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Generalized Beth-Uhlenbeck approach to the thermodynamics of quark-hadron matter ~ David Blaschke

1. Introduction

One of the central topics at this conference is to uncover the structure of the QCD phase diagram
and its characteristic features such as the critical endpoint (CEP) in the plane of temperature
(T') versus chemical potential (u). An excellent introduction was given in the plenary talk by
Veronica Dexheimer, summarized in these Proceedings [1]. She elucidated the constrained regions,
where different methods of investigating the quark-hadron transition are applicable: Lattice QCD
simulations [2], heavy-ion collisions [3], functional renormalization group and Dyson-Schwinger
equation studies [4—7]. While all these methods have their merits and provide valuable insights for
the investigation of the QCD phase diagram, they still have limitations which justify the development
and application of effective approaches.

One of these limitations concerns the analysis of the composition of hot, dense QCD matter in
the vicinity of the hadron-to-quark matter transition. It is a challenging task to describe the hadron
resonance gas as the confined phase of QCD where the hadrons are multi-quark clusters (bound
and scattering states of quarks). Due to their quark substructure, the hadrons have to undergo a
Mott dissociation (delocalization) transition at high phase space occupation because quark Pauli
blocking entails the melting of the chiral condensate, i.e. chiral symmetry restoration. In this
contribution we will describe the recent development of an effective Beth-Uhlenbeck approach to
the cluster virial expansion of QCD matter [8] that provides a suitable theoretical framework for a
unified description of hadronic and quark-gluon plasma phases of QCD. As an application of this
approach we will present the insight that the inverse Mott effect (Mott localization) for hadrons is a
mechanism for their chemical freeze-out in expanding and cooling quark-gluon plasma (QGP).

2. Generalized Beth-Uhlenbeck EOS for quark-hadron matter

We focus our interest on the QCD transition from a QGP to hadronic matter at the pseudocritical
temperature T, = 156.5 MeV [9] by computing EoS in the temperature range T € [1; 1300] MeV.
The behavior of such a system is described through the microscopical model [8] of a unified EoS
for the thermodynamic potential of QCD,

Q(T’ M, ¢9 ¢§) = QQGP(T’ M, ¢7 (5) + QMHRG(T’ M, ¢’ q;)’ (1)

which separates the QGP sector of quark and gluon quasiparticles from that of the MHRG (Mott
hadron resonance gas) comprised of hadrons which are understood as quark bound states (multiquark
clusters) that can undergo a Mott dissociation.

The QGP part is descriped by a Polyakov-loop Nambu—Jona-Lasinio (PNJL) model for the
non-perturbative low-energy domain augmented by O(a;,) perturbative QCD corrections,

QQGP(T’ M, ¢’ Qg) = QPNJL(T’ My ¢’ gg) + Qpert(T’ My ¢’ (;) (2)

The MHRG part takes the form of a cluster decomposition of the thermodynamic potential for quark

matter
N
QG (T, 1,6, 8) = ) Qu(T, 1) + @ [{S,}], (3)
n=2
Qu(T,p) = cu[TrinS;" + Tr(IL,S,)], 4)
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where n denotes the total number of valence quarks and antiquarks in the cluster; ¢,, = 1/2 for
bosonic and ¢, = —1 for fermionic clusters [10, 11]. The functional ® [{S,}] contains all two-
cluster irreducible (2CI) closed-loop diagrams that can be formed with the complete set of cluster
Green’s functions S,. We will restrict ourselves to a maximum number of N = 6 quarks in the
cluster and to the class of two-loop diagrams of the "sunset" type, see Ref. [8] for details.

The density is obtained in the form of a generalized Beth-Uhlenbeck EoS

d3 a a; . aéni (w’ C])
nvuarG (T, 1) = Zai di cq ﬁ/o - {f( O [f( i ] }281112 O (w, q)T ,
5

where the properties of the distribution function f (@):* and the phase shift with respect to reflection
w — —w have been used and the "no sea' approx1mati0n has been employed which removes the
divergent vacuum contribution. The Polyakov—loop modified distribution functions are defined as

o (a ven) (¢ —20y5)yE +y2> ©
1-3(p - dys)ys — v
e o (¢ +2¢y%)yE +yE .

1+3(p+dys)yt + v

where y7 = e~ (@Fa)/T and q is the net number of valence quarks (antiquarks) present in the
cluster. See Ref. [8] for a detailed derivation.
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Figure 1: Left: Mass spectrum of light and strange quarks used in this work, together with mass and decay
width of the Breit-Wigner model for the pion and the nucleon as generic examples for hadrons as a function
of temperature for vanishing chemical potential /T = 0. Middle: Temperature dependence of the Polyakov
loop absolute value calculated for several values of g /T indicated in the legend. Right: Step-up+continuum
model for the phase shift of a hadron at rest in the medium.

In an analogous manner follows for the MHRG entropy density

olT.) = =G - R
Z /(2@3/ {a;ai),u[gém ]}2sm S, (w, )W,
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Figure 2: Left: Scaled entropy density s/7° as a function of temperature T calculated at up/T = O (upper
panel). Partial contributions of hadrons, quarks, gluons as well as perturbative correction and total s/7° are
represented by different curves indicated in figures. The shaded regions correspond to the lattice QCD results
[12] in good agreement with the result of the present model (thick solid line). Right: Scaled pressure p/T*
as a function of temperature T at vanishing baryochemical potential g /T = 0 obtained from integrating the
entropy (9) (blue solid line), in comparison with two sets of lattice QCD data from Borsanyi et al. (2014)
[13] and Borsanyi et al. (2021) [12], shown as shaded regions.

where (@) = f(;a) In f(;a) (—) [1(—)“f¢(5a)] ln[l(—)“fé“)] and fq(s“) is the distribution function for
a cluster with net quark number a modified by the traced Polyakov loop.

The formula for the pressure as thermodynamical potential can be obtained from Eq. (5) by
integration over the quark chemical potential u. Analogously, it can be obtained from Eq. (8) by

integration over T
T
P = [ drsrg. ©)
0

The resulting curve for the temperature dependence of the pressure at vanishing baryon chemical
potential shows perfect agreement with the corresponding lattice QCD simulations [12, 13], see
Fig. 2.

3. Chemical Freeze-out as Mott localization

Recently, it has been demonstrated in [14], that the chemical freeze-out of a nuclear fireball
in heavy-ion collisions with freeze-out temperatures below 100 MeV is strongly correlated with
the Mott line for the alpha particles as a representative of nuclear clusters. It is well known [15]
and has also been demonstrated in [14], that the chemical freeze-out temperature in high-energy
collisions, where effects of a nonvanishing baryon chemical potential are small, coincides with the
pseudocritical temperature for chiral symmetry restoration of 7. = 156.5 MeV found in lattice QCD
simulations [9] from the peak of the chiral susceptibility. Here we want to demonstrate that the
drop in quark masses at the chiral transition causes a Mott dissociation (Mott localization in the
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expanding and cooling system) of hadrons and that also in this situation the chemical freeze-out
can be identified with the Mott transition.

In order to prove this claim we apply a reaction-kinetic criterion for chemical freeze-out of a
hadron species i which shall happen when the "Hubble" expansion rate of the fireball created in the
heavy-ion collision Hex,(T) exceeds the reaction rate of this hadron Ti_l (T)

Hexp(Teri) = 17 (Ter, ). (10)

The expansion rate can be estimated assuming the entropy conservation law sV = const, where the
system volume scales with the expansion time Texp as V' o Tgxp. This leads to

1 S1/3
Hexp = = (11)

Texp a

where a = 2.86 [16]. The reaction rate is obtained within the relaxation time approximation as
Ti_l :Zo'ijvrelnj~ (12)
J

Here vy is the relative velocity approximated with the speed of light and o is the total scattering
cross section of two species of hadron i and j. For this hadron-hadron scattering we use a geometric
Povh-Hiifner scaling law [17, 18],

oij = AP (), (13)

where A is a parameter with the dimension of the string tension and <rl.2> stands for the mean
squared radius of the hadron i. The value A = 0.197 GeV? was adjusted to describe reactions at
zero temperature and baryon density and is assumed to be only weakly medium-dependent [18].
The Povh-Hiifner law dependence of the cross section (13) on the size parameter of the colliding
hadrons has also been found for string-flip (quark flavor exchange) reactions between heavy and
light quarkonia in a study of the charmonium dissociation kinetics in a hot pion gas [19]. Therefore,
we expect that our assumptions are quite robust and apply also to the case of chemical (flavor)
equilibration reactions in a hot hadron gas.

The cross section for scattering of hadrons on point-like quarks is estimated within the black-
disc approximation,

Tig = 7). (14)

To proceed further, we notice that below the pseudocritical temperature most of the entropy
is carried by pions and kaons, which are the lightest hadron species, which can be seen from the
left panel of Fig. 3. This allows us to reduce the hadron spectrum to pions and kaons. The
medium-dependent mean squared radii of these particles obtained within the Nambu-Jona-Lasinio
(NJL) model through the corresponding decay constant f x [20]

3

S (15)
4712f72nK
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Figure 3: Left: Fractions of entropy density carried by different species as a function of temperature 7
calculated at vanishing baryochemical potential. Notably, the red and turquoise solid lines stands for the
entropy fractions of quarks and gluons, resp., which are dominant in the QGP phase and strongly suppressed
below the Mott transition temperature, because of the effective confinement mechanism in the present work.
Right: Chemical freeze-out criterion. Collision times for hadron-hadron collisions according to the in-
medium generalized Povh-Hiifner law for total cross sections and (Hubble) expansion time scale.

The NJL model relates the decay constants of pions and kaons to the corresponding masses,
current masses of quarks and chiral condensates of light (/I) and strange (5s) quarks through the
Gell-Mann-Oakes-Renner relation

1 - _
M2 i f2k = 5 (Vi) + N5 59)) (N o+ N3 ems) (16)

where N lf denotes the number of valence (anti)quarks of flavor f in hadron i.

The described model allows us to explain the correlation between the chemical freeze-out
of hadrons and their Mott dissociation. The Mott dissociation of hadrons is driven by a sudden
decrease of the constituent quark mass My (see Fig. 1, left panel), which also defines the chiral
condensate (f f) o« M r. Thus, as seen from Eq. (16), the drop in M ¢ decreases the decay constants
of pions and kaons. This, in turn, causes a rapid growth in the mean squared radii and cross sections
of hadrons, which is reflected in a discontinuous increase in reaction rate Ti_l. Fig. 3 shows that
Tl-_] jumps by 3-4 orders of magnitude, while Heyp, behaves smoothly. As a result, the chemical
freeze-out condition (10) is fulfilled at the chiral restoration temperature, where the quark mass
drops and this drop causes the Mott dissociation of hadrons because of the vanishing of their binding
energy.

The relation between the chiral symmetry restoration that causes the vanishing of the binding
energy (Mott criterion) of a composite state and the divergence of the radius of its wave function
(Mott delocalization) can be nicely demonstrated for the case of the pion. In their discussion of
the Mott transition as "soft deconfinement", Hiifner, Klevansky and Rehberg [21] expand the pion
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properties in the vicinity of its Mott temperature Tor,  and find that the pion radius diverges as
(P ~ T = Taor 2|2 (17)

Since the pion-quark coupling strength g, is on the one hand related to the medium-dependent
pion binding energy Eg (T) = [2my(T) — m(T)| as grqq ~ Ep.-(T)"*, but on the other to the
distance to the Mott temperature as gqq ~ | — Tvou, x| 172 it follows that

(r¥)z ~ Eg.o(T)"V/2. (18)

At the Mott temperature, where the binding energy vanishes, the pion radius diverges so that with the
geometric scaling of the cross section (13) diverges and chemical equilibrium is quickly established.
Therefore, when the expanding and cooling QGP fireball passes the Mott temperature of the hadron
species i, the corresponding hadron distribution freezes out immediately.

4. Conclusions and Outlook

We have developed a systematic approach to the thermodynamics of the quark-gluon-hadron
system that describes hadrons as multi-quark correlations in the form of bound states and continuum
correlations within a cluster-virial expansion approach based on a cluster generalization of the ®-
derivable approach. When a restriction to closed two-loop diagrams in cluster Green’s functions is
applied to the ®-functional, this approach is equivalent to the generalized Beth-Uhlenbeck approach
to clustering in hot and dense Fermi systems. The main advantage of the approach is the microscopic
description of the Mott dissociation of hadrons at finite temperatures and chemical potentials,
triggered by the chiral restoration. The complexity of color confinement in low-density quark
matter is accounted for by coupling the quarks and their clusters to the Polyakov-loop background
field, which serves to suppress the appearance of colored clusters in the quark confinement region.
We have compared our results for the thermodynamics of clustered quark matter with recent lattice
QCD simulations at finite temperature and small chemical potentials where they are currently
available and found satisfactory agreement.

One key application presented in this contribution is a microscopic justification of the coinci-
dence of chemical freeze-out with Mott dissociation in ultra-relativistic heavy-ion collisions, which
was achieved by applying a reaction kinetic freeze-out criterion and a geometric scaling of reaction
cross sections with medium-dependent hadron radii.

The approach has recently been applied to the description of primordial black hole formation
at the QCD transition in the early Universe [22]. It will next be extended to the situation of low
temperatures and large baryon chemical potentials which is met in astrophysical systems such as
neutron stars, their mergers and supernova explosions. For those systems an improvement of the
microscopic description of the deconfinement and hadron dissociation transition is expected. The
widely open question whether the transition in that region is of first order or rather a crossover
transition can be attacked with a consistent microphysical approach such as the generalized Beth-
Uhlenbeck approach, see [23].

The presented approach contains some simplifying approximations, especially with respect to
the in-medium phase shifts. A self-consistent solution of the gap equation in a correlated medium
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would be of interest to obtain consistent results. We expect that such a solution would exhibit
a behaviour which justifies the assumption of a sudden switch model for the quark masses that
we made in this work. The few-quark wave equation describing the shift in binding energies and
the phase shifts ¢; is subject of further investigation. In order to deal with the effects of color
superconductivity, the formulation of the thermodynamic potential has to be based on Green’s
functions in the Nambu-Gorkov representation. With these future developments we will obtain
consistent expressions for unified equations of state that are needed to simulate matter under
extreme conditions, such as those encountered in cosmology, ultrarelativistc heavy-ion collisions
and in dense astrophysical objects.
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