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Gravitational waves (GWs) from core-collapse supernovae (CCSNe) could offer a direct probe of
the dense core of a proto-compact star (PCS), in which matter can reach densities of multiple times
nuclear saturation density. We present axisymmetric simulations of CCSNe using two different
models for the high-energy equations of state (EoS), the purely hadronic SFHx model and the
CMF model with a smooth crossover to quark matter. We identify a distinct GW signature from a
quadrupolar 2𝑔1-mode located in the PCS core. This mode is excited by PCS convection, and its
frequency strongly depends on the EoS. We attribute the lower mode frequency to the stiffer CMF
EoS and its higher sound speed at about twice nuclear saturation density, 𝜌0. We summarize our
semi-analytic expression that connects the mode frequency to PCS bulk parameters such as its
mass, radius, and entropy profile, along with an EoS-dependent factor.
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1. Introduction

Detecting gravitational waves (GWs) from a galactic or nearby core-collapse supernova (CCSN)
would be a Rosetta Stone of modern multi-messenger astrophysics, completing the “triad” of CCSN
signals alongside neutrino signatures and electromagnetic radiation.

Most of the energy liberated during core-collapse is later, on timescales of seconds, radiated
away via neutrino emission [1, 2]. Due to their weakly interacting nature, neutrinos are notoriously
difficult to detect. Given their prolific output as “neutrino factories”, CCSN, among all astrophysical
transients, unsurprisingly remain the most promising candidates for future detections. Only a few
tens of low-energy neutrinos had been detected in the famous, SN 1987A, located “nearby” at
about 50 kpc from Earth, in the Large Magellanic Cloud [3–5]. Despite the low detection count
of this so far unique neutrino detection event from a CCSN, the total count, energy, and timing of
the detected neutrinos from SN 1987A still helped us validate fundamental theoretical predictions
about the compact remnant [6–10]. Next generation neutrino detectors such as Hyper-Kamiokande
will reach as far as Andromeda (∼750 kpc from Earth) [11]. Thanks to wide-field transient surveys,
electromagnetic observations of CCSNe have become frequent1. Approximately 10 000 events per
year are captured, with detectable distances up to hundreds of Mpc2 [12]. This number is expected
to grow substantially with the Vera C. Rubin Observatory [13].

Whereas EM emission is primarily emitted from the outer ejecta of the star and interacts strongly
with matter, and neutrinos decouple from regions near the surface of the proto-compact star (PCS),
GWs uniquely provide a direct (and unimpeded) probe of the innermost regions of the PCS, where
densities exceed several times nuclear saturation density. To observe GWs from a CCSN with
current detector sensitivity, the event must occur “close”, that is, within tens of kpc from Earth.
Explosions with rapid rotation could be detected outside the Milky Way up to 100 kpc for energetic
explosions of rapidly-rotating progenitor stars [14] - studies by [15] even find distances up to 130
kpc with current detectors, including rapid rotation and also magnetic fields. Future detectors
such as the Einstein Telescope can hopefully observe “canonical CCSNe” even beyond the Large
Magellanic Cloud [16–18]. The last recorded Galactic supernova, Kepler’s Supernova in 1604, was
a Type Ia event, located at a distance of approximately ∼6 kpc from Earth [19]. Whereas stochastic
in nature, the absence of a galactic supernova in over four centuries is surprising, given the expected
Galactic rate of a few per century [20], suggesting that the Milky Way has been very quiescent in
recent centuries (or that recent explosions have simply escaped our detection).

Contrary to the GW signal of binary neutron star mergers (BNS), where the chirp-like waveform is
rather regular, the GW signal of CCSN is expected to be extremely noisy due to non-linear effects
of fluid instabilities. The GW spectrograms from multi-dimensional simulations [e.g., 21–31] al-
low us to extract distinct GW “bands”, that reflect PCS oscillation modes, triggered by convection
[21, 22, 25, 28, 30–32], the standing-accretion shock instability (SASI) [33], or triaxial instabilities
in rotating models [34–37]. McDermott et al. (1983) were among the first to analytically derive

1See for example here https://www.rochesterastronomy.org/supernova.html.
2It is expected that one CCSN occurs each second in our universe.
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oscillatory PCS perturbations with finite internal temperature profile, and proposed the existence
of gravity (𝑔-) modes associated with the surface of the PCS [38]. 𝐺-modes occur in convectively
stable regions, with buoyancy acting as the restoring force. The characteristic frequency of these
modes scales with the peak Brunt-Väisälä frequency, which kind of represents the maximum accel-
eration experienced by a fluid element displaced within a stably stratified region. This is ultimately
responsible for generating a time-varying mass quadrupole moment.

The most robust and rather well understood feature in the GW signal from multi-D CCSN sim-
ulations comes from a quadrupolar 𝑓 /𝑔-mode [22, 28, 39–43] with a frequency that increases in
time from a few hundred Hz to above 1 kHz. Unfortunately, the dominant 𝑓 /𝑔-mode is largely
confined to the PCS surface region and therefore only indirectly sensitive to EoS, through bulk PCS
parameters such as its mass, radius, surface temperature [22, 44, 45].

More recently, the 2𝑔1-mode in the PCS core has received attention [46]. This core 𝑔-mode3

has been found in previous 2D simulations [44, 47, 48] and also in 3D [32]. In the following,
we compare the GW signals from CCSN simulations using two different EoS; the purely hadronic
SFHx EoS [49] and the CMF EoS [50] with a smooth crossover to quark matter. We find that
the core 𝑔-mode signature appears at lower frequencies in the CMF model compared to SFHx, and
we identify the underlying EoS properties responsible for this difference. We also briefly dis-
cuss reasons for the decreasing trajectory of the core 𝑔-mode frequency, and present a universal
fit formula for the mode frequency based on PCS properties such as mass, radius, and entropy profile.

All of the following work is based on [46, 51, 52]. For a more detailed overview, we refer the
reader to these publications.

2. Methods

We perform axisymmetric (2D) simulations with the general-relativistic neutrino hydrodynamics
code CoCoNuT-FMT [53, 54]. To resolve core oscillations, we calculate only a small inner region
of radius < 1380 m in spherical symmetry. GW signals are calculated using a modified version
[22] of the time-integrated quadrupole formula [55]. Here, we show a zero-metallicity progenitors
85 M⊙ (named z85), which is calculated with the stellar evolution code Kepler [56, 57], and employ
two different high-density EoS. For Model z85:CMF, we use the chiral mean field model (CMF)
with a first-order nuclear liquid-vapor phase transition at densities 𝜌0, a second, but weak first order
phase transition due to chiral symmetry restoration at about ∼4× 𝜌0 with a critical endpoint at 𝑇CeP

approximately 15 MeV, and a smooth transition to quark matter at higher densities [50]. The second
EoS, used for Model z85:SFHx, is the purely hadronic relativistic mean-field SFHx model [49].

3We refer to it as core, as it is located in the innermost region of the PCS.
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Figure 1: GW spectrograms for z85:CMF (left) and z85:SFHx (right). The same logarithmic color scale for
the amplitude |ℎ+ | (not shown) is used for both models. Both models exhibit the distinct second frequency
band (shaded area in yellow) from the 2𝑔1-mode, which branches off the dominant band after a few hundred
milliseconds. Its frequency depends on the EoS. Data taken from [46], replotted.

3. Results

3.1 The core 𝑔-mode in the GW spectrograms

Our axisymmetric simulations show a new feature in the GW spectrograms in Fig. 1, that has so far
not been properly identified with respect to its origin [44, 47, 48], or, where the primary trace of the
2𝑔1 mode has instead been an emission gap at the avoided crossing with the 𝑓 /𝑔-mode [28]. The GW
spectrograms in Fig. 1 are computed using the Morlet wavelet transform and both CMF (left side) and
SFHx (right side) models show distinct differences. While both simulations feature a strong surface
𝑓 /𝑔-mode band increasing from ∼200 Hz to over 1 kHz, both CMF models, and Model z85:SFHx
additionally exhibit a prominent secondary emission band of decreasing frequency, which we will
identify as the core 2𝑔1-mode. According to linear mode analysis (see [28, 41, 42, 44, 45] for the
methodology), this frequency band is the decreasing branch of the 2𝑔1 mode, i.e., a quadrupolar
𝑔-mode with one node, with an eigenfunction mostly confined to the PCS core region. This core
𝑔-mode is notably absent in the z35:SFHx model (see [46]) and appears at systematically lower
frequencies in CMF models compared to SFHx4 models. In Model z85:CMF, the 2𝑔1 frequency
decreases from ∼600 Hz to ∼220 Hz before black hole formation, compared to ∼800 Hz to ∼500 Hz
for Model z85:SFHx.

3.2 Location of the core 𝑔-mode

Having preliminarily referred to the new GW feature as the core 𝑔-mode, we now turn to actually
explaining its nomenclature based on its spatial origin. To do so, we perform a spatially resolved
Fourier analysis of the integrand of the modified quadrupole formula using high-time-resolution

4Model z35:SFHx shows equal frequencies to Models z85:SFHx, and z35:CMF and z85:CMF have very similar
frequencies, see the more detailed spectrograms for both progenitors in [46].
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Figure 2: GW amplitude at 5 km (upper panel) and radially resolved GW signal (lower panel) for Model
z35:CMF. The Fourier transform is computed in a time interval of 40 ms, and indicated in the shaded region
in the upper plot. At around 550 ms, the signal strength of this model peaks. Data taken from [46], replotted.

simulation output with sampling frequency 104 Hz. To detect quadrupolar motions as a function
of radius and frequency, we perform the integral over angle only, and obtain a radius-dependent
measure 𝑞(𝑟, 𝑡) of quadrupolar perturbations, We then obtain spectrograms of 𝑞(𝑟, 𝑡) using the
Fast-Fourier transforms (FFT) in a fixed time window Δ𝑡 = 40 ms and apply additional denoising
by convolving the FFT with a weighted sum of radial basis functions [58].

We display the GW amplitude and its Fourier transform for Model z35:CMF in Fig. 2. The
upper panel shows the modified GW amplitude extracted at 5 km as function of post-boune time.
The shaded area marks the time interval during which the Fourier transform is computed. The
lower panel shows the corresponding radially resolved GW Fourier transform. The signal is located
at about 3–10 km.

To give a better view of the location of the core 𝑔-mode, we show four different snapshots of
the PCS in Fig. 3. Plotted are slices through the polar plane of Model z85:CMF, with entropy
on the left-hand side of each subplot, and turbulent velocity shown on the right-hand side. We
also show the mass coordinate (upper x-axis), time in yellow, overshooting layers (yellow dotted),
and 𝑔-mode regions (pink hatched). The evolution is shown at four different post-bounce times.
Initially, the shock has stalled at around 190 km, with the large-scale SASI present. From about
100 ms post-bounce, the neutrinos streaming from the neutrinosphere become effective at heating
the region behind the shock. The inner boundary of the heating region is seen as a sharp entropy
step from hot to cool. A zoom into the PCS region (𝑅 ≤ 30 km) shows the PCS, whose radius 𝑅PCS
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is approximately where the neutrinosphere is located. Near this surface region lies the convectively
stable surface layer of the PCS, where gravity waves can be excited. These appear as ripples in
the non-radial velocity field (shown in grey). The overshooting region, marked as yellow dotted
below, is impinged by convection from below, which, together with accretion and the SASI from
above, excites the prominent quadrupolar surface 𝑓 /𝑔-mode, that was seen in Fig. 1. There is a
disagreement on the dominant driving mechanism of this surface 𝑔-mode in the current literature.
Some studies suggest that the primary excitation of the GW signal originates in the PCS convection
zone [25, 31], whereas others attribute it to mass accretion down-pinging onto the PCS surface
[30, 32]. Further zoomed in (lower right plot), and deeper within the PCS, a second inner core
𝑔-mode is located. This mode is primarily excited by convection from the PCS convection zone
above. The origin of this convective zone is driven by the development of a negative entropy gradi-
ent that forms as neutrinos begin to stream of freely from the neutrinosphere, leading to the cooling
of the PCS. The resulting negative entropy gradient establishes a convectively unstable stratification
(according to the Schwarzschild criterion [59]). This also explains why the core 𝑔-mode appears
only several hundred milliseconds after core bounce, once neutrinos can escape, which drives the
onset of PCS convection. The stable region where the inner core 𝑔-mode is located, is in fact a
“relict” from the initial shock, which leaves behind a cold, unshocked core and a hot mantle. The
corresponding positive entropy profile (cold to hot) is Schwarzschild stable. Of course, convective
stability according to the Ledoux criterion [60] is in fact an interplay with also the electron fraction
gradient and its thermodynamic pre-factor, however these two derivatives were found to be signifi-
cantly smaller in our 2D simulations, a behaviour which we also use for our mode approximation.
Lastly (lower left), at about 210 ms post-bounce, inverted convection penetrates the innermost PCS
region, a phenomenon discussed in [61].

3.3 Core 𝑔-mode in the QCD phase diagram and its sensitivity to the speed of sound 𝑐2
s

It is important to note that quark formation is not responsible in the CMFmodels for the smaller mode
frequency, or the appearance of the mode. The core 𝑔-mode, however, appears in a regime where
quarks are already abundant in the CMF model, making it particularly interesting as a potential
probe of the onset of deconfinement and associated changes in the thermodynamic properties of
dense matter (leading to peculiar effects such as inverted convection [61, 62]).

The Brunt-Väisälä frequency sets the scale of the oscillation frequency of gravity waves and
can be written in general relativity as [22]5

𝜔2
BV =

d𝛼
d𝑟

𝛼

ℎ𝜙4
1
𝜌𝑐2

s

{(
𝜕𝑃

𝜕𝑠

)
𝜌,𝑌e

d𝑠
d𝑟

+
(
𝜕𝑃

𝜕𝑌e

)
𝜌,𝑠

d𝑌e
d𝑟

}
, (1)

Here 𝑟 is the radial coordinate, 𝛼 is the lapse function, 𝜙 is the conformal factor, 𝑐s is the sound
speed, 𝑃 is the pressure, 𝑠 is the specific entropy, 𝑌e is the electron fraction, and ℎ is the relativis-
tic enthalpy, which is defined in terms of 𝑃, the density 𝜌 and the specific internal energy 𝜖 as
ℎ = 1 + 𝜖 + 𝑃/𝜌.6

5The distinction into effective relativistic acceleration and EoS factors will be of use in Section 3.4.
6The relativistic expression of ℎ contains the “+1” or representing the rest mass energy per unit mass in natural units

where 𝑐 = 1.
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Figure 3: Sketch of the PCS of our z85:CMFmodel, taken from. We show 4 different times going clockwise
from upper left to lower left. The left polar plane each shows entropy per baryon 𝑠/𝑘B, the right plane
turbulent convective motion. The lower 𝑥-axis also displays the radius, while the upper 𝑥-axis shows the
corresponding enclosed mass. The last snapshot at 317 ms is just before black hole formation. Figure taken
from [52].

As mentioned in the previous section, the core 𝑔-mode is located at the inner boundary of the
PCS convection zone, marked by a peak in the Brunt-Väisälä frequency, corresponding to the posi-
tive entropy “step” from the initial shock breakout, which acts convectively stabilizing. However, as
material overshoots into the 𝑔-mode region from above, the peak in 𝜔2

BV becomes smaller, and the
entropy profiles flatten (not shown). This flattening behavior of the Brunt-Väisälä frequency 𝜔2

BV is
seen in Fig. 4 by the bell-shaped solid lines, which gradually level out over the course of a few hun-
dred ms. We can trace the GW frequency, by calculating the peak in the Brunt-Väisälä frequency.
Notably, the peaks of the Brunt-Väisälä frequency in Fig. 4 are systematically smaller for the CMF
EoS. Identifying a factor in the Brunt-Väisälä frequency that has lower values in the CMF setup due
to the thermodynamic properties of the EoS would provide a natural explanation for the lower GW
frequencies observed with this EoS compared to SFHx. We indeed find, that a higher sound speed is

7
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Figure 4: Color contour plots of the adiabatic index Γ as a function of logarithmic temperature 𝑇 and
density in terms of nuclear saturation density 𝜌/𝜌0 for a constant electron fraction 𝑌e = 0.25 for Models
z85:CMF (left) and z35:SFHx (right). Solid and dashed curves show 𝜔2

BV and temperature profiles 𝑇 (𝜌) (all
spherically averaged) at various times (indicated by the line color). The density where 𝜔2

BV peaks is indicated
by a dot on the bell-shaped curves. The thin, black lines indicate five constant radii, tracked throughout time,
with radius (in km) being indicated on top. Data taken from [46], replotted.

the reason for a smaller Brunt-Väisälä frequency in the CMFmodels, compared to the sound speed in
the SFHxmodels, at the location corresponding to the peak value of 𝜔2

BV. The background of Fig. 4
shows the adiabatic index Γ which is closely related to 𝑐2

s via Γ = 𝜌𝑐2
s/𝑃. Clearly visible is a peak

in the adiabatic index at about ∼1.3𝜌0. As the sound speed (and implicitly the adiabatic index times
Γ𝑃.7) arises in the denominator of Eq. 1, this leads to a smaller Brunt-Väisälä frequency, thus lower
GW frequency emission in the CMF runs. The pronounced stiffening of the CMF equation of state
is due to baryon–baryon repulsion, as discussed in detail by [50]. This stiffening is essential for
producing maximum neutron star masses consistent with observational constraints and is already
tentatively supported by results from heavy-ion collision experiments [63, 64].

In Fig. 4, we also show the temperature and density evolution of the PCS, and connect points
of equal radius by white lines. At 5 km, the temperature drops at about 310 ms, and then increases
again at 𝑅 ≤ 3 km in Model z85:CMF. This occurs because material is transported inward by
convection from the hotter, shock-heated outer layers into the cooler core – a process known as
inverted convection [61, 62]. Since the SFHx EoS is a purely hadronic EoS, we do not see effects
of inverted convection in Model z85:SFHx.

3.4 Fitting the core 𝑔-mode

If the GW signal from the core 𝑔-mode is present and detectable under certain circumstances, we
could connect the mode frequency to physical parameters of the PCS and the EoS. In the following,

7Because of the factor 1/𝜌 in Eq. 1

8
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we summarize results from [52] for approximating the maximum of 𝜔BV from Eq. 1 using simple
bulk properties of the PCS, such as its mass, radius, and entropy profile at a given fixed mass coor-
dinate, along with an unknown EoS-dependent factor. Ideally, this EoS factor could be inferred by
measuring the GW frequency and estimating the PCS bulk parameters entering the approximation.

In the first few hundred ms after bounce, the mass coordinate of the entropy step formed by
the early shock propagation remains nearly constant due to efficient neutrino trapping. We can
thus approximate the mode location 𝑀mode, along with the associated entropy and electron frac-
tion gradients, as roughly fixed (this approximation will however break down at later times). The
radial profiles of angle-averaged entropy also change little during this early phase, and both the
homologous core mass at bounce and the entropy structure near the PCS edge show only weak
sensitivity to progenitor differences [65]. Based on our simulations, we therefore choose a con-
stant value of d𝑠/d𝑚 ≈ 11.93𝑘B/M⊙ for the entropy gradient8. Furthermore, we neglect the
term (𝜕𝑃/𝜕𝑌e)𝜌,𝑠 d𝑌e/d𝑟 as it is about a factor ∼12 smaller than the first term in Eq. 1, that is,
(𝜕𝑃/𝜕𝑠)𝜌,𝑌e d𝑠/d𝑟 (during our the time interval of interest). Since the goal is to infer properties
about the EoS through our mode approximation, we do not approximate 𝑐s and (𝜕𝑃/𝜕𝑠)1/2

𝜌,𝑌e
. A

detailed calculation for the approximation of the metric terms is shown in the Appendix A of [51].
Here, we only quote the result for our final mode relation fit, given by9

𝜔̃
approx,fix
BV ≈ 0.55 ×

√︄
1
𝜋
𝐺𝑀mode𝛼

5
approx

1
𝑐2

s

(
𝜕𝑃

𝜕𝑠

)
𝜌,𝑌e

× 11.93 𝑘B/M⊙, (2)

where we used an additional dimensionless calibration factor 𝑐calib = 0.55. Furthermore, we
chose a fixed mass coordinate of 𝑀mode = 0.72 M⊙ for both EoS. The lapse function 𝛼 is ap-
proximated by 𝛼 = 1 − 𝐺𝑐−2 [𝑀mode/𝑟mode − (𝑀NS − 𝑀mode)/⟨𝑟⟩], with the “effective radius”
⟨𝑟⟩ ≡ 𝑐eff (𝑅NS + 𝑅mode).

In Fig. 5, we show results for Models z85:CMF and z85:SFHx. The correct Brunt-Väisälä fre-
quency from the simulation data at the maximum peak is overlaid onto the spectrograms in red, and
the approximations at fixed mass shell are overlaid in dashed-blue. Since the mass coordinate of
the core 𝑔-mode shifts towards lower values as function of time, the mode is overestimated at later
times (see blue arrow for CMF). The overestimation of up to 300 Hz is much more pronounced
in Model z85:CMF because the core 𝑔-mode mass coordinate contracts faster in the CMF models.
Another error source stems from the entropy gradient approximation d𝑠/d𝑚 = const, shown in the
last panel. Penetration of material into the core 𝑔-mode region at later times, and neutrino diffusion
(“cooling”) together flatten the gradient d𝑠/d𝑚. The GW frequencies of the mode are quite well
tracked by the correct Brunt-Väisälä frequency frequency (red), especially in Model z85:CMF, how-
ever, it is slightly underestimating the core 𝑔-mode in Model z85:SFHx. This is only reflecting our
choice for the calibration factor though – the trend can be reversed by choosing a slightly increased
𝑐calib. Still, it is puzzling, why the calibration factor alone cannot align the mode frequencies in the
spectrograms of both EoS with 𝑐calib𝜔

max
BV /(2𝜋).

8Rather than directly using the radial entropy gradient, we rewrite d𝑠/d𝑟 in terms of mass coordinate as 4𝜋𝑟2d𝑠/d𝑚.
9Note, that in the legend of Fig. 5 we use the notation 𝜔̃BV ≡ 𝜔BV/(2𝜋).
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Figure 5: Spectrograms from Fig. 1, overlaid with mode fits for the 2D models Model z85:CMF (left), and
Model z85:SFHx (right). Red lines correspond to the correct Brunt-Väisälä frequency 𝜔max

BV , multiplied by
a factor 𝑐calib/(2𝜋). Blue dashed lines show our frequency approximation 𝜔̃

approx,fix
BV , following Eq. 2. The

fits are evaluated at a fixed mass coordinate 𝑀mode = 0.72M⊙ . Data taken from [51], replotted.

The decrease in frequency of the core 𝑔-mode is mostly driven by the lapse function 𝛼 (see
Fig. 2 in [51]) which is decreasing as a function of time.10 Aiding to this effect, the angle-averaged
speed of sound profile becomes slightly flatter over time, and d𝑠/d𝑚 furthermore decreases by
neutrino diffusion, and mixing. All in all, this leads to a decreasing 2𝑔1 mode frequency as function
of time.

4. Summary

We have investigated GW signatures from CCSNe as probes of the high-energy equation of state.
Using axisymmetric simulations with the CoCoNuT-FMT code and two different high-density EoS
models (SFHx and CMF), we identified a distinct GW feature associated with the core 2𝑔1-mode,
excited by PCS convection. This core 𝑔-mode produces a characteristic GW signal with a frequency
that decreases in time and is sensitive to the underlying microphysics. In particular, the CMF model
exhibits a lower mode frequency due to a stiffer EoS due to a higher sound speed near the convective
boundary at multiple times saturation density, where quarks are already present. We derived a semi-
analytic fit for the core 𝑔-mode frequency based on PCS bulk properties such as mass, radius, and
entropy gradient, and traced its evolution over time. Whereas our approximation is only a first step,
and improvements are necessary, the idea is to link GW observations to thermodynamic properties
of the EoS, where quark matter is present. Finding a way to approximately track the mass shell of
the core 𝑔-mode, along with a simple fit to estimate the time-dependent d𝑠/d𝑚, would improve our
fit and avoid overestimating the mode frequency at later times. Our work highlights the potential of
GWs from CCSNe as a unique laboratory for constraining the high-density EoS. Further simulations
are needed to study when and how strongly modes other than the f /g-mode or the SASI are excited
and detectable in GWs.

10By contrast, the PCS surface 𝑓 /𝑔 mode frequency (which increases as function of time) is proportional to the surface
gravity 𝑀mode/𝑟2

mode.
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