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1. Introduction

Strong magnetic fields, like high temperatures and large baryon densities, influence the prop-
erties of quantum chromodynamics (QCD) in various physical contexts, such as the early universe,
compact stars, and heavy-ion collisions [1]. All of these environments involve time evolution.
In this communication, I present recent results from studies addressing the time evolution of a key
QCD property: the chiral quark condensate. The chiral condensate serves as an order parameter
for spontaneous chiral symmetry breaking. Chiral symmetry is an approximate symmetry of the
QCD Lagrangian in the light-quark sector, spontaneously broken in the vacuum and potentially
restored at high temperature and baryon density. It acquires particular significance in the QCD
phase diagram, particularly in the temperature 7" versus baryon density p (or baryon chemical
potential up) plane. In ordinary nuclear matter—composed of protons and neutrons bound in
atomic nuclei and characterized' by T ~ 0 and p ~ 0.15 fm~>—the quark condensate is nonzero,
signaling a symmetry-broken phase. At high temperatures (typically 7 > 100 MeV) and p ~ 0, the
system enters the quark-gluon plasma phase, where the condensate is small and chiral symmetry is
approximately restored. Low T and high p characterize dense QCD matter, such as that found in
compact objects like neutron stars, where the condensate is also small and indicates approximate
chiral symmetry.

The influence of strong magnetic fields on the QCD phase diagram has been extensively studied
using first-principles QCD methods in two limiting regimes: at high temperatures and zero baryon
density, primarily through lattice QCD [2]; and at high baryon densities and zero temperature, via
perturbative QCD [3]. In contrast, no first-principles QCD methods exist to tackle magnetic field
effects in the intermediate regime—characterized by low temperatures and baryon densities ranging
from one to about five times the nuclear saturation density, ps ~ 0.15 fm™>. This region of the
phase diagram is particularly challenging to describe because as p increases, nucleons may begin to
spatially overlap while not yet fully dissolving into deconfined quarks and gluons, leading to strong
many-body and medium effects. The complex interplay among confinement, chiral symmetry, and
many-body correlations in this regime makes it one of the most intriguing and difficult frontiers in
the study of QCD matter.

To address this challenging regime of overlapping nucleons, I begin by presenting selected
results on the influence of magnetic fields on the time evolution of the chiral condensate in quark
matter [4]. These results were obtained within the linear sigma model with quarks, where the
temporal evolution of the condensate is described by a Ginzburg—Landau-Langevin (GLL) equation.
The GLL equation was derived from a two-particle irreducible (2PI) effective action computed using
the closed-time path (CTP) formalism of nonequilibrium quantum field theory. I will then discuss a
field-theoretic approach to study the nuclear many-body problem with composite nucleons, designed
to be combined with the CTP formalism to study magnetic field effects in cold and dense nuclear
matter.

IWe use i = ¢ = kg = 1 throughout this communication.
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2. Quark matter

The physical scenario of interest involves a rapid phase transition at a given instant from a
thermodynamic equilibrium phase to a nonequilibrium phase. The goal is to describe how the
nonequilibrium state evolves over time. Here, the system under consideration is quark matter in the
presence of an external magnetic field, with thermodynamic phases distinguished by the value of
the chiral quark condensate. The phase change of interest is from a chirally restored to a chirally
broken phase. In this work, the time evolution of the condensate is described by a Ginzburg-Landau-
Langevin (GLL) field equation. GLL equations are widely employed in field-theoretic studies of
dynamical phase transitions [5, 6]. In condensed matter physics, a prototypical example of such
a transition is a temperature quench in a spin system, where a sudden drop in temperature drives
the system irreversibly from a spin-disordered to a spin-ordered phase; the order parameter in this
situation is the magnetization of the system. The GLL equations in that context are typically either
phenomenological or derived from a microscopic model via coarse-graining procedures—Ref. [4]
provides an extensive list of references on these approaches.

The GLL equation for the quark condensate dynamics was derived in Ref. [4] from the linear
sigma model [7] with quarks (LSMq), coupled to an external magnetic field. For completeness and
to set notation, we present the Lagrangian:

1
L=qlid —g(oc +iyst-m)]qg+ 3 [aﬂa[)“(r + 0y - 8'“71] - %(02 + 7 — vz)2 —hgo = Uy, (1)

where ¢ = (u,d)? is the light-quark isodoublet, while o and & denote scalar-isoscalar and
pseudoscalar-isotriplet fields, respectively, coupled to quarks via Yukawa coupling g. The con-
stant Uy sets the classical vacuum energy to zero. The metric is g"” = (1,—-1,—-1,-1) and the
conventions for the Dirac matrices are those of Bjorken—Drell [8]. Model parameters can be
tuned to reproduce chiral observables. At tree level, for instance, hy = frm%, v? = f2 — m2% /A,
m? = 2Af% + m2, and my = g{o), where f and m, are the pion decay constant and mass,
m the sigma meson mass, and m,, the constituent quark mass. The external magnetic field enters
via minimal substitution: d,, — D, = 0, +iqA,, with A, the electromagnetic field and g the quark
charge. In Ref. [4], pions were neglected and so dissipation arises solely from o < ggq processes.
The derivation of the GLL equation in Ref. [4] extends the semiclassical framework from
Ref. [9] to include the effects of an external magnetic field. This approach relies on the Schwinger-
Keldysh closed-time path (CTP) formalism [10, 11] and the Feynman-Vernon influence func-
tional [12], as applied in nonequilibrium quantum field theory [13, 14]. The effective semiclassical

action is
[[o,S] =Talo] +iTrinS =i Tr (i) — mg) S + [0, ST, 2)

with I [0, S] given by:
I[o,S] = g/ d*x tr [S*(x,x) (x) + S7 7 (x,x)0 " (x)] . 3)
C

where 7r means trace over color, flavor, and Dirac indices, the scalar fields o* and the quark
propagators S.,, S__, and S, are defined on the Schwinger-Keldysh contour C shown in Fig. 1.
The two fields o*(x) are not independent; they couple through the CTP boundary condition
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Figure 1: Schwinger-Keldish contour.

o*(T,x) = 0~ (T,x) where T — +oo (borders of the CTP contour) so that there is a single mean
field o (x) given by the equation of motion motion [13]:

oT'[o, S]

So=(x) =0. “)

ot=0"=0
Quarks are integrated out via their equation of motion:

ST[c, S]

—— =0, 5
652b(x, y) )
yielding
. a 5F C . cd
(i - goo(x)) S b(x,y)—/d4zm—25 P(z,y) =i6°P6W (x - y). (6)
c  08%(x,2)

Solving these equations exactly is impractical. A feasible approximation [4, 9] involves expanding
around local equilibrium, akin to hydrodynamic descriptions:

ocx) =05 (x)+60%(x), @)

S (x,y) = 84° (x,y) + 68 (x,y) + 25P (x,y) + -+ . (8)

thm

aqe . ab .
The equilibrium components oy and Sj;’ satisfy

oTa e
509 (%) = —gTrS“(x,x), 9
[id — mo— g oo (x)] St‘f]ﬁq(x,y) = —i6"Ps@ (x — y). (10)

Solutions can be obtained iteratively [4, 9]. For a uniform magnetic field, Ref. [4] solves Eq. (10)
using the lowest Landau level (LLL) approximation (valid for strong magnetic fields). In momentum
space, assuming B || Z and defining pi = pi + pi, pﬁ = p% - p%, the thermal quark propagators
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read:
++ -p2 i
S (p) = e PH1rBLA(p) P 27nr (po)8(pf - mé)‘ , (11)
St (p) = e P10 BL A(p) 278 (p? — m2) [6(~po) — nr(po)] . (12)
Sat(p) = e PHUEL A(p) 275(p} — m2) [6(po) — nr(po)] . (13)
Sm(p) = e P98l A(p) | 5 —27np(po)3(p? —m2) | (14)
I - mq — 1€

where A(p) = (l"” +mg)[1 + iy'y?sign(gB)], Py = Y'po - ¥’p2, my = gop, and nr is the

Fermi-Dirac distribution: i

elPol/T 1 1° as)

nr(po) =

The anisotropy between p, and p, in these propagators lead to anisotropic dynamics for the
condensate. Since the action I'[o-, S] is complex, variation w.r.t. ¢ * to obtain an e.o.m. is not
a well-defined operation. The Feynman-Vernon trick is used to obtain a real-valued action by
integrating out the imaginary part in favor of a noise field. This leads to a Langevin equation for
o that contains memory. To deal with memory effects, the linear harmonic approximation, in that
the memory dynamics are effectively taken into account by soft-mode (long wavelengths) harmonic
oscillations around a mean field—for details, see Refs. [4, 9]. These steps lead to the following
GLL equation in coordinate space [4]:

%o (t, do(t,
AL R AL RPN (16)
or? 0
where x stands for x; = (x, y), F is the free energy
L 2 B BT
Fo =0 (cr —fat 7”) — famz + gps (00) +gpy~ (00) (17

and pB (o) and pIB (o) are contributions to the scalar density py(o9):

N, 1 1
pf(ao):_z—émqf;dmfm InF(xf) = 51027 +x7 = > (2 = Dlnxg| . (18)
N, *  np(Eq(pz))
BT c q\Pz
o7 (o) ==~y (.1 +lgaB) [ dp "L P (19
’ n? ol ) 0o Eq(p2)
n is the dissipation coefficient:
2 Ne 1 2 2
n=g o 11 =2np(ma/2)] —5(eB)ymy —4my . (20)
V4 m.

In the above, N = 3 is the number of colors, g 7 is equal to 2/3 e for the u quark and -1/3 e for the
d quark, x = m%l /2|q ¢B|, and I" is the Euler gamma function. Note that flavor symmetry is being



Nonequilibrium Dynamics of High Density Matter under a Strong Magnetic Field Gastao Krein

used: m, = mq = my = goy. The quantity 7 also controls the fluctuations as it enters in the noise
correlation function:

E(t,x)E(,x")) =nmy coth(my /2T) 6(t — 1) % 6(x —x'). 21)

These quantities depend on m - and m, which, in turn, depend on 7" and e B, implying they are not
put in by hand, but calculated. The factor 1/L comes from the fact that the field dynamics of o
occur in the (x, y) plane (but the mass dimension of ¢ is still equal to unity).

In summary, Eq. (16) governs the nonequilibrium dynamics of the quark condensate, incorpo-
rating both dissipation and noise. These effects are driven by the damping coefficient 15, which
itself arises from o <> gq processes: 7, vanishes when the o~ meson energy satisfies E, < 2m,.
The equilibrium values of both the quark and o masses are modified by the presence of a magnetic
field. Consequently, the temperature dependence of r, for B # 0 differs from that in the B = 0
case [4]. When pions are included, dissipation is expected to increase further due to additional
O & JIT Processes.

Next, I present representative numerical solutions of Eq. (16) within a quench scenario. The
couplings g and A are chosen to produce a crossover transition at 7,,c =~ 150 MeV for B = 0, with
g = 3.3 and A = 20. These values yield vacuum masses m, = 604 MeV and m, = 290 MeV.
Figure 2 displays the time evolution of the spatial average of o (x_,1):

1
E(l) = —/ de_ O'(x_J_,t). (22)
Lz L2
The results correspond to a single realization of the noise, with eB = 20m?%, and two different
temperature quenches: Ty = 50 MeV and Ty = 100 MeV, for which n = 2.55 fm~! and

n=223 fm~!, respectively [15].

QUARK CONDENSATE TIME EVOLUTION QUARK CONDENSATE TIME EVOLUTION
200
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Figure 2: Time dependence of spatial average of the quark condensate [15].

As seen in Fig. 2, two key features of a quenched dynamical phase transition are clearly visible:
a rapid initial rise—referred to as the “short-time explosion”—followed by long-time damped
oscillations. The initial rapid growth takes approximately 1 fm/c after the quench in both cases.
For the lower quench temperature (Tgcn = 50 MeV), the field appears to thermalize within about
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10 fm/c. However, for the higher quench temperature (Tgep = 100 MeV), thermalization is not
achieved within this timescale. For reference, the typical lifetime of the quark-gluon plasma in a
heavy-ion collision before hadronization is also of the order of 10 fm/c.

3. Nuclear matter - nucleon superposition

At sufficiently high baryon densities, the quark wave functions of different nucleons begin to
overlap and become delocalized, potentially leading to a percolation-like phenomenon [16, 17].
The average distance between two nucleons in nuclear matter at baryon density p is given by
dyy ~p~'73
it decreases to d

. For normal nuclear matter density pgy, this distance is d’;}a}{, = 1.88 fm; at p = 5044,

Spsat ~ dpsat
NN NN

spherical bag with radius Ry ~ 0.8 fm—a typical value in the cloudy bag model [18]—it becomes

/2. From a purely geometrical perspective, taking the nucleon as a

evident that quark wave functions from different nucleons can significantly overlap at high densities.
However, this geometrical viewpoint is overly simplistic; in reality, quark delocalization may be
far more complex due to quantum fluctuations, which could give rise to a much richer and more
intricate quark delocalization landscape.

Modeling such a system is challenging because nucleons cease to be appropriate degrees of
freedom once they begin to lose their individual identities in high-density nuclear matter. This
complexity can be illustrated using a nonrelativistic framework. Consider a three-quark nucleon
state defined as |[N) = ELlO), with N = {P,mg,my} denoting the nucleon’s center-of-mass
momentum, spin, and isospin projections. Here, |0) is the vacuum state satisfying By |0) = 0.

The nucleon creation operator can be expressed in terms of quark creation operators as (with
repeated indices summed over) [19-21]:

é;rv — \/% \I,Iﬁ\tflﬂzﬂz qALﬂAquALz’ with \Plﬁ\lll/ﬂzm*qjlﬁ\l]lﬂzﬂa = ON'N (23)
where u collectively labels spatial (momentum) and internal (spin, color, flavor) quantum numbers.
The quark creation and annihilation operators satisfy the canonical anticommutation relations:

{Gu @0} =6y {du-dv}y =14}.4}} =0. (24)
Using these, one finds [19-21]
(N'IN) = (01Bn+ B, |0) = WhI/H QRIS = 50, (25)

{Bn', B} =6nn — Ay, {Bn BN} =0, (26)

R 3 At AT A A
T@ M3 T ELPI\';J/IMMTzl\lflVZV3QI3qizq#2qﬂ3' 27)

A — HUL M2 3\ M1 M2 V3 A

AN/ N = 3‘PN’ lPN q
The operator Ay reflects the internal structure of nucleons, complicating the application of field-
theoretic methods that rely on canonical (anti)commutation relations. Moreover, the two-nucleon
state [INN") = éj\,é;{, |0) would be normalized if nucleons were elementary particles. However, in
this composite case, its norm is given by [19, 20, 22, 23]:

(NN'INN') =1-6nn' — Knnvs (28)
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where
— FUL M M3\ * V1 V2 V3 MLV VIV2H3 _ g H1IV2V3\gyVIH2 M3
Ky e = 3Pty ey (phiyag ) FIRE JOE D (29)

This again highlights the inherent difficulties of working with composite field operators in many-
body systems. Of course, the effects of the operator Ay become negligible when the nucleon
density is low enough that their wavefunctions do not overlap. As in the case of composite
bosons [24, 25], one can show that the effect of A on the norm of a many-body state with N
composite nucleons confined to a volume V scales as (N/V) X R3,, where Ry characterizes the
spatial extent of the nucleon wavefunction.

In what follows, I present preliminary results from an attempt to apply field-theoretical methods
using nucleon field operators that effectively incorporate the internal structure of nucleons. Rather
than employing complex many-quark composite operators, the approach relies on nucleon fields
whose anticommutation relations deviate only minimally from the canonical fermionic form. Such
operators were used by Greenberg in 1991 in the context of nonrelativistic field theory with the aim
of setting experimental constraints on possible violations of the Pauli exclusion principle (Fermi
statistics) and Bose statistics [26]. Applications of this framework to nonrelativistic bosons—to
account for internal structure—can be found in Refs. [25, 27]. The literature on this subject is ex-
tensive; earlier results are referenced in these works, while a more recent relativistic generalization,
relevant to the present study of nuclear matter, is provided in Ref. [28]. In this initial application,
magnetic field effects are neglected. The focus is instead on equilibrium mean-field properties,
which will serve as the starting point for future nonequilibrium studies, including magnetic field
effects, as outlined in the previous section.

To make the discussion concrete, the results presented here are based on a Lagrangian density
for nucleon fields ¢, Yukawa-coupled to isoscalar-scalar o and isoscalar-vector w, meson fields,
the Walecka model [29]:

_ 1 1 1
L=y [7/# (i0" — gpt) — (my — g(TO')] U+ 3 (6#0'(9” - m%,.o-z) - ZF”VF”V + Ew#w”,
(30)

where F,, = d,w, — dyw,. In the mean-field approximation, the meson fields are treated as
space- and time-independent classical fields, o-(x) = o9 and w,(x) = wod,0. This choice of
Lagrangian is made for simplicity; the approach can be extended to more sophisticated models. The
composite nature of the nucleon quantum field i is incorporated through a noncanonical equal-time
anticommutation relation [28]:

b, DT (x,)+ AT (x Dd(x, 1) =6(x —x’)  with 0<A<1. (31)
Introducing the deformation parameter ¢ via A = 1 — £, the relation becomes

W0, (0 =6(x —x) + &7, 0 (x,1). (32)

Here, the operator term &y (x’, 1) (x, 1) provides an effective representation of the operator A
defined in Eq. (27). Moreover, the parameter £ is density-dependent: it vanishes at low densities and
grows with increasing density. This interpretation of £ as an effective measure of A’s contribution
was substantiated in Refs. [25, 27] in the case of nonrelativistic composite bosons.
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In this mean field approximation, the grand-canonical potential, function of temperature T and
baryon chemical potential y, is essentially the one of a free gas of noninteracting quasiparticles
with an effective mass m, and effective chemical potential u*:

2 2
my =my =S p, () and gt =p+Tind- 52 (), (33)
m(T m(l.)

where the scalar and vector densities are given by (in the no-sea approximation):

3
o= [@x wiowen =y [ 5 | e ey BRC

(21)3 \ePEM 11 4 ) 1 eBE®R)Itpa 4 |

3 *
Pdﬂ=$/fx@uw@»=y Tk mN( ! 1/4

(2n)3 E(k) \ePEK)~1a 4 2 + L BE®) +1a 4 1) , (39

with E (k) = (k* + m3?)'/* and y = 2 for nuclear matter and y = 1 for pure-neutron matter. The
mean-field energy density is given by

2 2 3
8w 2 8o 2 d’k 1/4
6= 29 2 () + B2 p2(0) 4y E(k) + .36
2m?, 2m? (2m)3 ePEK)—pa 4 ) JePEM)+1L 4 ]
NUCLEAR MATTER PURE NEUTRON MATTER
6
E T T T T ,I T
50F /,’ E 3
mi— //l E E
= sui— s E = E
S b 4 E 5 E
Sk % <
T wF s h E
S = ]
W 11?\\ >>>>>>>>>>>> - g W
~10F \\\ --- A=08, —10F e
—20F B —20F 4
1 1 L 1 1 1 L L 1 1 1 L 1 1
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Figure 3: Binding energy per nucleon of nuclear matter and neutron matter.

To gain insight into the role of A, Fig. 3 displays the zero-temperature binding energy, £/p—my,
assuming a density-independent A. The figure shows that decreasing A (i.e., increasing the deviation
from canonical anticommutation relations) leads to enhanced repulsion in the binding energy. This
behavior appears physically reasonable: as nucleons begin to overlap at high densities, the Pauli
exclusion principle is expected to take effect at the quark level. Such effects have been observed in
studies of low-energy hadron-hadron interactions within the quark model, where quark exchange
combined with one-gluon exchange gives rise to short-range repulsion—see Refs. [21, 23] for a
compilation of relevant studies.

Naturally, a more comprehensive understanding of the influence of the modified anticommuta-
tion relation in Eq. (32) requires making the deformation parameter &€ density-dependent. Its impact
on other thermodynamic observables, such as the pressure, compressibility, and speed of sound,
among others, also needs to be explored in future work.
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4. Conclusions and Perspectives

I began by presenting selected results on the impact of strong magnetic fields on the time
evolution of the chiral condensate in quark matter, obtained within the linear sigma model with
quarks. The temporal dynamics of the condensate were described by a Ginzburg—Landau-Langevin
(GLL) equation derived from a two-particle irreducible effective action, using the closed-time path
formalism of nonequilibrium quantum field theory.

I then introduced a field-theoretical approach incorporating nucleon field operators with mod-
ified anticommutation relations to effectively account for quark substructure effects. Preliminary
results, obtained in a model based on the Walecka Lagrangian treated in the mean-field approxi-
mation, show that these modifications introduce a repulsive contribution to the binding energy of
both nuclear and pure neutron matter. This behavior is consistent with short-range repulsion arising
from quark exchange in quark-model studies of hadron-hadron interactions.

The combination of these two frameworks—the closed-time path formalism for nonequilibrium
dynamics and deformed nucleon operators to encode subnucleonic structure—offers a promising av-
enue for exploring one of the most challenging regions of the QCD phase diagram: low-temperature,
moderate-density matter, where baryon densities range from one to about five times nuclear satura-
tion. In this regime, nucleons begin to overlap spatially but have not yet dissolved into deconfined
quarks and gluons, making it a testing ground for our understanding of strongly interacting matter.
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