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Two-color (𝑁𝑐 = 2) QCD world is one of the useful testing grounds to delineate cold and
dense QCD matter, since lattice QCD simulations are straightforwardly applicable thanks to the
disappearance of the sign problem. Motivated by recent lattice results, I am being investigating
properties of dense two-color QCD theoretically by constructing a new chiral model, the linear
sigma model for 𝑁𝑐 = 2 based on the Pauli-Gürsey 𝑆𝑈 (4) symmetry. In this write-up, I summarize
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1. Introduction

Two-color quantum chromodynamics (QCD), i.e., QC2D, offers a useful testing ground to
explore cold and dense matter, since first-principles lattice computations are straightforwardly
applicable thanks to disappearance of the sign problem, even in the presence of a chemical potential.
In recent years, lattice simulations in dense QC2D with two flavors (𝑁 𝑓 = 2) have been being
performed by several groups independently [1–4]. Among them, lattice results on the hadron mass
spectrum reported by a Japanese group indicated that iso-singlet and 0− hadron which cannot be
described by the chiral perturbation theory (ChPT) [6] turns to be the second-lightest mode at larger
chemical potential [5]. In other words, in such a dense regime the ChPT is no longer a reasonable
low-energy effective theory. Motivated by this fact I invented a new chiral model, the linear sigma
model (LSM) in dense QC2D, as an extension of the ChPT (For a review please see Ref. [7]).
In this write-up, I summarize recent results on, particularly, the hadron mass spectrum [8] and
sound-velocity peak [9] in cold and dense QC2D from my LSM approach.

This article is organized as follows. In Sec. 2 my LSM is introduced, and in Sec. 3 I exhibit
numerical results on the hadron mass spectrum and sound velocity. Then, Sec. 4 is devoted to
conclusions.

2. Model

In QC2D, diquarks made of two quarks (𝑞𝑞) become hadrons (baryons) like mesons made
of a quark and an antiquark (𝑞𝑞). Moreover, due to the pseudoreality of 𝑆𝑈 (2) gauge group,
2 ≃ 2̄, gluons cannot distinguish quarks and antiquarks. As a result, diquarks and mesons can
share common properties. In terms of the chiral representation, such characteristics are reflected
as an enlargement of 𝑆𝑈 (2)𝐿 × 𝑆𝑈 (2)𝑅 chiral symmetry to the so-called Pauli-Gürsey 𝑆𝑈 (4)
symmetry [6].

In Ref. [8] I developed a LSM describing mesons and diquarks as the low-energy hadronic
excitations of QC2D collectively, based on the Pauli-Gürsey 𝑆𝑈 (4) symmetry. The model is of the
form

LLSM = tr[𝐷𝜇Σ
†𝐷𝜇Σ] − 𝑚2

0tr[Σ†Σ] − 𝜆1
(
tr[Σ†Σ]

)2 − 𝜆2tr[(Σ†Σ)2]
+𝑐 tr[𝜁†Σ + Σ†𝜁] + Lanom. . (1)

In this Lagrangian, Σ is a 4 × 4 matrix denoting hadron fields of QC2D:

Σ = (S𝑎 − 𝑖P𝑎)𝑋𝑎𝐸 , (2)

in which hadrons are embedded as 𝜂 = P0, 𝜋± = (P1 ∓ 𝑖P2)/
√

2, 𝜋0 = P3, 𝐵 = (P5 − 𝑖P4)/
√

2,
𝐵̄ = (P5 + 𝑖P4)/

√
2, 𝜎 = S0, 𝑎±0 = (S1 ∓ 𝑖S2)/

√
2, 𝑎0

0 = S3, 𝐵′ = (S5 − 𝑖S4)/
√

2 and 𝐵̄′ =
(S5 + 𝑖S4)/

√
2. Quantum numbers of each hadron are summarized in Table 1. In Eq. (2), 𝐸 is the

4 × 4 symplectic matrix while 𝑋𝑎 (𝑎 = 0 - 5) are generators of a subgroup of 𝑈 (4):

𝐸 =

(
0 1
−1 0

)
, 𝑋𝑎=0−3 =

1
2
√

2

(
𝜏𝑎𝑓 0
0 (𝜏𝑎𝑓 )

𝑇

)
, 𝑋𝑎=4,5 =

1
2
√

2

(
0 𝐷𝑎

𝑓

(𝐷𝑎
𝑓 )

† 0

)
, (3)
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where 𝐷4 = 𝜏2
𝑓 and 𝐷5 = 𝑖𝜏2

𝑓 , with 𝜏𝑎𝑓 (𝑎 = 1 - 3) being the Pauli matrices acting on the flavor
space, and 𝜏0

𝑓 = 1. The matrix form (2) is motivated by a quark bilinear Σ𝑖 𝑗 ∼ Ψ𝑇
𝑗 𝜎

2𝜏2
𝑐Ψ𝑖 [𝜎𝑎 and

𝜏𝑎𝑐 (𝑎 = 1 - 3) are the Pauli matrices inhabit the spinor and color spaces, respectively], where Ψ is a
four-component spinor Ψ = (𝜓𝑅, 𝜓̃𝐿)𝑇 with 𝜓̃𝐿 = 𝜏2

𝑐𝜎
2𝜓∗ for 𝑁 𝑓 = 2. Hence, Σ transforms under

the 𝑆𝑈 (4) Pauli-Gürsey transformation as Σ → 𝑔Σ𝑔𝑇 with 𝑔 ∈ 𝑆𝑈 (4).
In Eq. (1), the covariant derivative is defined by 𝐷𝜇Σ = 𝜕𝜇Σ − 𝑖𝜁𝜇Σ − 𝑖Σ𝜁𝑇𝜇 . This 𝜁𝜇 and 𝜁

in Eq. (1) are spin-1 and spin-0 spurion fields, respectively, introduced so as to take into account
external fields systematically [7]. Thus, 𝜁𝜇 → 𝑔𝜁𝜇𝑔

† − 𝑖𝜕𝜇𝑔𝑔
† and 𝜁 → 𝑔𝜁𝑔𝑇 under [𝑆𝑈 (4)]local

transformation, for which the whole Lagrangian is invariant under [𝑆𝑈 (4)] local. In the end, those
spurious are replaced by

𝜁𝜇 → 𝛿𝜇0𝜇𝑞𝐽 , 𝜁 → 𝑚𝑞𝐸 , (4)

with 𝐽 = diag(1, 1,−1,−1) where 𝜇𝑞 and 𝑚𝑞 are a quark-number chemical potential and a current
quark mass, respectively. The last term in Eq. (1) is responsible for the 𝑈 (1) axial anomaly, which
generally takes the form of (Σ̃𝑖 𝑗 ≡ 1

2𝜖𝑖 𝑗𝑘𝑙Σ𝑘𝑙)

Lanom. =
𝑎

2
tr[Σ̃Σ + Σ̃†Σ†] + 𝑐1

4
(
tr[Σ̃Σ + Σ̃†Σ†]

)2 + 𝑐2

2
tr[Σ†Σ]tr[Σ̃Σ + Σ̃†Σ†] . (5)

In the following analysis, I will switch off those anomalous contributions as implied by the lattice
simulations, 𝑎 = 𝑐1 = 𝑐2 = 0.

As for the ground-state configuration, I leave 𝜎0 ≡ ⟨S0⟩ and Δ ≡ ⟨P5⟩ as mean fields, which
correspond to the chiral condensate and diquark condensate, respectively. Upon these mean fields,
hadron masses are evaluated by taking second derivatives of the Lagrangian (1) with respect to each
field, S𝑎 and P𝑎.

Table 1: Quantum numbers of the hadrons.

Hadrons Spin and parity (𝐽𝑃) Quark number Isospin
𝜂 0− 0 0
𝜋 0− 0 1
𝜎 0+ 0 0
𝑎0 0+ 0 1

𝐵 (𝐵̄) 0+ +2 (−2) 0
𝐵′ (𝐵̄′) 0− +2 (−2) 0

3. Numerical results

3.1 Phase transition to the baryon superfluid phase

Phase structures of QC2D at finite chemical potential with vanishing temperature is delin-
eated by finding stationary conditions of a potential from the model (1). Within a mean-field
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Figure 1: 𝜇𝑞 dependences of the mean fields 𝜎0 and Δ. The dotted vertical line represents the critical
chemical potential 𝜇cr = 𝑚 (H)

𝜋 /2 to enter the baryon superfluid phase.

approximation, the potential reads

𝑉eff
LSM = −2𝜇2

𝑞Δ
2 +

𝑚2
0

2
(𝜎2

0 + Δ2) + 𝜆̃

4
(𝜎2

0 + Δ2)2 −
√

2𝑐𝑚𝑞𝜎0 , (6)

with 𝜆̃ = (4𝜆1 + 𝜆2)/4. Hence, evaluating 𝜕𝑉eff
LSM/𝜕𝜎0 = 0 and 𝜕𝑉eff

LSM/𝜕Δ = 0, one can draw
𝜇𝑞 dependences of the mean fields as in Fig. 1. This figure indicates that, when 𝜇𝑞 is adequately
small, 𝜎0 is constant and Δ is always vanishing. Those stable properties are broadly referred to
as the Silver-Blaze properties. Such a calm phase which is smoothly connected to the vacuum
(𝑇 = 𝜇𝑞 = 0) is often referred to as the hadronic phase. In the hadronic phase, all the meson masses
are constant against varying 𝜇𝑞 while (anti)baryon masses linearly decrease (increase) accordingly
to their quark numbers, indicating the Silver-Blaze properties. As the chemical potential increases,
Δ deviates from zero which leads to the appearance of the Bose-Einstein condensation (BEC) of
diquarks. This BEC phase is called the baryon superfluid phase. Within the present LSM, the
phase transition from the hadronic to superfluid phases is of second-order, and the critical chemical
potential is evaluated to be 𝜇cr ≡ 𝑚 (H)

𝜋 /2 with 𝑚 (H)
𝜋 being a pion mass in the hadronic phase,

as indicated in Fig. 1. In the superfluid phase, 𝜎0 decreases indicating the partial (incomplete)
restoration of chiral symmetry.

In obtaining Fig. 1, the following lattice results have been employed as inputs [5]:

𝑚 (H)
𝜋 = 738 MeV , 𝑚 (H)

𝐵′ (𝐵̄′ ) = 1611 MeV . (7)

Besides, I have adopted 𝜎 (H)
0 = 250 MeV as a typical value for 𝜎0 in the hadronic phase, and the

large 𝑁𝑐 limit: 𝜆1 = 0.

3.2 Hadron mass spectrum

Depicted in Fig. 2 is a hadron mass spectrum at finite 𝜇𝑞 evaluated by the present LSM, with
the inputs explained below Eq. (7). For comparison, I also depict the mass spectrum measured on
the lattice in Fig. 3. In the hadronic phase, the Silver-Blaze properties are consistently observed in
both the figures. Meanwhile, in the baryon superfluid phase, several noteworthy behaviors are found
by the present model for both 0+ and 0− hadron masses, so below I will list them by comparing
with the lattice results.
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Figure 2: 𝜇𝑞 dependences of masses of the 0+ hadrons (left) and of the 0− hadrons (right). The hadron
masses are normalized by 𝑚 (H)

𝜋 . The figures are taken from Ref. [8] where legends are slightly modified.

Figure 3: Lattice results of 𝜇𝑞 dependences of masses of the 0+ hadrons (left) and of the 0− hadrons (right).
The dashed lines in the left panel represent a prediction from chiral models. The figures are taken from
Ref. [5].

�, B, B̄mix
<latexit sha1_base64="W+C+ti40zc4haDMvjFVBPuN2AQg="></latexit><latexit sha1_base64="W+C+ti40zc4haDMvjFVBPuN2AQg="></latexit><latexit sha1_base64="W+C+ti40zc4haDMvjFVBPuN2AQg="></latexit><latexit sha1_base64="bs8QlLljyYde7WbNFuyzJJm+ZMk="></latexit><latexit sha1_base64="BxKcrUN7DibtS/oAovMPvp+KvpQ="></latexit><latexit sha1_base64="BxKcrUN7DibtS/oAovMPvp+KvpQ="></latexit><latexit sha1_base64="75QIr8kfryOcQ8D4HpJHO6FtDeg="></latexit><latexit sha1_base64="W+C+ti40zc4haDMvjFVBPuN2AQg="></latexit><latexit sha1_base64="W+C+ti40zc4haDMvjFVBPuN2AQg="></latexit><latexit sha1_base64="W+C+ti40zc4haDMvjFVBPuN2AQg="></latexit><latexit sha1_base64="W+C+ti40zc4haDMvjFVBPuN2AQg="></latexit><latexit sha1_base64="W+C+ti40zc4haDMvjFVBPuN2AQg="></latexit><latexit sha1_base64="W+C+ti40zc4haDMvjFVBPuN2AQg="></latexit>

a0
<latexit sha1_base64="ryOY33IDvop105ZcG8+fQriFNjw="></latexit><latexit sha1_base64="ryOY33IDvop105ZcG8+fQriFNjw="></latexit><latexit sha1_base64="ryOY33IDvop105ZcG8+fQriFNjw="></latexit><latexit sha1_base64="bs8QlLljyYde7WbNFuyzJJm+ZMk="></latexit><latexit sha1_base64="97V2W8lpIGKnq8uVfGSTqEeTIKg="></latexit><latexit sha1_base64="97V2W8lpIGKnq8uVfGSTqEeTIKg="></latexit><latexit sha1_base64="zbzerYtI89dWE2v2ygOS7Z9veec="></latexit><latexit sha1_base64="ryOY33IDvop105ZcG8+fQriFNjw="></latexit><latexit sha1_base64="ryOY33IDvop105ZcG8+fQriFNjw="></latexit><latexit sha1_base64="ryOY33IDvop105ZcG8+fQriFNjw="></latexit><latexit sha1_base64="ryOY33IDvop105ZcG8+fQriFNjw="></latexit><latexit sha1_base64="ryOY33IDvop105ZcG8+fQriFNjw="></latexit><latexit sha1_base64="ryOY33IDvop105ZcG8+fQriFNjw="></latexit>

�<latexit sha1_base64="0zDWTdT162F4Jr2x7h1FajH93WY="></latexit><latexit sha1_base64="0zDWTdT162F4Jr2x7h1FajH93WY="></latexit><latexit sha1_base64="0zDWTdT162F4Jr2x7h1FajH93WY="></latexit><latexit sha1_base64="bs8QlLljyYde7WbNFuyzJJm+ZMk="></latexit><latexit sha1_base64="YeVl2PStupLdvZ04nnYvyYtTQI8="></latexit><latexit sha1_base64="YeVl2PStupLdvZ04nnYvyYtTQI8="></latexit><latexit sha1_base64="7IqLbTqWEKpjdOEJF1UoGjJl59M="></latexit><latexit sha1_base64="0zDWTdT162F4Jr2x7h1FajH93WY="></latexit><latexit sha1_base64="0zDWTdT162F4Jr2x7h1FajH93WY="></latexit><latexit sha1_base64="0zDWTdT162F4Jr2x7h1FajH93WY="></latexit><latexit sha1_base64="0zDWTdT162F4Jr2x7h1FajH93WY="></latexit><latexit sha1_base64="0zDWTdT162F4Jr2x7h1FajH93WY="></latexit><latexit sha1_base64="0zDWTdT162F4Jr2x7h1FajH93WY="></latexit>

B<latexit sha1_base64="kLoZ/rdHQZ/ParUv3Pj6GjPfxXw="></latexit><latexit sha1_base64="kLoZ/rdHQZ/ParUv3Pj6GjPfxXw="></latexit><latexit sha1_base64="kLoZ/rdHQZ/ParUv3Pj6GjPfxXw="></latexit><latexit sha1_base64="bs8QlLljyYde7WbNFuyzJJm+ZMk="></latexit><latexit sha1_base64="D0MH17yboXvWlHgEnXGwXlOzaes="></latexit><latexit sha1_base64="D0MH17yboXvWlHgEnXGwXlOzaes="></latexit><latexit sha1_base64="fq7zR/WgTXBeR107efKDKLF3WGo="></latexit><latexit sha1_base64="kLoZ/rdHQZ/ParUv3Pj6GjPfxXw="></latexit><latexit sha1_base64="kLoZ/rdHQZ/ParUv3Pj6GjPfxXw="></latexit><latexit sha1_base64="kLoZ/rdHQZ/ParUv3Pj6GjPfxXw="></latexit><latexit sha1_base64="kLoZ/rdHQZ/ParUv3Pj6GjPfxXw="></latexit><latexit sha1_base64="kLoZ/rdHQZ/ParUv3Pj6GjPfxXw="></latexit><latexit sha1_base64="kLoZ/rdHQZ/ParUv3Pj6GjPfxXw="></latexit> B̄<latexit sha1_base64="rpfWhCzUtXZhUv3lpNkgVaLN+xM="></latexit><latexit sha1_base64="rpfWhCzUtXZhUv3lpNkgVaLN+xM="></latexit><latexit sha1_base64="rpfWhCzUtXZhUv3lpNkgVaLN+xM="></latexit><latexit sha1_base64="bs8QlLljyYde7WbNFuyzJJm+ZMk="></latexit><latexit sha1_base64="9TelNdE0oG/RsCHySf8xIgxr8kc="></latexit><latexit sha1_base64="9TelNdE0oG/RsCHySf8xIgxr8kc="></latexit><latexit sha1_base64="vM/N0yvVURL71/K6thkIeeQ0b5o="></latexit><latexit sha1_base64="rpfWhCzUtXZhUv3lpNkgVaLN+xM="></latexit><latexit sha1_base64="rpfWhCzUtXZhUv3lpNkgVaLN+xM="></latexit><latexit sha1_base64="rpfWhCzUtXZhUv3lpNkgVaLN+xM="></latexit><latexit sha1_base64="rpfWhCzUtXZhUv3lpNkgVaLN+xM="></latexit><latexit sha1_base64="rpfWhCzUtXZhUv3lpNkgVaLN+xM="></latexit><latexit sha1_base64="rpfWhCzUtXZhUv3lpNkgVaLN+xM="></latexit>

⌘
<latexit sha1_base64="y5RMHs+GzKQIiZ1reVECs7/s6Rg="></latexit><latexit sha1_base64="y5RMHs+GzKQIiZ1reVECs7/s6Rg="></latexit><latexit sha1_base64="y5RMHs+GzKQIiZ1reVECs7/s6Rg="></latexit><latexit sha1_base64="bs8QlLljyYde7WbNFuyzJJm+ZMk="></latexit><latexit sha1_base64="/xMbjvntg9sf2ILT+z3fvqG9JgI="></latexit><latexit sha1_base64="/xMbjvntg9sf2ILT+z3fvqG9JgI="></latexit><latexit sha1_base64="fOMDHOY7S3fepgWt7jz2tu/zZMI="></latexit><latexit sha1_base64="y5RMHs+GzKQIiZ1reVECs7/s6Rg="></latexit><latexit sha1_base64="y5RMHs+GzKQIiZ1reVECs7/s6Rg="></latexit><latexit sha1_base64="y5RMHs+GzKQIiZ1reVECs7/s6Rg="></latexit><latexit sha1_base64="y5RMHs+GzKQIiZ1reVECs7/s6Rg="></latexit><latexit sha1_base64="y5RMHs+GzKQIiZ1reVECs7/s6Rg="></latexit><latexit sha1_base64="y5RMHs+GzKQIiZ1reVECs7/s6Rg="></latexit>

⇡
<latexit sha1_base64="Ek1IgwjVdPdok8VS5my7GbVGmb4="></latexit><latexit sha1_base64="Ek1IgwjVdPdok8VS5my7GbVGmb4="></latexit><latexit sha1_base64="Ek1IgwjVdPdok8VS5my7GbVGmb4="></latexit><latexit sha1_base64="bs8QlLljyYde7WbNFuyzJJm+ZMk="></latexit><latexit sha1_base64="Ua4ZfOArMqLCAXmJ0Tnb5gDYnaw="></latexit><latexit sha1_base64="Ua4ZfOArMqLCAXmJ0Tnb5gDYnaw="></latexit><latexit sha1_base64="X81X9TllsD9VBVn22l+LbwmnhUk="></latexit><latexit sha1_base64="Ek1IgwjVdPdok8VS5my7GbVGmb4="></latexit><latexit sha1_base64="Ek1IgwjVdPdok8VS5my7GbVGmb4="></latexit><latexit sha1_base64="Ek1IgwjVdPdok8VS5my7GbVGmb4="></latexit><latexit sha1_base64="Ek1IgwjVdPdok8VS5my7GbVGmb4="></latexit><latexit sha1_base64="Ek1IgwjVdPdok8VS5my7GbVGmb4="></latexit><latexit sha1_base64="Ek1IgwjVdPdok8VS5my7GbVGmb4="></latexit>

B0
<latexit sha1_base64="gQyUjJA/luhmEqT8jwAO7t1r5m0="></latexit><latexit sha1_base64="gQyUjJA/luhmEqT8jwAO7t1r5m0="></latexit><latexit sha1_base64="gQyUjJA/luhmEqT8jwAO7t1r5m0="></latexit><latexit sha1_base64="bs8QlLljyYde7WbNFuyzJJm+ZMk="></latexit><latexit sha1_base64="ZrndmRtVsDUGwICWRPAM6A3tzhA="></latexit><latexit sha1_base64="ZrndmRtVsDUGwICWRPAM6A3tzhA="></latexit><latexit sha1_base64="1HnljIWjLZ3IlZRWTfiqa4h3Aa4="></latexit><latexit sha1_base64="gQyUjJA/luhmEqT8jwAO7t1r5m0="></latexit><latexit sha1_base64="gQyUjJA/luhmEqT8jwAO7t1r5m0="></latexit><latexit sha1_base64="gQyUjJA/luhmEqT8jwAO7t1r5m0="></latexit><latexit sha1_base64="gQyUjJA/luhmEqT8jwAO7t1r5m0="></latexit><latexit sha1_base64="gQyUjJA/luhmEqT8jwAO7t1r5m0="></latexit><latexit sha1_base64="gQyUjJA/luhmEqT8jwAO7t1r5m0="></latexit> B̄0

<latexit sha1_base64="0ZvWK9ETK67tMXGdHjmrNXRgiBU="></latexit><latexit sha1_base64="0ZvWK9ETK67tMXGdHjmrNXRgiBU="></latexit><latexit sha1_base64="0ZvWK9ETK67tMXGdHjmrNXRgiBU="></latexit><latexit sha1_base64="bs8QlLljyYde7WbNFuyzJJm+ZMk="></latexit><latexit sha1_base64="pbgPvZnRyqlj/icIYJZP4M56Q1w="></latexit><latexit sha1_base64="pbgPvZnRyqlj/icIYJZP4M56Q1w="></latexit><latexit sha1_base64="64qf8yNxSgmupAChk7ys6D29Wg4="></latexit><latexit sha1_base64="0ZvWK9ETK67tMXGdHjmrNXRgiBU="></latexit><latexit sha1_base64="0ZvWK9ETK67tMXGdHjmrNXRgiBU="></latexit><latexit sha1_base64="0ZvWK9ETK67tMXGdHjmrNXRgiBU="></latexit><latexit sha1_base64="0ZvWK9ETK67tMXGdHjmrNXRgiBU="></latexit><latexit sha1_base64="0ZvWK9ETK67tMXGdHjmrNXRgiBU="></latexit><latexit sha1_base64="0ZvWK9ETK67tMXGdHjmrNXRgiBU="></latexit>

⌘, B0, B̄0 mix
<latexit sha1_base64="jXyWYs2FSJUI4odG+pwO5fgkNC0="></latexit><latexit sha1_base64="jXyWYs2FSJUI4odG+pwO5fgkNC0="></latexit><latexit sha1_base64="jXyWYs2FSJUI4odG+pwO5fgkNC0="></latexit><latexit sha1_base64="bs8QlLljyYde7WbNFuyzJJm+ZMk="></latexit><latexit sha1_base64="endhboBEh/pxjvM4KyCHgWf8GfU="></latexit><latexit sha1_base64="endhboBEh/pxjvM4KyCHgWf8GfU="></latexit><latexit sha1_base64="5HEAbohldNs3+wgHrwCMwM8Y9ME="></latexit><latexit sha1_base64="jXyWYs2FSJUI4odG+pwO5fgkNC0="></latexit><latexit sha1_base64="jXyWYs2FSJUI4odG+pwO5fgkNC0="></latexit><latexit sha1_base64="jXyWYs2FSJUI4odG+pwO5fgkNC0="></latexit><latexit sha1_base64="jXyWYs2FSJUI4odG+pwO5fgkNC0="></latexit><latexit sha1_base64="jXyWYs2FSJUI4odG+pwO5fgkNC0="></latexit><latexit sha1_base64="jXyWYs2FSJUI4odG+pwO5fgkNC0="></latexit>

0.0 0.2 0.4 0.6 0.8 1.0 1.2
0

1

2

3

4

μq /mπ
vac

H
ad
ro
n
m
as
se
s

<latexit sha1_base64="WX7OLaTTotcRPQdYzrXPP/Txo1U="></latexit>

µq/m
(H)

⇡

<latexit sha1_base64="JTMUai7mki85z1TcUwVHcg/yhh0="></latexit>

(B̄, B̄0)

<latexit sha1_base64="olVOemOA966pQp2Cg+WZjKvDHRg="></latexit>

(B,B0)

<latexit sha1_base64="tUCenYptVK/sqEJHAF2kXTUaA5o="></latexit>

(⇡,�)

<latexit sha1_base64="oZXBpWlcr98fPFf/wVBGCz0COcQ="></latexit>

(⌘, a0)

Figure 4: Mass degeneracies of the chiral partners at larger 𝜇𝑞 . The figure is taken from Ref. [8] where
legends are slightly modified.

1. The pion mass is analytically evaluated to be 𝑚𝜋 = 2𝜇𝑞 within the model, which would be
consistent with the lattice data presented in Ref. [5]. It should be noted that such a simply
mass formula seems to be universal among chiral models.

2. Due to the baryon-number (quark-number) violation induced by the appearance of diquark
condensates, iso-singlet baryons and mesons carrying common parities mix, resulting in the
𝜎 - 𝐵 - 𝐵̄ mixed state and 𝜂 - 𝐵′ - 𝐵̄′ mixed state. On the lattice, those mixings are signaled
by their mass degeneracies as explicitly shown in Fig. 3.
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3. In the left panel of Fig. 2, there appears a massless mode as the lowest state of the 𝜎 - 𝐵 -
𝐵̄ system. This mode is corresponding to a Nambu-Goldstone (NG) boson associated with
the breakdown of𝑈 (1) baryon-number symmetry. On the lattice, an approximately massless
mode is obtained. Its small mass originates from a fact that the original 𝑈 (1)𝐵 symmetry is
slightly broken due to the presence of a finite diquark source.

4. The lowest state of the 𝜂 - 𝐵′ - 𝐵̄′ system exhibits a nonlinear mass suppression for which this
mode turns to be the second-lightest one among all the hadrons. The lattice result, indeed,
indicates qualitatively the same 𝜇𝑞 dependence as seen in the right panel of Fig. 3.

In particular, the lattice result on the property 4, i.e., the nonlinear suppression of 𝜂 - 𝐵′ - 𝐵̄′

state, cannot be reproduced by the ChPT where only the pions and 0+ (anti)diquarks are treated [6].
In this regard, one can conclude that the present LSM but not the ChPT would be a reasonable
effective theory in the baryon superfluid phase which is capable of describing low-energy excitations
of dense QC2D correctly.

Finally, I exhibit 𝜇𝑞 dependences of all the hadron masses in Fig. 4. This figure clearly shows
mass degeneracies of the chiral partners (parity partners) at large 𝜇𝑞 following the partial restoration
of chiral symmetry.

3.3 Sound velocity

In Sec. 3.2 it is found that the present LSM can be regarded as a reasonable effective theory
in the superfluid phase of cold and dense QC2D, from the viewpoint of the mass spectrum of
low-energy excitations. Here, as an another probe to judge the usefulness of the LSM, I focus on
bulk properties of cold QC2D matter such as a sound velocity [9].

Within the LSM, the pressure of the system in the baryon superfluid phase takes the following
form:

𝑝LSM = 𝑝ChPT + 𝛿𝑝 , (8)

where 𝑝ChPT is the pressure evaluated within the ChPT ( 𝑓 (H)
𝜋 = 𝜎 (H)

0 /
√

2)

𝑝ChPT =
(
𝑓 (H)
𝜋

)2 (
𝑚 (H)

𝜋

)2
(
𝜇̄ − 1

𝜇̄

)2
, (9)

and the additional contribution 𝛿𝑝 reads (𝜇̄ ≡ 𝜇𝑞/𝜇cr = 2𝜇𝑞/𝑚 (H)
𝜋 )

𝛿𝑝 =
(
𝑓 (H)
𝜋

)2 (
𝑚 (H)

𝜋

)2
[

4
𝛿𝑚̄2

𝜎−𝜋

( 𝜇̄2 − 1)2
]
, with 𝛿𝑚̄2

𝜎−𝜋 =

(
𝑚 (H)

𝜎

)2 −
(
𝑚 (H)

𝜋

)2

𝜇2
cr

. (10)

In this equation, (
𝑚 (H)

𝜋

)2 = 𝑚2
0 + 𝜆̃

(
𝜎 (H)

0
)2

,
(
𝑚 (H)

𝜎

)2 = 𝑚2
0 + 3𝜆̃

(
𝜎 (H)

0
)2

, (11)

are the masses of pion and 𝜎 meson in the hadronic phase. When taking 𝑚 (H)
𝜎 → ∞, the chiral-

partner contributions are switched off for which the pressure 𝑝LSM is reduced to the ChPT result
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Figure 5: Squared sound velocity measured on the lattice (left) and evaluated within the present LSM in the
superfluid phase (right). The left and right figures are taken from Ref. [4] and Ref. [9], respectively.

𝑝ChPT. We note that when defining 𝑝LSM and 𝑝ChPT, I have subtracted contributions appropriately
such that those pressures vanish in the hadronic phase (i.e., in the vacuum).

From the formula (8) the sound velocity is derived to be(
𝑐LSM
𝑠

)2 =
1
𝜇𝑞

(
𝜕𝑝LSM/𝜕𝜇𝑞

)(
𝜕2𝑝LSM/𝜕𝜇2

𝑞

) =

(
1 − 1/𝜇̄4) + 8

(
𝜇̄2 − 1

)
/𝛿𝑚̄2

𝜎−𝜋(
1 + 3/𝜇̄4) + 8

(
3𝜇̄2 − 1

)
/𝛿𝑚̄2

𝜎−𝜋

. (12)

In what follows I will do not employ the inputs explained below Eq. (7). The resultant squared sound
velocity in the superfluid phase with several choices of 𝑚 (H)

𝜎 is depicted in the right panel of Fig. 5,
while the left panel shows the one measured on the lattice [4]. The lattice result indicates that 𝑐2

𝑠

exceeds the Stefan-Boltzmann limit (𝑐2
𝑠)SB = 1/3 which must be realized at 𝜇𝑞 → ∞. This excess

implies that the sound velocity has peak structures in the superfluid phase. Meanwhile, from the
right panel of Fig. 5, the LSM is also capable of yielding such peaks when the mass of 𝜎 meson is
adequate. We note that 𝑐2

𝑠 is monotonically increases and asymptotically approaches 𝑐2
𝑠 → 1 within

the ChPT analysis provided by𝑚 (H)
𝜎 → ∞within the LSM description. That is, the ChPT formalism

cannot reproduce the peaks of 𝑐2
𝑠. Therefore, again I can conclude from the sound-velocity aspects

that the present LSM incorporating chiral partners is regarded as a reasonable effective theory in the
baryon superfluid phase [9]. For more quantitative comparison with the lattice data, it is necessary
to take into account fluctuation effects and contributions from spin-1 mean fields.

4. Conclusions

In this write-up I have summarized my recent works on the LSM in cold and dense QC2D
matter, particularly focusing on the spin-0 hadron mass spectrum and sound velocity motivated by
the lattice data. Those analyses have indicated that my LSM based on the linear representation
of quark bilinears can be regarded as a more reasonable effective theory of dense QC2D than
the ChPT. In addition to the examinations shown in this article, I also investigated the topological
susceptibility [10] to provide theoretical suggestions for inconsistent lattice results [3, 4]. Moreover,
in Ref. [4] the model was extended by including spin-1 hadrons in addition to spin-0 ones, and
predictions such as possibilities of (axial)vector condensates breaking 𝑂 (3) rotational symmetry
were done based on the Pauli-Gürsey 𝑆𝑈 (4) symmetry consistently [11]. Therefore, it is expected
that our understandings of cold and dense matter would be deepened in the future with further
cooperations of the model analysis and lattice simulations.
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