In what follows, we describe how this can be accomplished, focusing on
the dominant 3-flavor (uds) sector.

2. Background and analysis strategy

The master formula for the dispersive (data-driven) evaluation of aj; " is [6]

4a*m? 00 K(s
ay’t = —+ / ds (2 L pei(s) (1)
3 m?, s
with K(s) a known, slowly varying, monotonically increasing function and pgwm(s) the spectral
function of the EM hadronic-current vacuum polarization, related to the measured R ratio by
pEM(8) = R(s)/12n2. R(s) is typically obtained as a sum over exclusive-mode contributions up to

a point § = Sexcl, With Sexe ~ 4 GeV?2, and from inclusive data, plus narrow exclusive charm and
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W, HVP

bottom resonance contributions, above that. Windowed versions, a i (s), can be obtained by

inserting the relevant weight factor W(s) into the integrand of Eq. (1).

HVP

Recent lattice determinations of a,,** employ the related time-momentum form

af}VP:Z/wdtw(t)C(t), )
0

with ¢ the Euclidean time, w(¢) a known function related to K (s), and C(r) the zero-momentum
version of the time-momentum representation of the EM current-current two-point function [7],
related, for ¢ > 0, to pem(s) by

C(n) = /Oood(\/E)pEM(S) se Vs, 3)

The representation Eq. (2) can also be split into a sum of the short-, intermediate- and long-distance
“window” contributions, a,SID ADLLD proposed by RBC/UKQCD [10], obtained by inserting, the
factors 1 — 6(t, tg, A), (¢, t9, A) — 0(t,t1,A) and 6(¢, ¢, A), respectively, with

1
o(t,t',A) = >

1+tanh(t_At,)] , 4)

into the integrand of Eq. (2). The corresponding dispersive representations are obtained by sub-
stituting Eq. (3) into the windowed versions of Eq. (2). The choice o = 0.4 fm, #; = 1.0 fm and
A = 0.15 fm produces the widely studied original RBC/UKQCD windows, and the alternate choice,
to = 1.5fm, t{ = 1.9 fm and A = 0.15 fm, the larger-¢- (smaller-s)-focused intermediate window,
W2, introduced in Ref. [11]. The RBC/UKQCD and W2 windows involve dispersive weights which
are still largest at low s. Additional window quantities, Iy, and Iy, , constructed in Ref. [12] from
linear combinations of the RHSs of Eq. (3) at a finite set of judiciously chosen ¢, provide further
alternatives without this low-s enhancement.

The decomposition of the uds quark part of the EM current into its / = 1 and / = 0 (SU(3)Fr
labels 3, 8) components, produces associated decompositions of pgnm(s), C(¢) and weighted inte-
grals thereof into pure / = 1 (flavor 33), pure / = 0 (flavor 88) and mixed-isospin (flavor 38, MI)
components. In the isospin limit (i) the MI component vanishes, (ii) the / = 1 component is pure
light-quark connected (Iqc) and (iii) the / = O component contains a lqc contribution one-ninth the
size of the I = 1 contribution and the “s+lqd” sum of the strange-quark connected and all uds quark
disconnected contributions. The Iqc and s+lqd components of pgpm(s) in this limit are thus

quc(s) PEM()
g+lqd(s) P (s)— PEM(S) ()

allowing the separate lqc and s+lqd contributions to any weighted spectral integral to be obtained
once the I = 1 and I = 0 components of pgm(s) have been identified. We discuss below the
strategies to accomplish this separation in the regions where inclusive and sum-over-exclusive-mode
determinations of R(s) are employed. Beyond the isospin limit, O (mg4 — m,,) SIB contributions are
purely MI, while O («) EM contributions appear in all of the 33, 88 and 38 components.
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In the region where inclusive R(s) data is used, measured R(s) values are well approximated by
perturbative QCD (pQCD). With the latter being 75% I = 1 and 25% I = 0, the I = 1/0 separation
is trivial for this dominant contribution. Integrated versions of possible small duality-violating
(DV) deviations from pQCD allowed by the data are handled using the results of the DV studies of
Refs. [13, 14], and turn out to be numerically very small.

In the exclusive-mode region, the I = 1/0 separation is straightforward for modes with positive
(negative) G-parity (collectively “unambiguous modes”) which have I = 1 (0). The less straight-
forward separation for contributions from modes which are not G-parity eigenstates (“ambiguous
modes”) is discussed in more detail below. We employ first the exclusive-mode data used in the
WP1 assessment, but also investigate the impact of replacing with recent CMD-3 nrr results [9] the
n part of that input from the region 0.33 to 1.2 GeV covered by the CMD-3 data. The CMD-3 study
is exploratory only since it is not currently known how to resolve the discrepancies between CMD-3
and earlier 7 results. “KNT19” inputs (2019 versions of the exclusive-mode distributions and
covariances provided by the KNT collaboration [15]) are used to evaluate all weighted exclusive-
mode integrals. The upper limit of the integration range in this case is sexc = (1.937 GeV)2.
Alternate aEVP results based on the sexe; = (1.8 GeV)2 exclusive-mode aEVP integrals reported in
Ref. [16] (DHMZ) are also presented. DHMZ-based results have not been computed for the win-
dowed observables or the CMD-3-modified aEVP case since DHMZ versions of the exclusive-mode
distribution information needed to calculate them are not publicly available.

Ambiguous mode contributions, which constitute 7% of the KNT19 exclusive-mode a1V?

M
total, are of two types: those for which the I = 1/0 separation can be accomplished using external,

non-G-parity-based input, and those for which this is not possible. For the latter, we employ the
following “maximally conservative” strategy. Given a specific exclusive mode, X, the positivity
of the I = 1 and 0 components of [pgm(s)]y, the mode-X contribution to pgm(s), ensures the
corresponding mode-X lqc and s+lqd combinations lie in the ranges (5/9 +5/9) [pem(s)]x and
(4/9+£5/9) [pem(s)] x, respectively [17], with exactly analogous bounds for the 1qc and s+lqd
combinations of ambiguous-mode contributions to weighted integrals involving weights which are
> 0 for all s. Fortunately, contributions to the various weighted integrals from modes where this
assessment must be used are small. The associated uncertainties are therefore also small, sufficiently
so on the scale of other errors. This would not be true for the largest of the ambiguous-mode
contributions, especially that of KK (which, e.g., represents ~ 80% of the total ambiguous-mode
contribution to aEVP) where the maximally conservative version of the uncertainty would swamp
all other errors. Luckily, external information is available in all such cases.

For the KK mode, BaBar results for the differential 7 — K°K v, distribution [18], combined
with CVC, provide (up to negligible isospin-breaking (IB) corrections) a determination of the = 1
component of [pem(s)] gz in the region, s < 2.7556 GeV?, responsible for a large fraction of the
full unseparated KK total. The KK separation in this region is thus very precise. The separation
in the remainder of the KNT19 exclusive-mode region, where KK contributions are much smaller,
is handled using the maximally conservative prescription. As expected given the large ¢ peak in
[pEM(5)] kg the I = 0 component dominates KK contributions to the various weighted integrals,
and plays an important role in determinations of the s+lqd components. Use of 7 input reduces the
uncertainty on the KK contributions to these s+lqd quantities by a factor of ~ 40 — 60 relative to
those obtainable using only the maximally conservative prescription.
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The next largest of the ambiguous-mode contributions is that of the radiative mode 7’y. With
contributions from this mode already 1B, the MI component is, in general, no longer suppressed,
and a full 7 = 1/ = 0/MI separation is required. Here one can take advantage of the strong
dominance of the e*e~ — 7%y cross sections by contributions from intermediate vector-mesons.
The associated V = p, w, ¢ contributions to the amplitude are determined by the V-EM-current and
V — 7% couplings, whose magnitudes are fixed by the measured I'[V — e*e™] and T'[V — n0y]
widths. Up to contributions higher order in IB, the p contribution to the amplitude is pure isovector
and the w and ¢ contributions pure isoscalar. The / = 1, I = 0 and MI contributions to the cross
sections, and hence to R(s) and the various weighted integrals thereof, are thus obtained from the
squared modulus of the p contribution, the squared modulus of the sum of w and ¢ contributions,
and the interference between the p and w+¢ contributions, respectively. With the e*e™ — ny
cross sections similarly dominated by intermediate vector-meson contributions, the I = 1/1 = 0/MI
separation of the smaller radiative 7y mode contributions can be similarly performed. Further
details of the separation for these modes can be found in Appendix B of Ref. [19].

The third largest ambiguous-mode contribution is that of the KK modes. Here we employ
the already existing separation of the e*e™ — KK cross sections into / = 1 and 0 components
produced by the BaBar Dalitz plot analysis of Ref. [20]. This again provides a dramatic reduction
in the uncertainties on those components relative to what would be achieved using the maximally
conservative prescription.

The final ingredient required before comparing dispersive results to their isospin-limit lattice
counterparts is an assessment of the IB contributions still present in the dispersive results obtained
using the procedures detailed above. To first order in IB, these come in the form of either MI, 38,
“contaminations” (both EM and SIB) present in the nominally pure 33 and 88 components obtained
above or EM contributions to the actual 33 and 88 components. Examples of the former are the
p-w interference contributions to the 27 and 3x electroproduction cross sections, which, before
IB corrections are applied, are assigned to the 33 and 88 components. Because of the I = 1/0
separation employed when determining lqc and s+lqd components, these MI contaminations must
be identified and subtracted exclusive mode by exclusive mode, though there is no need to separate
the individual EM and SIB components. In contrast, no separation into individual exclusive-mode
contributions is required for the EM corrections to the actual 33 and 88 components.

We expect the dominant MI EM+SIB contaminations to be those present in the nominally
33 27 and nominally 88 37 contributions, which are strongly enhanced by p-w interference.
These have been determined, for aEVP and a number of window quantities, including the original
RBC/UKQCD windows, in the dispersively improved 27 and 37 analyses of Refs. [21, 22]. For
the remaining exclusive modes, where no evaluations of the MI contamination exist, but also
no enhancements of IB by narrow nearby resonance interference are anticipated, we assign an
additional MI-contamination-induced uncertainty equal to 1% of the corresponding exclusive-mode
contribution. To be conservative, these are treated as 100% correlated, and added linearly.

Currently, purely dispersive determinations do not appear feasible for the inclusive 33 and
88 EM corrections. While dispersive evaluations exist for some enhanced EM contributions [23],
strong cancellations exist among these and it is not known how to obtain estimates for additional
contributions which, given these cancellations, may not be numerically negligible (for an expanded
discussion of this point, see Ref. [24]). We thus rely, where possible, on inclusive EM lattice results
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Figure 1: Isospin-symmetric lattice and dispersive results for the lqgc components of aEVP and the
SD,lqc

RBC/UKQCD windows. First panel: dispersive [26] and lattice [37, 3942, 45] results for a, . Second
. . . int, I . . .
panel: dispersive [19, 25] and lattice [8, 11, 34-39, 45] results for a;? 29€ " Third panel: dispersive [26] and
. LD,1 . . .
lattice [43, 44, 46] results for a,, 9° . Fourth panel: dispersive [24, 26] and lattice [8, 11, 29-34, 43, 46]
HVP,lqc
results for a, .
Mainz 24 -t RBC/UKQCD 18 e ' RBC/UKQCD 18 JAARaaS
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Figure 2: Isospin-symmetric lattice and dispersive results for the s+lqd components of a, s Ay
HVP,s+lgd 1 . . . SD,s+lqd
and a,, ST First panel: dispersive [26] and lattice [40, 41, 45] results for a, St Second panel:

dispersive [19, 26] and lattice [8, 10, 36, 37, 45] results for a'™***"%. Third panel: dispersive [17, 19, 26] and

u
lattice [8, 10, 27, 28, 33] results for a,I;IVP’Squ. No lattice results currently exist for abD’Squ.

reported by BMW [8, 41], which correspond to the EM/SIB separation prescription in which both
charged and neutral pions have the experimental neutral pion mass in the isospin limit. Conservative
estimates are used for the SD and LD window cases, where the required lattice EM inputs are not
available. The resulting EM corrections turn out to be very small for all quantities considered.
Further details of our treatment of EM corrections can be found in Refs. [17, 19, 24-26].

3. Results

Comparisons of our dispersive determinations (labelled “BBGKMP 24”) with recent lattice

results are provided for (i) the isospin-limit Iqgc components of afI¥P, 3P, 4i" and aII;D in Fig. 1,

woo %o %
and (ii) the s+1qd components of aEVP, alle and az‘t in Fig. 2. Dispersive results plotted in red were
HVP, | HVP,s+lqd
““anda, "

obtained using KNT19 (alternately DHMZ, for a,
while those plotted in cyan come from the exploratory study in which CMD-3 nrr data replaces
KNTI19 nr data in the region 0.33 GeV < +/s < 1.2 GeV and KNT19 data are used for all other
exclusive mode input. The corresponding lattice results are plotted in the upper portion of each

only) exclusive-mode input,

panel.
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Figure 1 shows clear discrepancies between dispersive results calculated using pre-CMD-3 zx
data and the corresponding lattice determinations. These discrepancies are largest for azn’lqc, which
most heavily weights the p peak region of the dispersive spectrum, and smallest for a,S,D’qu, which
least heavily weights that region. Figure 2 shows, in contrast, good agreement between lattice and
dispersive determinations for the s+lqd components. The exploratory study employing CMD-3 nxr
data, which has larger cross sections in the p peak region, shows that use of the CMD-3 data removes
all of the observed lqc lattice-dispersive discrepancies without spoiling the good agreement for the
s+lqd components. All of the above observations also hold for the W2 intermediate window and
the alternate intermediate window quantities, / Wis and Liss which weight even more specifically
the p peak region. Numerical versions of the results shown in the figures, as well as for the W2 and
Iy, and Iy, - windows, together with full details of the contributions to the various windows from

each individual exclusive mode, may be found in the original references noted above.
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