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We focus on the equation of state in neutron stars with the color-spin molecular dynamics. This
is based on the constituent quark model, and reproduces the quark confinement/deconfinement
phenomena by solving the degrees of freedom of color and spin for each quark. The equation
of state for dense matter is studied, and it replicates the saturation properties: symmetric energy,
L-parameter, and incompressibility around nuclear density. The resultant mass-radius relations
are consistent with the observations such as the gravitational wave observations, NICER etc. Our
numerical results suggest that de-confined quark matter appears in the core of neutron stars via
crossover. Although the current constraints from the observations are not enough to conclude
whether quark matter appears at high-density region, our method would help to understand high-

density material properties inside neutron stars in the future.
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1. Introduction

Understanding the internal states of neutron stars through astrophysical observations, such as
those from the Neutron Star Interior Composition Explorer (NICER) [1-4] and gravitational wave
detectors [5], has become a prominent research focus in recent years. Instead of solely analyzing
individual celestial objects or phenomena to constrain the equation of state (EOS) for high-density
matter, recent trends emphasize comprehensively interpreting observational results using statistical
methods, including machine learning approaches.

Regarding densities near saturation, several constraints have been extensively derived over
the past quarter-century through various nuclear experiments and theoretical models, including
heavy-ion collision experiments. The binding energy per baryon Sy for symmetric nuclear matter
has conventionally been known to be approximately —16 MeV. Additionally, the symmetry energy
J, which represents the energy difference per baryon between symmetric nuclear matter and pure
neutron matter, is also constrained within a relatively narrow range, as 29-33 MeV [6, 7]. How-
ever, the values of the slope of the energy for neutron matter known as "L-parameter"”, and the
incompressibility for symmetric matter Ky are highly model-dependent.

In this study, the incompressibility Ky is assumed to be around 250 MeV. This value lies within
the constraints proposed by Danielewicz et al., who analyzed matter flow to extract pressures in
nuclear collisions, suggesting 167 < Ky < 300 MeV [8]. It is also consistent with Piekarewicz’s
result of Ky = 248 + 8 MeV, derived from the iso-scalar giant monopole resonance (ISGMR) in
208 ph using the relativistic mean-field model with a random-phase approximation [9]. However,
it should be noted that these values are not definitive, as some studies suggest smaller values. For
example, Sturm et al. and Hartnack et al. concluded that Ky is approximately 200 MeV based
on transport theory applied to experimental data from heavy-ion collisions [10, 11]. Additionally,
the analysis of ISGMR measurements in medium-heavy nuclei by G. Col et al., who used various
Skyrme forces, predicts Ky around 230 MeV [12].

For L-parameters, the ratio of uncertainty to their values is even larger than that for incom-
pressibility Ky. Nevertheless, these parameters play a critical role in determining the equation of
state (EOS) and material structure. It is well known that L-parameters are key factors in shaping
the structure of pasta phases near subnuclear densities. In this study, we adopt a fiducial range
for the L-parameter of L = 60+ 20 MeV, based on constraints derived from analyses of terrestrial
experiments, as summarized in Refs.[7, 13].

In this study, building on previous research, we aim to determine an equation of state for high-
density matter that satisfies these constraints using our Color-Spin Molecular Dynamics (CSMD)
calculations.

2. Formulation

Here, we outline the formulation of the CSMD calculations, which is extended from our
previous researches focused on the time evolution of the color degrees of freedom through Color-
Molecular Dynamics (CMD) calculations [14-16]. Adding the color degrees of freedom, the aim
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of this study is to solve the spin evolution !. In this study, the total wave function for N-quark
system is expressed as the direct products of single-quark packets, characterized by their positions,

momenta, and internal degrees of freedom as follows:

N
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where rj represents the coordinates of the i-th particle within the Gaussian wave packet centered
at R;, while P; denotes the momentum at the center of each wave packet, and y; represents the
internal degree of freedom. The parameter L, is introduced to define the width of the wave packets
and is set as L, = 0.33 fm in this work.

The internal degree of freedom y; is expressed as the direct product of the flavor component
)(if , the color component y;, and the spin component x; as y; = xil xi€x:°. The explicit form of
the time-dependent degree of freedom for color is shown as
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where «a;, B;, 0;, ¢; are the degrees of freedom related with colors, while ozf , ﬁf are for the degrees
of freedom related of i—th particle. Regarding flavors, they are fixed for the calculations of the
energy for neutron matter and symmetric matter. However, when obtaining the beta equilibrium
and the charge neutrality conditions, which are realized inside neutron stars, the flavor conversion
process is performed via u + e <> d. Energy calculations incorporate electrons to determine the
most stable state and reproduce these conditions. Furthermore, by employing the large-N limit
approximation, the spin degrees of freedom are allowed to evolve over time within this framework,
ultimately yielding the most stable states for both color and spin.
This system follows the Hamiltonian described below.

N

H = TZ\[m+f)g+Vc+VM+VCMlP . (3)

i=1

The first term corresponds to the relativistic kinetic energy, followed by terms representing the
color-related interactions, the quark-meson interactions, and the interactions associated with both
color and spin, known as the color-magnetic interaction. In our model, the gluon and meson degrees

In our calculations here, we essentially employ the same method that was introduced in Ref. [17]. However, we
have further developed that method by introducing a spin friction term with the coefficient ug, which works according
to the time evolution of the spin:
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where ug is set to 0.1. As a result, the optimization of the spin is facilitated, allowing the system’s energy to converge
more rapidly to the most stable configuration—this represents an advancement in our approach.
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of freedom are not explicitly resolved; instead, their effects are incorporated into the interactions
between quarks.

The second term is consist with the confinement term (the first term) and the one gluon exchange
term (the second term) expressed as

N 8 aja
N 1 /li/lj o
Ve =—= Fii ——1, 4
c=320, 0,5 | iy ®
i.j#i a=1

where 7;; represents the distance between quarks i and j, while 17" denotes the Gell-Mann matrix
for color. The initial factor of 1/2 is included to avoid double counting of interactions between
particle pairs. The coupling constants are set as k = 0.75 GeV fm~! and ag = 1.25.

We assume the quark-meson interactions as g-w, g-o-, and g-p couplings, expressed as follows:
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where the coupling constant are set as g.,=5.60, g,=3.41, g,=4.09, while the meson masses (,,
Mo, and u, are setas p, = 782.6 MeV, u, = 400 MeV, and p,, = 770 MeV, respectively. Regarding
q-w, g-o interactions, we assume the non-linearity introducing €., and €,. Without them, these
interactions works only between i and j particles, representing two-body correlations. Therefore,
the physical interpretation of this nonlinearity reflects many-body interactions. This implies that
the quark-meson couplings not only account for pairwise interactions but also include the collective
effects arising from the dense medium. Such nonlinearity naturally emerges in systems where
the interplay between quarks and mesons introduces higher-order terms or effective potentials,
representing correlations and screening effects among multiple particles. These many-body effects
are crucial for accurately describing EOSs in dense matter, such as neutron star interiors, and for
understanding the emergence of collective phenomena like clustering or phase transitions. In this
work, we set as €,=0.15, and €, = —0.21. Related with these parameters, we also introduce C,,,
C, which are defined to make the coupling constants dimensionless, set as C,, = 1/(1 + €,,),
Co =1/(1+€,) [15, 16].

As we described, we have extended our calculations to include not only the color degree of
freedom but also the time evolution of the spin degree of freedom in this work. The interaction
involving both of these degrees of freedom is the color-magnetic interaction, which is expressed as
follows:

b b
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where rg;; represents the effective range of the interaction, defined as ro;; = 1/(a + Su;;), where
Mij = mimj/(m; + mj) is the reduced mass. The coupling constant for the color-spin interaction,
gcs, is set to gcs = 1.34. The parameters @ and 3, which determine the effective range dependence
on the reduced mass, are chosen as @ = 2.1 fm~! and 8 = 0.552, as provided in Ref. [18]. This term
represents the intricate interplay between spin and color degrees of freedom, which is a distinctive
feature of Quantum Chromodynamics (QCD). Its inclusion is essential for capturing the dynamics
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of quarks in dense matter, as it governs phenomena such as the alignment of spins and color states,
ultimately influencing the macroscopic properties of the system.

In this study, calculations were performed for an infinite system by imposing periodic boundary
conditions. Consequently, approximations based on the large-N limit were employed for the spin
and color degrees of freedom.That is, the spin correlation is expressed as follows:

1
<M>=<ll>= 7,
1
<Tl>=--, 7
N>=-7 ™
where the meaning of the notation is defined as
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Similarly, the color correlation is given by:
4
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2
< RG >=< GB >=< BR >= -3 ©))
where the meaning of the notation is defined as
< RR >=< RR|A,A,|RR > . (10)

3. Results

The results based on the aforementioned formulation are presented below. In Figure 1, we show
the energy per baryon for various systems: ud-matter, udd-matter, and the results for charge-neutral
and beta-equilibrated matter, where electrons are included. Note that we cannot simply equate
ud-matter and udd-matter to symmetric nuclear matter and neutron matter, respectively, even when
quarks are confined at low density. As a result of spin evolution, individual spins do not simply
align up or down, indicating that they do not strictly form neutrons or protons. We will revisit
this point for further discussion later, but this is due to the large N-system approximation shown
in Eq. (7). For reference, we also include in this figure the results for ud-matter and udd-matter,
where the spin degrees of freedom are fixed: ud-matter corresponds to symmetric nuclear matter,
and udd-matter corresponds to neutron matter in this case. It can be observed that when the spin
degree of freedom is allowed to evolve, the optimization results in a slightly lower energy.

As we will see later, the spin configuration resulting from spin evolution differs from that
of neutrons and protons. Consequently, a direct comparison with experimental nuclear physics
results is not straightforward. However, for reference, Table 1 presents various parameters near
the saturation density obtained from ud-matter and udd-matter. These parameters correspond to
the coefficients at each order by performing a Taylor expansion around the saturation density ng.
Following convention, the variables are nondimensionalized by 3ng, and the coefficients at each
order are listed except for the factorial in the denominator. From the zeroth order, the coefficients
are represented by the letters S, L, and K, with a subscript “0" attached for ud-matter. For the
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Figure 1: Density dependence of energy per baryon E/A for each matter ud-matter and udd-matter with
spin-evolutions. The data points, labeled by “B-eq.", are obtained E/A under the charge-neutral and beta-
equilibrium conditions added the contribution of electrons. Here, we present the calculation results for two
cases: one with fixed spin (labeled as “fix") and one where the spin degrees of freedom are allowed to evolve.
Each data point represents the numerical results. Thin dot lines are the regression curves of them.

zeroth-order coeflicient, instead of listing the coefficient for udd-matter, we follow convention by
presenting the difference from ud-matter, denoted as J(= S — Sp). All values are consistent with
the results of previous nuclear experiments introduced in the introduction. Regarding K, we do not
reflect any experimental results. In the future, once a definitive constraint on K is obtained, we will
reconsider its inclusion. At present, nuclear experiments can at most constrain up to the second
order. To determine higher-order terms, we must rely on astronomical observations.

Figure 2 illustrates the mass-radius (MR) relation of NSs derived from the equation of state
presented in Figure 1. For densities below the subnuclear density np < 0.06 fm~3, we adopt the
EOS formulated by Baym, Pethick, and Sutherland [19]. We also include constraints from several
representative MR diagrams based on astronomical observations: the constraints with NICER
from PSR J0030+0451 [1, 2], the constraint from MSP J0740+6620 obtained by the NICER and
XMM-Newton data sets [3, 4], the gravitational wave observation on GW170817 [5], the expected
lower limit of radii of NSs by Bauswein et al. based on the analysis on the electromagnetic
(EM) observation accompanied by GW 170817 [20], the upper mass limit suggested by numerical
relativity [21]. Based on our CSMD results, the maximum mass of a neutron star is 2.23 Mg, and
the tidal deformability is Aj.4 7, = 599, both of which satisfy observational constraints.

Figure 3 illustrates the initial and final configurations in our CSMD calculations for four times

Table 1: Fitting parameters for Figure 1, which corresponds to the coefficients at each order by performing a
Taylor expansion around the saturation density ny except for the factorial in the denominator. Each physical
meaning is shown in the text.

ng [fm=3]  So [MeV] Ko [MeV] J[MeV] L [MeV]
0.154 -15.6 2473 28.1 71.6
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Figure 2: The mass-radius relation obtained from the numerical results of CSMD, where the maximum mass
is represented by a cross point. We also show the constraints obtained from the astronomical observations [1—-
5,20, 21].

nuclear density, allowed the time evolution of spins. In this figure, the colors have physical meaning:
white indicates that quarks are confined in baryons. The bars extending from each particle represent
the direction of its spin. In the model where spin degrees of freedom are allowed to evolve, it can
be observed that each baryon forms a Y-shaped spin-configuration. Furthermore, each baryon does
not exist independently but instead forms clusters. Although not explicitly shown here, an analysis
of the number of quarks in each cluster suggests that multiples of three are favored. Although we
stated that the white color represents a state in which three quarks are confined, having a different
color does not necessarily mean that the quarks are unconfined. For example, when considering a
cluster of six quarks that forms a color singlet as a whole, the colors of individual baryons may be

Figure 3: The initial (left) and final (right) configurations at four times of nuclear density are shown. The
bars and colors represent the direction of spin and color for particles. White represents a state where three
quarks are confined, forming a color singlet baryon.
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entangled between the two baryons. In such cases, if each baryon itself is not color singlet (white),
we represent the quarks with their respective colors accordingly. Note that this clustering behavior
was not observed before introducing the color-magnetic interaction.

Although the Y-shaped spin configurations and clustering with quark numbers in multiples of
three are suggestive, it should be emphasized that these results stem from the large-N approximation
(7)(9). While our calculations are conducted in an infinite system with periodic boundary conditions,
the results may change if color and spin correlations are determined by the quark numbers within
each cluster, where color and spin are strongly entangled, instead of the large-N approximation.

4. Discussion

We have obtained the high-density EOS by repeatedly performing MD calculations that in-
corporate both color and spin degrees of freedom. For flavor conversion, we directly compute its
effects during the calculations by imposing charge neutrality and beta equilibrium. The resulting
EOS is consistent with current astronomical observations as well as experimental results such as
heavy-ion collisions.

We are extending our calculations to include strangeness now; however, many challenges still
remain. Foremost among these is the need to fully relativistically formulate the entire frame-
work—not just the kinetic energy part [22]. Another challenge is how to extend MD calculations
to capture condensate phenomena, such as chiral phase transitions and color superconductivity.
Of particular interest is determining the number of particles (i.e., the appropriate value of N) to
consider when accounting for the combined color and spin degrees of freedom.

We have confirmed that by incorporating the color-magnetic interaction—which had not been
included in previous studies—Ilocal clustering occurs. However, these configurations are based
on the large-N limit approximation. Since our calculations are performed for an infinite system
with periodic boundary conditions, we adopted this approximation; nevertheless, the spatial extent
of quantum entanglement should be determined by the effective range of the interactions and the
regions where clustering occurs.

With the computational framework now established, our future goal is to perform calculations
under more realistic physical conditions.

We are grateful to A. Park, S-H. Lee, and T. Hatsuda for fruitful discussions. This work was
supported by JSPS KAKENHI Grant Numbers 24K07054. The calculations were performed by the
supercomputing system HPE SGI 8600 at the Japan Atomic Energy Agency.
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